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Abstract: Economical balanced designs are constructed to provide artificial light to monoculture plants in 
greenhouse experiments with the help of electric light bulbs. The construction of these designs is explained 
incorporating the knowledge of combinatorics. There are six isomorphism classes. They are initially 
constructed for five monoculture plants  and then the building of larger designs using these six designs is 
also explained. On the basis of the results obtained by the use of these designs layouts for further sowing 
maintaining a particular number of illuminated bulbs for each monoculture plant are presented to save the 
cost of electricity. 
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INTRODUCTION

In greenhouse experiments, environmental factors 
are controllable to some extent; therefore, efforts are 
made to keep the environment under control, which is, 
of course, not the case in field experiments. Since lack 
of sunlight and low temperature are among the limiting 
factors of greenhouses so these are provided artificially. 
This is done to ensure that a neutral environment is 
made available for all the plants. [1] reported that the 
use of artificial light allows the growing season to be 
extended. It enables farmers to grow out of season fresh 
vegetables, flowers and herbs.

In providing artificial light in greenhouses a major 
concern is the cost of electricity. The rule is to first find 
the appropriate needs of light for a particular variety of 
plant at the experimental stage and then maintain that 
level for further sowing. The traditional lighting
systems available in the market are in the form of tube 
lights or in the form of bulbs. Bulbs with different 
colors claim certain different properties. None of the 
companies in the market has made an attempt to
arrange them in a way that we can save a reasonable 
amount of electricity. In the current study this aspect of 
arrangement of electric light bulbs, designing of
experiments, is addressed to reduce electricity cost.
Tube lights may be used to provide light to a group of 
monoculture plants but they are not considered in this 
study.

Balanced designs are constructed to provide
artificial light for greenhouse experiments

economically, balance being of the form defined by [2]
also adopted by [3-6]. To achieve this goal the electric 
light bulbs are arranged using the interwoven
arrangement used by [7-9] in which a bulb produces 
light for one, two or four plants. That is a bulb, which is 
illuminated in the outer side of the last row of plants, is 
producing light for one or two plants but if the same 
bulb is in the middle of two rows of plants then it is 
providing light for four adjacent plants simultaneously. 
These designs are quite flexible in the sense that they 
can be extended for multiples of five in the horizontal 
and vertical directions. So the experimenter has liberty 
in using these designs according to his requirements. 
The method to extend them in both directions is
described in full detail in section 4.

In section 2 the model on which these designs are 
based is presented. In section 3 balanced designs are 
constructed using the methods of combinatorics.
Section 4 explains the designs’ self-buildability into 
larger designs. In section 5 four different layouts are 
exhibited for a particular number of bulbs for further 
growing after it has been decided which particular
number of bulbs is the best for particular monoculture 
plants. This will save electricity costs for one, two or 
three bulbs (as will be discussed in detail in section 5).

THE MODEL

The number of bulbs surrounding each plant is 0, 1, 
2, 3 or 4. Therefore these designs have five treatments 
in which plant i has treatment r. The model is
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Fig. 3.1: Shows the layout of monoculture plants and bulb positions. Symbols  and  represent locations of 
bulbs and plants respectively, where  could be a 1 or 0 provided that bulb is illuminated or off 
respectively

i(r) r iY ; r 0,...,4; i 1,...,n=τ +ε = =

where n is the total number of plants and τr represents
the expected response (over the set of plants in the 
experiment) from treatment r; Yi(r) represents the
response that would have been obtained from plant i, if 
treatment r were applied, εi is the error from plant i and 
the εi are assumed to be independently distributed with 
mean 0 and variance s2. We observe yi(r) if and only if 
treatment r is applied to plant i. Therefore, the usual 
methods of linear models and analysis of variance can 
be applied.

We are interested in balanced designs in which all 
the treatments have equal numbers of replications. Each 
treatment in one replication is applied to a plant under 
identical conditions and there is no systematic intra-
block effect to disturb the results.

CONSTRUCTION OF BALANCED
DESIGNS FOR FIVE PLANTS

An experiment is designed to provide heat and light 
to the plants in a greenhouse. The objective of this 
experiment is to observe the response by varying the 
number of bulbs adjacent to a plant. Directional effects 
of natural light are assumed to be at a large scale, 
relative to the local effects of bulbs and will be
mentioned at the end of section 4. In this experiment as 
the directional effect of wind is thought to be
negligible, so we do not need the directional balanced 
designs constructed by [10, 11]. This experiment is 
designed for monocultures. The layout of plants and 
bulbs is shown in Fig. 3.1.

