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Abstract: Let G be a first countable locally compact Hausdorff topological group and G⊗G the tensor 
square of G. In this paper we define the tensor center of G⊗G and give analogues of other subgroups of a 
group such as centralizers and 2-Engel elements for G⊗G. We show that 2R⊗ (G), 2⊗-Engel subgroup of G, 
is locally compact. 
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INTRODUCTION 

 
 The non-abelian tensor product has its origin in 
algebraic k-theory and homotopy theory and has many 
applications in physics for example in the direct sum 
decomposition of tensor product of a Lie algebra [10]. 
In [1, 2] the non-abelian tensor product of groups acting 
on each other in certain compatible way is introduced 
and stated to investigate these products as a group 
theoretical objects. 
 In this paper we focus on non-abelian tensor square 
for a topological group [9] and consider the tensor 
analogue of the center and centralizer of a topological 
group. Also tensor analogue of right n-Engel, Rn (G), is 
defined. 
 In section 1 we recall the non-abelian tensor 
product of topological groups [7] and some results to be 
used later on. We show that the tensor annihilator, an 
analogue of the centralizer of a subset X in a group G, 
is a subgroup of G. In section 2, we define 2⊗-Engel the 
tensor analogue of 2-Engel elements of a group and will 
show that if G is a first countable locally compact 
Hausdorff topological group then 2R⊗ (G), 2⊗-Engel 
subgroup of G, is locally compact. 
 Note  that  we  write  the  conjugation  on  the  left, 
xy = xyx-1y-1 and [x,y] = xyx-1y-1. An iterated 
commutator  of  weight  n  is  defined  recursively  as 
[x1, x2,…, xn] = [[[[x1, x2,…, xn-1]], xn], for elements 
x,y,xi of an arbitrary topological group. 
 

NON-ABELIAN TENSOR SQUARE 
 
 In this section we recall the non-abelian tensor 
product [8] and some basic results which will be used 
later on. We show that the tensor annihilator, an 
analogue of the centralizer of a subset X in a group G, 
is a subgroup of G. 

 In [7] the tensor product of (not necessarily 
abelian) topological groups G, H is defined. The 
concept is a natural analogue of the tensor product of 
groups [1] and was inspired by [2]. Let G and H be 
topological groups(not necessarily abelian) equipped 
with the action of G on the left of H, gh, g∈G, h∈H and 
the action of H on the left of G, hg. A group acts on 
itself by conjugation: xy = xyx-1y-1. 
 Let F be the free topological group on G⊗H in 
Markov sense [5]. Let ℵ be the closure of the normal 
subgroup generated by the following relations: 
 
                   (gg′,h)~(gg′g-1, gh)(g,h) (1.1) 
 
                   (g, h h ′)~g,h)(hg, hh′h-1) (1.2) 
 
∀g, g′∈G,h, h′∈H 
 Now we define G⊗H by F/ℵ; a typical element of 
G⊗H is written by g⊗h, g∈G, h∈H. 
 
Remark 1: We consider ghg-1 and hgh-1 as elements of 
the free product of topological groups, G*H [4]. 
 
Remark 2: When G and H act trivially on each other 
(but by conjugation on themselves) G⊗H is the 
ordinary tensor product. 
 The groups G and H act upon each other in such a 
way that the following compatibility conditions hold: 
 

( = , = , for all g,g′,h,h′G, h,h′∈H 

 
Lemma 1.1: [1] Let G be a topological group and 
g,g′,h,h′∈G with . Then 
 
                     (1.1.1) 
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                     (1.1.2) 

 
Proposition 1.2 [3]: Let G be a group and R2(G) = 
{a∈G: [a,g,g] = 1, for all g∈G}. Then the following 
hold for a,b∈R2(G) and g,h∈G 
 

 (1.2.1) 
  

 (1.2.2) 

 
 (1.2.3) 

 
 (1.2.4) 

 
 (1.2.5) 

 
Note that G acts on  
 

G⊗G by g(x⊗y) = g(x)⊗g(y) for g, 
 
G. By using this action we have the following results 
 
Proposition 1.3: [1, prop 3]: The following relations 
hold for all g,g′,h,h′∈G  
 
           (1.3.1) 

 
     (1.3.2) 

 
             (1.3.3) 

 
                (1.3.4) 

 
        [  (1.3.5) 
 
 The next result is used to show the analogy 
between the commutators and tensors 
 
Proposition 1.4: [8, prop 2]: Let G be a topological 
group and G′ = {[g,h]; g,h∈G} commutator subgroup. 
 Then there exists a continuous homomorphism k: 
G⊗G→G′ such that k(g⊗h) = [g,h]. Futher, Ker K is a 
central subgroup of G⊗G i.e. Ker k≤Z(G⊗G) and G 
acts trabially on K. 
 Recall that Zn(G) = {a∈G; [a, g2, g3,..., gn]=1 for all 
g2, g3,..., gn ∈ G} is the n-center of G. Note that nZ⊗ (G) 

= {a∈G; [a, g2, g3,.., gn-1]⊗gn =1⊗}  will  be  called  the 
n-th tensor center of G. It is easy to show that nZ⊗ (G) as 

a subgroup of G is contained in Zn(G). 
 

