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Abstract: The problem of steady Marangoni boundary layer flow and heat transfer in a nanofluid when the 
wall is permeable, namely there is a suction or injection effect, is studied using different types of 
nanoparticles. The mathematical problem reduces to a pair of coupled ordinary differential equations by 
similarity transformation, which is then solved numerically using the shooting method. Three different 
types of nanoparticles, namely Cu, Al2O3 and TiO2 are considered by using water as the base fluid with 
Prandtl number Pr = 6.2. It is found that the imposition of suction is to increase the velocity profiles and to 
delay the separation of boundary layer, while the injection parameter decreases the velocity profiles. 
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INTRODUCTION

Marangoni boundary layers are the interface
dissipative flows or boundary layer type and thin
dissipative layers may form near free surfaces when the 
appropriately defined Reynolds number is large enough 
(Pop et al. [1]). Marangoni flows are induced by
surface tension gradients at the interface of immiscible 
fluids; such flows become relevant in a microgravity
environment due to the increased importance of surface 
forces and greater extensions and interfaces. The
existence of Marangoni boundary layers under non-
isobaric conditions is still an open problem and the 
mathematical  model  and  numerical  results  verify
that  the  file  can  be  closed  (Golia  and  Viviani [2]). 
The  steady  boundary  layers  can  be  formed  along 
the  interface  of  two  immiscible  fluids  in  surface 
driven flows that may be generated not only with 
Marangoni effects, but also with the existence of the 
buoyancy  effects  due  to  gravity  and  external 
pressure gradient (Chamkha et al. [3]). There are
several numerical studies on Marangoni boundary
layers in various geometries such as those by Al-
Mudhaf and Chamkha [4], Magyari and Chamkha [5, 6] 
and Hamid et al. [7].

In recent years, the study on convective transport of 
nanofluids has become one of the popular topics of 

interest. Nano-sized particles in a base fluid, which is 
also termed nanofluid has been introduced for the first
time by Choi [8]. There have been published several 
recent papers on the influence of the nanofluid
properties and we mention here those by Ahmadi and 
Rahimi [9], Othman et al [10] and Gill et al. [11]. Choi 
et al. [12] showed that the addition of a small amount of 
nanoparticles to conventional heat transfer liquids
increased the thermal conductivity of the fluid. There 
have been many studies in the literature to better
understand the mechanism of heat transfer enhancement 
during natural convection heat transfer in nanofluid, see 
Buongiorno [13], Tiwari and Das [14], Daungthongsuk
and S. Wongwises [15], Arifin et al. [16] and Bachok et
al. [17], among others. On the other hand, Arifin et al.
[18] have examined the influence of nanoparticles on 
Marangoni boundary layer flow using a model
proposed by Tiwari and Das [14]. Their paper
complements also the work by Golia and Viviani [2] 
concerning the dual solutions in the case of adverse 
pressure gradient.

In the present paper, we extend the work by Arifin 
et al. [18] with consideration of suction and injection 
effects. In this study, the partial differential equations 
are reduced to similarity or nonlinear ordinary
differential equations which are then solved
numerically.
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BASIC EQUATIONS

Consider the steady two-dimensional laminar
Marangoni boundary layer flow in a water-based
nanofluid containing different types of nanoparticles: 
Cu, Al2O3 and TiO3. It is assumed that the interface 
temperature is to be power-law functions of the distance 
x along the interface. The existence of similarity
solutions of the present problem is guaranteed by this 
assumption. The governing equations are based on the 
balance laws of mass, linear momentum and energy 
equation. The equations for nanofluid in non-
dimensional form can be written as, see Golia and 
Viviani [2] and Tiwari and Das [14].

u v
0

x y
∂ ∂

+ =
∂ ∂

(1)

2
e nf

e 2
nf

uu u u
u v u

x y x y
∂∂ ∂ µ ∂

+ = +
∂ ∂ ∂ ρ ∂

(2)

2
nf f

2
p nf p f

T T 1 k / k T
u v

x y P r ( C ) /( C ) y
∂ ∂ ∂

+ =
∂ ∂ ρ ρ ∂

(3)

subject to the following boundary conditions:

nf
w 0

f

e e

u T
v v , T T (x) , at y 0

y x
u u (x), T T as y

µ ∂ ∂
= = = =

µ ∂ ∂

= = →∞
(4)

Here u and v are the velocity components along the 
x and y axes, respectively, T is the non-dimensional
temperature of the nanofluid, T0(x) is the interface
temperature distribution, ue(x) is the velocity of the
external flow, Te is the constant temperature of the 
external flow, νw(x) is the mass transfer velocity with 
νw(x)<0 for suction and νw(x)>0 for injection, Pr is the 
Prandtl number, αnf is the thermal diffusivity of the 
nanofluid, ρnf is the effective density of the nanofluid, 
knf is the effective thermal conductivity of the nanofluid 
and µnf is the effective viscosity of the nanofluid, which 
are given by, see Oztop and Abu-Nada [19],
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where φ  is  the  solid  volume  fraction  of  the 
nanofluid or nanoparticle volume fraction, ρ f is the 
reference density of the fluid fraction, ρs is the reference 
density  of  the  solid  fraction,  µf is  the  viscosity  of 
the  fluid  fraction,  kf is the  thermal  conductivity  of 
the  fluid  and  ks is the thermal conductivity of the 
solid. The last condition of (4) represents the
Marangoni coupling condition at the interface, having 
considered for the surface tension s of the linear
relation, see Chamkha et al. [3]

