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Abstract: A Stefan problem is a moving boundary problem which involves the partial derivatives in a 
domain defined by the position of the boundary which is not fixed. In general, exact solutions for Stefan 
problems are not available except for a few simple problems. This paper focuses on an approximate 
analytical method known as the perturbation methods to solve a one-phase Stefan problem involving a 
melting process. That is to seek the temperature distribution in the liquid phase and the phase change
location of the moving interface. This method will be applied to melting process of a particular
homogenous material. The result shows that the solution using the perturbation methods is efficient 
compared to the similarity solution.
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INTRODUCTION

Phase change problems, also known as Stefan 
problems, occur naturally in many physical processes 
such as freezing and thawing of foods, melting of ice, 
ice formation on pipe surface, solidification of steel, 
chemical reaction and aerodynamic ablations.
Mathematically, melting or solidification problems are 
special cases of moving boundary [1]. In the case of 
melting process, unknowns are the temperature
distribution of the liquid as a function of space and time 
and the free boundary consisting of the solid-liquid
interface. The heat equation is required to solve the 
temperature distribution in the liquid region and energy 
is conserved across the interface. 

One particular area of interest is the study of
melting  or  solidification  in  homogenous  materials. 
The European Commison defines homogenous
materials as a material that cannot be mechanically 
disjointed into different materials. The term
homogenous means of uniform composition throughout 
while  mechanically  disjointed  means  that  the
material can,  in  principle,  be  separated  by
mechanical  actions  such  as  unscrewing, cutting, 
crushing, grinding and abrasive processes.
Ghoshdastidar [2] refers   homogenous   materials   as
materials   that  have   conductivity   that   does   not
vary  from  point  to  point.  Engineering  material  that
can  be  classified into five groups: metals and alloys, 
intermetallics, ceramics and glasses, polymers and
composites. Of these, composites are not homogenous 
materials [3].

Perturbation methods utilize series expansions in 
small (or large) parameters to reduce a problem to a 
sequence of simpler problems which, hopefully, maybe 
explicitly solvable. Typically only the first few terms in 
the expansion can actually be found. This is due to the 
increasing complexity of the problems. Thus, by
necessity, the few terms we succeed in finding are taken 
as  an  approximate  solution.  In  some fields, such as 
fluid dynamics, quantum physics, etc, the perturbation 
approach  has  proved  to  be  extremely successful and 
as a result, the theory and practice of perturbation 
methods in those fields is very advanced. In Stefan-type
problems, there are few naturally occurring small
parameters. One possibility is the Stefan number which 
will be exploited in the solution technique. The work 
was motivated by exercise found in [4].

MATHEMATICAL MODEL

As a model problem, we will treat a one-phase
Stefan problem with imposed temperature TL(t)>Tm
(melting temperature). Thus consider a semi-infinite
slab, 0≤x<∞, initially solid at Tm, which is melted via 
an imposed temperature TL(t)>Tm at x = 0. Assuming 
constant thermophysical properties and the melted
material  does  not  solidify, find X(t) and T(x, t) 
subject to:

Heat equation:

(1)

Boundary conditions:
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(2)

(3)

Initial condition: 

(4)

Interface conditions:

, t>0 (5)

Dimensionless  model:  In  order  to  fix  the  interface, 
we introduce the Landau transformation [4],

(6)

which  maps  the  interval  0≤x≤X(t) onto the fix
interval 0≤ξ<1. To normalize the problem, we employ 
dimensionless variables. Let us denote

(7)

and set

(8)

where x̂  is an arbitrary length. Thus, the dimensionless 
mathematical model is as follows:

Heat equation:

(9)

Boundary conditions:

(10)

Initial condition:

(11)

Interface conditions:

(12)

Perturbation method: Assuming 0<ε<<1, we seek
Σ(τ) and u(ξ,τ) as series in powers of ε. That is

(13)

(14)

Substituting (13) and (14) into (9) - (12) and 
collecting like terms, the problem is reduced to the
following sub-problems:

(15)

(16)

(17)

In this paper, we attempt to solve only the first two 
terms, namely u0, Σ0, u1 and Σ1. The explicit solutions 
of u0, Σ0, u1 and Σ1 are given by:

(18)

(19)

If  we  continue  with  this  fashion,  we  could
find higher order terms which, clearly, become
increasingly   more  complicated.  Finally,  by
replacing (18) and (19) into (8), we can find the
solution  of  the  location  of  the  moving  boundary 
and  the  temperature  distribution  in  terms  of  the 
physical variables. That is,
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(20)

(21)

Note that u0(ξ, τ) and Σ0(τ) are the quasistationary 
solutions. The detailed description of the method and 
derivation can be found in [5].

Similarity solution: The similarity solution, also
known  as  Neumann  solution,  for  the case of imposed

constant temperature at the face boundary can be found 
in [4], given as:

(22)

While the interface location is given by

(23)

RESULTS AND DISCUSSION

From Eq. (20) and (21) we obtain the solution 
using the physical variables as:

Constant temperature: TL(t) = TL

Linear-growth temperature:

Saw-tooth temperature:
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Fig. 1: Constant Temperature: (a) Depth vs Time (b) Temperature vs Time (c) Temperature vs Depth

Fig. 2: Linear Temperature: (a) Depth vs Time (b) Temperature vs Time (c) Temperature vs Depth

Fig. 3: Saw-Tooth Temperature: (a) Depth vs Time (b) Temperature vs Time (c) Temperature vs Depth

Fig. 4: Sinusoidal Temperature: (a) Depth vs Time (b) Temperature vs Time (c) Temperature vs Depth
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Sinusoidal temperature: 

For every cases, the graph of the dimensionless 
temperature distribution in the liquid phase and the 
location of the interface are shown in Fig. 1-4. We can 
say that the behavior of the moving front (Fig. a) is 
almost  similar  for  all  types  of  face  temperature 
except  perhaps  the fixed  temperature  which  starts
to  curve  earlier.  However,  the  depth  of  the  liquid 
state  (picture (c)) at specific time shows different 
length for each type of imposed specified temperature. 
The  real  temperature  and  depth  for  a  specific 
material,  say  a  polymer,  can  be  computed  using
the formulas above. For example, a particular
polyethylene  has  the  following  properties:
conductivity 0.31W/mK, specific heat 2.1kJ/kgK,
density 840kg/m^3, melting temperature 112 deg.
Celcius and latent heat 144.2 kJ/kg. 

CONCLUSION

There   are   various   methods  that  can  be  used 
to solve phase change problems including the
perturbation   methods.   This   paper   explored   on
one-phase   Stefan   problems   concerning  a  melting
process of a homogeneous material, assuming constant 
thermophysical properties. Based on the similarity
solution,  the  results  of  this  study (Fig. 1) indicates 
that a solution by perturbation method gives more
accurate    result    compared    to    the   quasistationary

solution. The solutions for the other 3 cases cannot be 
compared with since their exact (or similarity) solutions 
are not available. However, the results do show that the 
quasistationary solutions behave as an upper bound.
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