The following is a generalization of tensor center: 
 
Definition 1.5: Let G be a topological group and X a 
non-empty subset of G, Then C⊗(X)={a∈G; a⊗x=1⊗, 
for all x∈X} is called the tensor annihilator of X in G 
 
Remark 3: The tensor annihilator is an analogue of the 
centralizer of a subset X in a group namely 
 

 
 
Theorem 1.6: Let G be a topological group and X a 
non-empty subset of G. Then C⊗(X) is a subgroup of G 
contained in CG (X). If X is a normal subgroup of G 
then C⊗(X) is a normal subgroup.  
 
Proof: Let a∈C⊗(X). By proposition 1.4, k(a⊗x) = 
[a,x] = 1 for all x∈X. Hence, C⊗(X)⊆CG(X). 
 We have 1G⊗x=1⊗ for all x∈X. So C⊗(X) is not an 
empty set. 
 Now let a,b∈C⊗(X). Then by (1.1.1), (1.3.1) we 
have ab-1⊗ 
 

 
 
(a⊗x)=1⊗ for all x∈X. Hence ab-1∈C⊗(X) i.e. C⊗(X) is 
a subgroup of G 
 
Remark: If X={g} then C⊗ (g) is called the centralizer 
of  g  in G. The element g is not necessarily contained 
in C⊗ (g). 
 
Proposition 1.7: Let G be a topological group and X a 
non-empty subset of G. Then C⊗(X) = ∩x∈XC⊗(x)= 
C⊗(<X>) where <X> is the group generated by X.  
 
Proof: By definition C⊗(X) = ∩x∈XC⊗(x)= C⊗ (<X>). 
Note that C⊗(<X>)⊆C⊗ (X). 
 Suppose a∈C⊗(X) and u∈<X>, where u is a word 
in X∪X-1. By (1.1.2) and (1.2.1) and induction on the 
length of the word u. 
 

a⊗u=1⊗ 
 
Hence C⊗(X)⊆C⊗(<X>). 
 
Corollary 1.8: Let G be a topological group. Then 
tensor center Z⊗ (G) is a subgroup of G contained in the 
center of G. Furthermore, Z⊗(G) = ∩C⊗(g).  
 
Proof: It is known that the center of a group is the 
intersection of all centralizers. Now by theorem 1.6 the 
result follows. 
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Corollary 1.9: Let G be a topological group and 
Cg={xg; x∈G}, the normal closure of g in G. Then 
CG(Cg) is a normal subgroup of G contained in CG(Cg) 
and C⊗(Cg) = ∩x∈XC⊗(xg).  
 
Proof: Immediate by theorem 1.6 and proposition 1.7. 
 

2⊗-ENGEL ELEMENTS 
 
 In this section we give the tensor analogues of right 
2-Engel elements of a topological group [6]. 
 We show that if G is first countable then 2R⊗ (G), 

the set of right 2⊗-Engel elements of G, is a closed 
subgroup of G. 
 Recall  that  an  element  a  of  a  topological group 
G  is  called  a  right 2-Engel element of G if [a,x,x]=1 
for each x∈G [6]. The set of right 2-Engel elements of 
G is denoted by 2R⊗ (G). Note that R2(G) is a subgroup 

of G [3]. 
 The set of left 2-Engel elements is defined 
similarly,  
 

L2(G) ={a∈G; [x,a,a]=1 for each x∈G}. 
 
Definition 2.1: Let G be a topological group. Then 
 2R⊗ (G)={a∈G; [a,x]⊗x=1⊗, for all x∈G} is called 

the set of right 2⊗-Engel elements of G. 
Similarly, nL⊗ (G)={a∈G; [x,a]⊗a=1⊗, for all x∈G} is 

the set of left 2⊗-Engel elements of G. 
 
Lemma 2.2: Let G be a topological group. 
 
(a) 2R⊗ (G)⊆R2 (G), nL⊗ (G)⊆L2(G) 

(b) Every right 2⊗-Engel element of G is in nL⊗ (G) 

(c) nL⊗ (G)={a∈G: xa⊗ya=a⊗a, for all x,y∈G}  

 
Proof:  
(a): Consider the continuous commutator map 

k:G⊗G→[G,G]. Let a∈) 2R⊗ (G)and x∈G. So 

[a,x,x]=k ([a,x] ⊗x)=1. Hence a∈ 2R⊗  (G). 

Similarly nL⊗ (G)⊆L2(G). 

(b): Let a∈ 2R⊗ (G) and x∈G. Then  

 
1⊗=[a,ax]⊗ax=[a,x]⊗ax= =  

 
Hence [x,a]⊗a =1⊗ and a∈ nL⊗ (G). 

 
(c): Let S={a∈G: xa⊗ya =a⊗a for all x,y∈G}. If a∈S 

and x∈G then 
 

        [x,a]⊗a =xaa
-1⊗a = (xa⊗a) 

                     = (xa⊗a) (a⊗a) 

                     = (a⊗a)=1⊗ 

 
Conversely, let a∈ nL⊗  (G) and x,y∈G, then 

 
 =  

                =   

 
 Since G acts trivially on ker K,  = 

a⊗a. Since a∈ nL⊗ (G), [y-1x,a]⊗a=1⊗. So a∈S. 
 