0 e[1 (T T)]σ = σ − γ − (6)

where 0(1/ ) / T 0γ = − σ ∂σ ∂ > is  the  temperature

coefficient of surface tension and σ0 is the constant 
surface tension at origin. The directions of the driving 
actions depend on the orientation of the temperature 
gradients in nanofluids, ∇T. We look for a similarity 
solution of equations (1)-(3) subject to the boundary 
conditions (4). We assume that ue(x) and T0(x) have the 
following form:
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where β is the constant exponent. Now we look for a 
similarity solution of equations (2) and (3) of the
following form:
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where primes denote differentiation with respect to η
and u0, h0 and l0 a re constants. If we take h0 = 1 then u0
and l0 have the unique values:
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and by substituting (8) into equations (2) and (3), we 
get the following ordinary differential equations: 
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and the boundary condition (4) become
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Table 1: Thermophysical properties of regular fluid and nanoparticles (Oztop and Abu-Nada [19])

Physical properties Cp(J/kgK) ρ(KG/m3) k(W/mK) α×107(m2/s) β×10-5(1/K)
Fluid phase (water) 4179 997.1 0.613 1.47 21
Al2O3 765 3970 40 131.7 0.85
Cu 385 8933 400 1163.1 1.67
TiO3 686.2 4250 8.9538 30.7 0.9

( )

0 2.5

1
f(0) f , f ''(0) 1, g(0) 1

(1 )
f ' ( ) 1, g 0

= = − =
−φ

∞ = ∞ =
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where ƒ0 is the constant mass transfer parameter with 
ƒ0>0 for suction and ƒ0<0 for injection.

RESULTS AND DISCUSSION

The governing ordinary differential equations (10) 
and (11) subject to the boundary condition (12) were 
solved numerically by the shooting method. This well-
known technique is an iterative algorithm which
attempts to identify appropriate initial conditions for a 
related initial value problem (IVP) that provides the
solution to the original boundary value problem (BVP). 
The shooting method is based on MAPLE “dsolve”
command and MAPLE implementation, “shoot”
(Meade et al. [20]). The value of the Prandtl number is 
fixed to Pr = 6.2 and the range of nanoparticle volume 
fraction is 0≤φ≤0.2. The thermophysical properties of 
the nanoparticles can be referred to Table 1.
Comparisons are made numerically with the values
obtained in Arifin et al. [11] for f '(0) and-g'(0) as 
shown in Table 2, for various values of ß and ƒ0 = 0.
The comparisons are found to be in excellent
agreement. Therefore, we are confident that the present
results are accurate. However, we have also presented 
results for other values of ƒ0 such as those presented in 
Table 2. Figure 1-6 show the effects of suction/injection 
parameter on the velocity f(η) and the temperature g(η)
profiles for Al2O3, Cu and TiO3, respectively. As
expected, the velocity f(η) profiles decrease with the 
increase in ƒ0 while the temperature profiles increase 
with the increase in ƒ0. It should be noted that dual 
solutions exist for this problem and the solid lines refer 
to the first and physically realizable solutions while the 
dashed lines refer to the second solutions of the
problem. Figure 7 and 8 show the variation of ƒ′(0) and 
-g′(0) with ƒ0 for Cu, Al2O3 and TiO3, respectively 
when φ = 0.1 and ß = 0.2. The imposition of suction 
(ƒ0>0) at the surface has the tendency to reduce the 
velocity but increase the temperature gradients along 
the interface. For the case of surface injection (ƒ0<0), it 
is observed that the surface velocity and the surface 
temperature gradients increase.

Fig. 1: Velocity profiles ƒ′(η) for Al2O3 nanoparticles 
with various value of ƒ0

Fig. 2: Temperature profiles g(η) for Al2O3

nanoparticles with various value of ƒ0

CONCLUSIONS

This paper presents a theoretical description on the
problem of steady two-dimensional laminar Marangoni 
boundary layer flow which can be formed along the 
interface of immiscible nanofluids in surface driven 
flows due to an imposed temperaturegradient. By using 
the similarity transformation, the three governing
partial    differential   equations   were   transformed   to 
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Table 2: Values of ƒ′(0) and -g′(0) for different φ, ß, ƒ0 with Pr = 6.2. Results in () are the second solution

Cu Al2O3 TiO3

--------------------------------------------------------- -------------------------------------------------------- -------------------------------------------------------------
Arifin et al. Present Arifin et al. Present Arifin et al. Present
--------------------------- -------------------------- -------------------------- ------------------------- ----------------------- ------------------------------

β ƒ0 ƒ′(0) -g′(0) ƒ′(0) -g ′(0) ƒ′(0) -g′(0) ƒ′(0) -g′(0) ƒ′(0) -g′(0) ƒ′(0) -g′(0)