The bulbs are suspended from the roof of the 
greenhouse in the air around the plants maintaining 
equal height and distance from the plant as shown in 
Fig. 3.1. Let nr be the number of plants illuminated by r 
bulbs that is plants receiving treatment r. A design is 
said to be balanced if and only if 

r
n

n forallr {0,...,4}
5

= ∈

For example the plant shown in Fig. 3.2 can have 
treatment 0, 1, 2, 3, 4 provided that 0, 1, 2, 3, 4 bulbs 

Fig. 3.2: The above shown plant has exactly two
illuminated bulbs

Fig. 3.3: If one plant is surrounded by 4 bulbs then 
there will be at least two illuminated bulbs for 
next plant on either side

are illuminated respectively. The particular case of two 
illuminated bulbs is shown in Fig. 3.2.

Construction of balanced designs: In Fig. 3.1 there 
are five plants and each plant has four positions where 
bulbs can be either illuminated or off. Each plant can 
have zero, one, two, three or four bulbs illuminated. 
Thus there are five places, which we are going to fill 
with suitable numbers to obtain balance. There are 
5! =120 total possible ways to fill these five positions 
with permutations of 0, 1 … 4. In construction of these 
designs there are three constraints to be observed to 
make the search efficient. These constraints are given 
below:

(i) 4 cannot be next to 0; this situation is explained in 
Fig. 3.3.

(ii) 4 cannot be next to 1.

The same argument stated in (i) holds for this 
constraint.

(iii) 3 cannot be next to 0; this situation is explained in 
Fig. 3.4.

The method to fill these positions efficiently
to arrive at the balanced designs, incorporating the
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Fig. 3.4: If one plant is surrounded by 3 bulbs then 
there is at least one illuminating bulb for next 
plant

knowledge of combinatorics, for the above situation is 
explained in detail below.

Isomorphism: If Φ is a balanced design then any 
design which can be obtained by taking the reflection 
(mirror image) in minor axis or complement
(interchange all 0s and 1s) or any combination of these 
operations on design Φ is said to be from the same 
isomorphism class. Among these 120 configurations it 
is required to retain one configuration from each
isomorphism class.

Isomorphism constraint (reflection in minor axis):
Let treatment 4 be considered as a candidate in
positions 1, 2 and 3 and when 4 is considered in 
position 3 it is further considered that 0 is fixed in 
position 1 to prevent isomorphism of reflection in
minor axis for further consideration. This cuts down the 
number of configurations to be considered by half,
which leaves 60. Let P denote the label for a possible 
arrangement.

By considering 4 in the first place the following six 
arrangements are possible

P=1 4 2 0 1 3
P=2 4 2 3 1 0
P=3 4 3 1 2 0
P=4 4 3 1 0 2
P=5 4 3 2 1 0
P=6 4 3 2 0 1

By considering 4 in the second place the following 
3 arrangements are possible.

P=7 3 4 2 1 0
P=8 3 4 2 0 1
P=9 2 4 3 1 0

By considering 4 in the third place and 0 in the first 
place, only one arrangement is possible

P=10 0 2 4 3 1

Four types of isomorphism are listed above which
are the identity (balanced design itself), its complement, 
its reflection in the minor axis and the complement of 
its reflection in the minor axis. Only one of them has 
been considered so far. 

Isomorphism constraint (complement): The
complements of 0, 1 and 2 are 4, 3 and 2 respectively. 
We now look into these configurations for
complements of each other. It is observed that P = 1 
and P = 10 are the complement of each other.
Therefore, we exclude P = 10 from the list of candidate 
configurations to be checked for possible balance.

Isomorphism constraint (complement of reflection
in minor axis): The final type of isomorphism is the 
complement of reflection in the minor axis. When this 
property is checked for the remaining nine
configurations it is observed that (P = 4 and P = 9), (P =
2 and P = 3) and (P = 6 and P = 7) are three pairs of 
isomorphic configurations. So we are left with P = 1, 2, 
4, 5, 6 and 8 for checking whether a balanced design is 
possible. On checking these configurations, a balanced 
design is not possible for P=2 and 6.