Lemma 2.3: Let G be a topological group and a∈ 2R⊗  

(G) g,h∈G. Then 
 
                          = a⊗g-1 (2.3.1) 

 
                     ([a,h]⊗g)([a,g]⊗h) = 1⊗ (2.3.2) 
 
Proof: Since [a,g]⊗g=1⊗ then by (1.3.3), g(a⊗g) = a⊗g. 

By (1.3.1) a⊗g =  = (a⊗g-1)-1. So 
(2.3.1) holds. 
 Now a⊗gh = (a⊗(gh)-1)-1. Expanding both sides by 
(1.2), 
 

(a⊗g). (a⊗h) 

 
Now by rearranging we have  
 

.  (2.3.3) 

 
By (1.3.3) ([a,h]⊗g)-1) = [a,g-1]⊗h-1 
By (1.3.1) 
 
                      [a,g-1]⊗h-1=  (2.3.4) 

So 
([a,h]⊗g). =1⊗ 

 
 Now conjugating by [g,a] and using (1.2.1), 
(1.3.1),([a,h]⊗g)(h[a,g]⊗h) = 1⊗.  
In the above formula replace h by h -1.  
 

( )=1⊗ 

 
 Hence by (1.3.1), (1.2.1) and conjugating with 
[h,a], ([a,g]⊗h)([a,h]⊗g)= 1⊗ 
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Lemma 2.4: Let a∈ 2R⊗ (G) and g,h∈G. Then 

g[a,h]⊗h=1⊗.  
 
Proof: Since a∈ 2R⊗ (G), [a,gh]⊗gh = 1⊗, By expansion 
using (1.2) and (1.1.2) we have  
 

1⊗=([a,g].g[a,h]⊗g).  

 
Again by (1.1)  
 

1⊗= g). .([a,g]⊗h) 

Now  
1⊗=([a,h]⊗g). a,g]⊗h) 

 
 Since [a,g] acts trivially on the first factor and 
conjugating by g-1. By (1.2.2), (1.2.3) and the 
commutator map k, as in proposition 1.4, 
k(h[a,h]⊗h)=[h[a,h], h]=[g.[a,h],h]=1. 
 Hence g[a,h]⊗ h∈Ker k and [a,g] acts trivially on it. 
So (*) reduces to 
 

1⊗= ([a,h]⊗g)(g[a,h]⊗h).([a,g]⊗h). 
 
By (2.3.2) 1⊗= g[a,h]⊗h. 
 
Lemma 2.5: Let G be a topological group and 2R⊗ (G) 

= {a∈G; [a,g]⊗g=1⊗}. Then 2R⊗ (G) is a subgroup of G 
containing Z(G) and a subset of R2(G). 
 
Proof: Let a∈Z(G) then [a,g]=1 for any g∈G. Using 
(1.3.3) gives [a,g]⊗g=1⊗ i.e. a∈ 2R⊗ (G). By lemma 2.2, 

2R⊗  (G)⊆R2(G). Now we show that 2R⊗  (G) is a 

subgroup of G. 
 If a∈ 2R⊗ (G) then by (1.2.4) and (1.3.1), 

2R⊗ (G)⊆R2(G), we have [a -1, g]⊗g=[a,g]-1⊗g = 

([a,g]⊗g)-1=1⊗ 
So a-1∈ 2R⊗ (G). 

 Let a,b∈ 2R⊗ (G) and g∈G.Then by (1.1.1) and (1.1) 

we get [ab,g]⊗g=a[b,g]⊗g. Now by Lemma 2.4, 
[ab,g]⊗g=a[b,g]⊗g =1⊗. Hence ab∈ 2R⊗ (G). Therefore, 

2R⊗  (G) is a subgroup of G. 

 
Theorem 2.6: Let G be a first countable locally 
compact Hausdorff topological group. Then 2R⊗ (G) is a 

locally compact subgroup of G containing Z(G) and 

2R⊗ (G)⊆R2(G). 

 
Proof: By lemma 2.5, 2R⊗ (G) is a subgroup of G 
containing Z(G) and is contained in R2(G)  
 Now it is enough to show that 2R⊗ (G) is closed in 

G. Consider the continuous maps 
 

G×G→G×G, (a,g)a ([a,g],g) 
and  

G×G→G⊗G, (a,g)a [a,g]⊗g 
 
 Let τ:G×G→G⊗G, (a,g)a [a,g]⊗g be the 
composition of these maps. If a0 is in the closure of 

2R⊗ (G) then, by the first countability of G, there exists a 

sequence {an} in 2R⊗ (G) which converges to a0. The 

continuity of τ implies that τ(an,g) converges to 
[a0,g]⊗g. But 
 

τ(an,g)=[a_n,g]⊗g =1⊗.Hence, [a0,g]⊗g=1⊗ 
 
Therefore, a0∈ 2R⊗ (G). 
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