0.05 1 1.8459 5.9083 2.2537 6.1420 1.1072 1.8331
(0.1704) (4.6686) (0.3518) (4.8435) (0.3402) (4.9990)

0 10.1729 5.7803 10.1729 5.7803 10.4523 5.9095 10.4523 5.9095 10.4 327 6.0103 10.4327 6.0103
(1.0468) (1.7436) (1.0469) (1.7437) (1.1083) (1.7991) (1.1124) (1.8030) (1.1040) (1.8298) (1.1072) (12.4805)

-1 85.2866 13.9765 66.5955 12.1881 67.6496 12.4805

0.1 1 1.6764 5.9337 1.9477 6.1122 0.9552 1.8041
(0.0567) (4.5264) (0.2252) (4.7250) (0.2142) (4.8790)

0 4.9939 4.3621 4.9939 4.3621 5.2150 4.4883 5.2150 4.4883 5.1996 6.0103 5.1996 4.5624
(0.8970) (1.7111) (0.8972) (1.7113) (0.9544) (1.7678) (0.9603) (1.7748) (0.9504) (1.8298) (0.9552) (1.8041)

-1 24.4598 7.0835 20.0115 6.2528 20.2611 6.3787
(10.2626) (3.7732) (6.6495) (2.6773) (6.8322) (2.7576)

0.2 1 1.5207 6.0259 1.6906 6.1599 0.7381 1.6778
(0.0534) (4.2854) (0.0992) (4.5418) (0.0888) (4.6942)

0 2.6529 3.5362 2.6529 3.5362 2.8241 3.6674 2.8241 3.6674 2.8123 3.7256 2.8123 3.7256
(0.6520) (1.5189) (0.6531) (1.5210) (0.7451) (1.6542) (0.7451) (1.6543) (0.7381) (1.6777) (0.7381) (1.6778)

-1 7.3802 3.6097 6.5097 3.2990 6.5569 3.3445
(3.1569) (1.7152) (3.6600) (1.4645) (2.6830) (1.4818)

0.3 1 1.4474 6.1225 1.5786 6.2388 0.6992 1.7023
(0.0625) (4.1286) (0.0900) (4.4864) (0.0794) (4.6383)

0 2.0496 3.3507 2.0496 3.3507 2.1874 3.4765 2.1874 3.4765 2.1778 3.5314 2.1778 3.5314
(0.5584) (1.3269) 0.5758) (1.3883) (0.6880) (1.6260) (0.7088) (1.6844) (0.6816) (1.6423) (0.6992) (1.7023)

-1 3.9632 2.5459 3.7405 2.4374 3.7515 2.4595
(2.2268) (1.4832) (2.0866) (1.4018) (2.0927) (1.4026)

1 1.3760 6.2878 1.4751 6.3898 1.4680 6.5639
0.5 0 1.6848 3.3672 1.6848 3.3672 1.7879 3.4802 1.7879 3.4802 1.7806 3.5359 1.7806 3.5359

-1 2.3425 2.0086 2.3652 2.0305 2.3663 2.0415

1 1.3106 6.5588 1.3853 6.6509 1.3800 6.8289
1.0 0 1.4741 3.6070 1.4741 3.6070 1.5500 3.7075 1.5500 3.7075 1.5447 3.7679 1.5447 3.7679

-1 1.7308 2.0211 1.7881 2.0805 1.7839 2.0916

1 1.2716 6.8215 1.3337 6.9092 1.3293 7.0908
2.0 0 1.3818 3.8928 1.3818 3.8928 1.4443 3.9870 1.4443 3.9870 1.4399 4.0528 1.4399 4.0528

-1 1.5357 2.2308 1.5896 2.2970 1.5858 2.3112

1 1.2450 7.0730 1.2992 7.1586 1.2954 7.3436
5.0 0 1.3281 4.1763 1.3281 4.1763 1.3824 4.2671 1.3824 4.2671 1.3786 4.3381 1.3786 4.3381

-1 1.4376 2.4701 1.4867 2.5388 1.4832 2.5566

Fig. 3: Velocity profiles ƒ′(η) for Cu nanoparticles with 
various value of ƒ0

Fig. 4: Temperature profiles g(η) for Cu nanoparticles 
with various value of ƒ0
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Fig. 5: Velocity profiles ƒ′(η) for TiO3 nanoparticles 
with various value of ƒ0

Fig. 6: Temperature profiles g(η) for TiO3 nanoparticles 
with various value of ƒ0

Fig. 7: Variation  of ƒ′(0)  with ƒ0  when φ  =  0.1  and 
ß = 0.2 for Cu, Al2O3, TiO3

Fig. 8: Variation  of -g′(0)  with ƒ0  when φ = 0.1 and 
ß = 0.2 for Cu, Al2O3, TiO3

become two ordinary differential equations. Then, by 
using the shooting method, the ordinary differential
equations were solved numerically. The effects of
suction or injection parameter on the flow and heat 
transfer characteristics were studied. In general, the
imposition of suction is to decrease the velocity and 
temperature profiles, whereas injection showed the
opposite effects. It should also be noted that dual
solutions exist for this problem.
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