In both possibilities P=2 and 6 bold faced numbers 
in the second row represent the positions of
monoculture plants and 1 and 0 in rows one and three 
respectively represent illuminated and off bulb
positions. It is not possible to replace *s by any 
combination of 0 and 1 to get consecutive illuminated 
number of bulbs 3 and 1 adjacent to plants, for P=2 and
3 and 2 for P=6.

Consider P = 2.

1 1 0 * 0 0
4 2 3 1 0

1 1 0 * 0 0

Consider P = 6.

1 1 * 0 0 1
4 3 2 0 1

1 1 * 0 0 0

However, for P=1, 4 and P=5, 8 respectively there 
exist one and two designs up to reflection in the major 
axis. These designs are called basic balanced designs 
because in the next section these designs will be used to 
construct larger designs. They are listed in Table 3.1 
and a label N identifies each basic balanced design.

The Orbit-Stabilizer Theorem or Burnside’s
Theorem states: “Let G be a finite group of
isomorphisms. Let Θ be a configuration. If g∈G then 
Θg = configuration obtained by applying g to Θ. The 
stabilizer of Θ= {g∈G:Θg =Θ}
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Table 3.1: Tabular form of basic balanced designs
N P Isomorphism class size Basic balanced design N P Isomorphism class size Basic balanced design

1 5 4 110000 2 4 8 110001
111100 111001

3 5 4 110100 4 1 8 110011
111000 110001

5 8 4 111000 6 8 4 111001
011001 011000

Fig. 4.1: First three small rectangles represent ∆1, Γ1 and ∆1 respectively and elongated rectangle in the bottom 
represents their copy

The size of the isomorphism class

containing Θ = sizeofG
sizeofthestabilizerof Θ

The symbol Θ here means configuration by which 
we get the basic balanced design. The size of the
stabilizer means the number of operations by which we 
once again get the basic balanced design. Operation 
includes identity, complement, reflection in the minor 
axis, complement of reflection in the minor axis  and
major axis reflection of all of these; therefore, here the 
size of G is 8. For example for N=1 and P=5 the
stabilizer contains just the identity and reflection in 
both major and minor axes. The size of isomorphism
class is 8/2 = 4.

Similar calculations are made for each
configuration and are listed in Table 3.1.

This theorem is given in [12, 13]. The size of each 
isomorphism class is listed in Table 3.1 identified by 
the Orbit-Stabilizer Theorem. The sum of the sizes of 
the isomorphism classes containing these six
configurations is 32. 

The designs presented in Table 3.1 are balanced but 
we are seeking to make them economical by
superimposition of some parts of one design on the 
other. It is known from experience that, from the
practical point of view in an experiment, two to four 
replications are common. For this reason the method to 
build them in a horizontal as well as a vertical direction 
is given in the next section.

CONSTRUCTION OF LARGER SIZED DESIGNS

Once we arrive at Table 3.1, there are two methods 
by means of which given designs can be expanded in 
both horizontal and vertical directions to construct 
larger sized designs. A basic balanced design is
said to be self-buildable if it can be built into a
larger design by rearrangements in its isomorphism
class by some overlapping and the resulting larger
design is economically better than the basic balanced
design. Here economically better means that
overlapping enables the overlapped bulbs to provide 
light for two or four plants. The first method uses a 
basic balanced design and then overlaps some of its 
bulbs to make it self-buildable in two different ways
and the second method uses the combination of two 
basic balanced designs to do this. We shall explain 
these one by one.

Individual balanced designs possessing self-
buildability by method 1: Let ∆N denote the Nth basic
balanced design and ΓN its reflection (in the minor 
axis). Consider design N=1. To build a larger sized 
design in the horizontal direction, place ∆1 and Γ1 side 
by side alternately in a way that 

(i) The last column of ∆1 is superimposed by the first 
column of Γ1;

(ii) Then the last column of Γ1 is superimposed by the 
first column of ∆1 and so on.
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Table 4.1: The dispersion of bulbs

Distances between illuminated bulbs Distances between off bulbs
-------------------------------------------------------------------------------------------------------------------------------------------------------------------

N Horizontal variances Vertical variances Combined variances Horizontal variances Vertical variances Combined variances

1 4.8 0.24 2.52 4.8 0.24 2.52
2 1.6 0.16 0.88 2.6 0.16 1.38
3 2.6 0.24 1.42 2.6 0.24 1.42
4 1.6 0.16 0.88 1.8 0.16 0.98
5 2.4 0.16 1.28 2.4 0.16 1.28
6 2.4 0.16 1.28 2.4 0.16 1.28
7 1.6 0.16 0.88 1.6 0.16 0.88
8 1.6 0.16 0.88 1.6 0.16 0.88
9 1.6 0.16 0.88 1.6 0.16 0.88

Fig. 4.2: First three small rectangles represent three copies of ∆6 and elongated rectangle in the bottom represents 
their copy

The superimposed column consisting of two 0s in 
the upper half of Fig. 4.1 is the last column of ∆1 as 
well as the first column of Γ1. Similarly the
superimposed column  containing two bulbs is the last 
column of Γ1 as well as the first column of ∆1. In other 
words, an attachment in the horizontal direction is made 
as ∆1 Γ1∆1 Γ1∆1 Γ1… and the last column of the former 
design (∆1 Γ1) is superimposed by the first column of 
the latter design. 

For vertical buildability copy the first row, after 
obtaining a suitable size by following the attachment 
rules stated above, as the third row the design. There 
are six plants having 0, 1,..., 4 adjacent illuminated 
bulbs, thus the design obtained is balanced for three 
rows. Similarly copy the second row as the fourth row. 
The resulting design is again a balanced design for four 
rows. That is, a balanced design containing any number 
of rows is obtained by repeating the first two rows 
strictly alternating in a vertical direction. Thus the
design is self buildable in both horizontal and vertical 
directions. All the six designs are buildable in the above 
described manner because they involve ∆N and ΓN
which contain the superimposed columns on both 
extremities, no matter which are the values at the two 
extremities.

Individual balanced designs possessing self-
buildability by method 2: However, the designs
numbered N=2, 4 and 6 can also be built horizontally in 
the following way. All these designs have the first and 
the last column the same; therefore, they can be built by 
this method also. Consider design number N=6; place 
copies of the basic balanced design side by side as ∆6∆6

∆6… in a way that the last column of the preceding 
design is superimposed by the first column of the latter 
design as shown in Fig. 4.2. Make the vertical copies by 
following the same rule as that for Fig. 4.1. Vertical 
replications can be treated as blocks if a directional 
effect of natural light is expected. 

In both procedures balanced designs are used, but if 
we look at both Fig. 4.1 and 4.2 it is evident that bulbs 
looks more scattered and evenly distributed in Fig. 4.2
than in Fig. 4.1. Moreover Fig. 4.1 contains seven 
consecutive bulbs off in rows 1 and 3 and seven
consecutive illuminated bulbs in rows 2 and 4 but in 
Fig. 4.2 there are no more than 3 consecutive on or off 
in any row.

There are six larger sized designs identified by 
method 1 based on the six basic balanced designs of 
Table 3.1 and they are labeled from 1 to 6 in Table 4.1. 
Similarly there are three larger sized designs identified 
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by method 2 based on the basic balanced designs 2, 4 
and 6 of Table 3.1 and they are labeled from 7 to 9 in 
Table 4.1. Three dispersion measures are calculated, 
both for illuminated and off bulb distances, to find 
which designs are better or worse among these nine 
designs. Calculations for horizontal and vertical
distances variances are based on the distances between 
two illuminated/off bulbs in the first two rows and the
first 10 columns of the larger design. 

The designs numbered 2, 4, 7, 8 and 9 all have the 
same three entries in all the columns of variances for 
distance between illuminated bulbs. This means
building basic balanced designs 2 and 4 by both the 
methods does not change their dispersion variances in 
this case. However, comparing designs 6 and 9,
although both are built on the basis of the same basic 
balanced design 6, but by different methods, we find 
that design 9 has the minimum distance between
illuminated bulbs variances. This means that method 2 
is better than method 1 in this case. Summarizing Table 
4.1, for illuminated bulbs, design 1 has maximum
horizontal distance and combined variances and designs 
2, 4, 7, 8 and 9 have the minimum variances among all 
designs. For the design 4 the differences in horizontal 
and combined variances of illuminated bulbs and off 
bulbs are 0.2 and 0.1 respectively. They are so small 
and thus can be ignored.

On the other hand, for variances of distances
between off bulbs, designs 4, 7, 8 and 9 have minimum 
variances. Comparing designs 2, 4 and 6 and designs 7, 
8 and 9 respectively, both sets are built on the basis of 
the same basic balanced designs 2, 4 and 6 respectively, 
but by two different methods. Method 2 produces
minimum variances in all the columns. Therefore
method 2 is better than method 1 in this case. 

If distance variances of illuminated bulbs and off 
bulbs are compared, which are the complement of each 
other, all the designs have almost the same variances in
columns except design 2. This means that method 2 is 
robust to the two states of bulbs, illuminated and off.
Therefore the use of designs 4, 7, 8 and 9 are
recommended due to their minimum dispersion in both 
states.

Large sized self-buildable designs using
combinations of two balanced designs: Let Ψ i and Ω i
denote the complement and reflection in the horizontal 
axis of ∆i respectively. In the upcoming design strings 
the last column of the former design (∆i Γi Ψ i Ω i) is 
superimposed by the first column of the latter design in 
the given arrangement.

Using ∆1 and ∆2 the design string is ∆2 ∆1 Ψ2 Ψ1 ∆2

∆1 Ψ2 Ψ1…

Using ∆1 and Ψ3 the design string is ∆1Ψ3 ∆1 Ψ3

∆1Ψ3 ∆1 Ψ3…

Using ∆1 and ∆4 the design string is ∆4 ∆1 Ψ4 Ψ1 ∆4

∆1 Ψ4 Ψ1…

Using ∆2 and ∆3 the design string is ∆2 ∆3 Ψ2 Ψ3 ∆2

∆3 Ψ2 Ψ3…

Using ∆2 and ∆4 the design string is ∆2 ∆4∆2 ∆4 ∆2

∆4∆2 ∆4 …

Using ∆3 and ∆4 the design string is ∆4 ∆3 Ψ4 Ψ3 ∆4

∆3 Ψ4 Ψ3…

Using ∆5 and ∆6 the design string is ∆5 Ω6 Ω5 ∆6 ∆5

Ω6 Ω5 ∆6…

The above listed designs are some examples of 
building larger sized designs, given to understand the 
mechanism behind their attachment. Two balanced
designs can be attached to build a larger sized design if 
their first and last columns can be superimposed. 

LAYOUT FOR DIFFERENT NUMBER
OF BULBS FOR FUTURE USE 

IN THE GREENHOUSE

Once through the experiment using any of the
balanced designs of section 3, it is known which
number of bulbs gave optimum light. The following 
four layouts are presented for further use. In these four 
layouts for bulbs, a particular number is maintained 
throughout the greenhouse, which can be extended 
horizontally and vertically following the sequence
adopted in these layouts. In the first layout the
extension pattern for one illuminated bulb throughout 
the design columnwise is 0, A0, 0, A1, 0, A0,... where
0, A0 and A1 stand for a column in which all the bulbs 
are off, a column of strictly alternating off and on 
starting with off and a column of strictly alternating 
starting with on respectively. The respective layouts 
maintaining two, three and four illuminated bulbs
throughout the respective layout are A0, A1, A0, A1,...
; 1, A1, 1, A0, 1, A1,... and 1, 1, 1, 1,... where 1 stands 
for a column in which all bulbs are illuminated. These 
are actually in the form of repeated cycles whose initial 
arrangement is listed for each layout. This layout can be 
extended horizontally and vertically by placing repeated 
cycles side by side and in stacking. 

Figure 5.1 is a layout in which one bulb is available 
for each monoculture plant of greenhouse. The first 
four columns and the first two rows of the layout is the 
repeated cycle.

Figure 5.2 is a layout in which two bulbs are
available for each monoculture plant of greenhouse. 
The first three columns and the first two rows of the 
layout is the repeated cycle.
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Fig. 5.1: One illuminated bulb adjacent to each other

Fig. 5.2: Two illuminated bulbs adjacent to each plant

Fig. 5.3: Three illuminated bulbs adjacent to each plant

Fig. 5.4: Four illuminated bulbs adjacent to each plant

Figure 5.3 is a layout in which three bulbs are available for each monoculture plant of greenhouse. The first five 
columns and the first two rows of the layout is the repeated cycle.
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Figure 5.4 is a layout in which four bulbs are 
available for each monoculture plant of greenhouse. 
The first column and the first two rows of the layout is 
the repeated cycle.
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