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Abstract: This paper presents an improved approach for enhancing the performance of doing logic 
programming in Hopfield neural network. Generally Hopfield networks are suitable for solving
combinatorial optimization problems. In spite of usefulness of Hopfield neural networks they have
limitations; one of the most concerning drawbacks is that sometimes the solutions are local minimum 
instead of global minimum solutions. In this paper, we present an improved approach by integration of 
Hopfield network and fuzzy logic technique to have better energy relaxation and avoid locally minimum 
solutions. We carried out computer simulations to verify and validate the proposed approach.

Key words: Hopfield network • logic programming • fuzzy logic • local minimum • global minimum

INTRODUCTION

Artificial neural networks are an attempt for
modeling the information processing capabilities of
nervous system. Inspired by our biological system, the 
brain, the intelligence appears from the relations among 
large number of simple processing elements. They 
consists a set of interconnected entities called nodes or
units that usually operates in parallel. Each unit is 
designed to mimic its biological counterpart, the neuron 
[1]. The Hopfield model [2, 3] is a single layer
recursive neural network where the output of each
neuron is connected to the input of every other neuron. 
The energy function of the Hopfield neural network, 
which is a quadratic function, is associated with the 
objective function for minimizing the optimization
problem.

In early 1970’s, logic programming began as a
direct outgrowth of earlier work in automatic theorem 
proving and artificial intelligence. According to
Kowalski [4], one of the main ideas of logic
programming is that an algorithm consists of two
disjoint components, the logic and the control. The 
logic is the statement of what the problem is that has to 
be solved. Meanwhile the control is the statement of 
how it is to be solved. Logic programming provides a 
common way for problem solving. Logic programs and 
neural networks are two important paradigms in
artificial intelligence. By neural-logic integration, the 
advantages of both paradigms can be combined. Logic 
programs are highly recursive, in symbolic form and 
well understood from the point of view of declarative 
semantics. Logic provides a natural way for problem-
solving methods. Logic programs are easier to

understand, easier to verify and easier to change
compare with neural networks which are black-box
model [5]. 

Wan Abdullah [6] proposed a method of doing 
logic program on a Hopfield network. The
minimization of logical inconsistency in the program is 
carried out by the network after the connection
strengths are defined from the logic program; that is by 
equating the cost function with energy function. Later, 
the network relaxes to neural states which are models 
(i.e. viable logical interpretations) for the corresponding 
logic program. Wan Abdullah’s proposed learning is 
known as direct method [7].

In this paper, fuzzy Hopfield neural network
clustering technique is proposed to solve combinatorial 
optimization problems. Fuzzy Hopfield neural network 
is a numerical procedure to minimize energy function to 
find membership grade. Combinatorial optimization
consists of looking for the combination of choices from 
a discrete set which produces an optimum value for 
some related cost function. In fuzzy Hopfield neural 
network, it imposed a fuzzy c-means clustering
algorithm to update the neuron states in Hopfield neural 
network. Hereby, we will analyze the usage of fuzzy
Hopfield neural network clustering technique in
enhancing the performance of doing logic programming 
in Hopfield network.

HOPFIELD NEURAL NETWORK

The Hopfield model is a single layer recursive
neural network where the output of each neuron is 
connected to the input of every other neuron. The
energy function of the Hopfield network, which is a
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Fig. 1: Discrete Hopfield network

quadratic function, is associated with the objective
function for minimizing the optimization problem.

A Hopfield network with n units has two versions: 
binary and continuously valued. Let vi be the state or 
output of the ith unit. For binary networks, vi is either 
+1 or -1, but for continuous networks, vi can be any 
value between 0 and 1. Let wij be the synapse weight on 
the connections from units i to j. In Hopfield networks
Wij = wji, ∀i, j (symmetric networks) and wii = 0, ∀i (no
self-feed-back connections). The network dynamics for 
the binary Hopfield network are: 

i ij j
j

v sgn w v threshold
 

= − 
 
∑ (1)

An energy function for discrete Hopfield network
is given by:

ij i j i i
i j j

1
E w v v w v

2
= − −∑∑ ∑ (2)

Discrete Hopfield network is shown in Fig. 1, as an 
expanded form of a common representation of the
Hopfield network. Hopfield and Tank [3] had stated 
that this network is useful for solving combinatorial 
optimization problems as a content addressable memory 
or an analog computer. Combinatorial optimization
includes looking for the combination of choices from a 
discrete set which produces an optimum value for some 
related cost function.

As the network evolves according to the dynamics, 
the energy E can only decrease or stay unchanged at 
each update. This is because the change ∆E due to a 
change in the output can only be zero or negative. 
Eventually the network will converge to a (local)
minimum energy state because E is bounded from
below. The local minimum points in the energy
landscape correspond to the prototype patterns stored in 
the storage phase. It means Hopfield network retrieval 
approximately equal to the target patterns.

LOGIC PROGRAMMING 
IN HOPFIELD NETWORK

Essentially, logic programming can be seen as a
problem in combinatorial optimization and thus it can 
be carried out on neural network to obtain the desired 
solution. This is done by using the neurons to store the
truth values of the atoms. When all the clauses are
satisfied, we are required to write a cost function which 
is minimized.

A logic program consists of a set of program
clauses (at least one conclusion) and is activated
by an initial goal statement., in Conjunctive Normal 
Form (CNF), the clauses contain one positive
literal. Logic programming in Hopfield model can
be formulated as a problem in combinatorial
optimization. Due to that, it can be carried out in a 
neural network to obtain the desired solution. Our main
objective is to find a set of interpretation (i.e., truth 
values for the atoms in the clauses which satisfy the 
clauses (which yields all the clauses true). In other 
words, we want to find ‘models’ for the corresponding 
logical clauses.

The following algorithm summarizes on how a 
logic program can be done in a Hopfield network based 
on proposal by Wan Abdullah [7] known as direct 
method [8]:

• Given a logic program, translate all the clauses in 
the logic program into basic Boolean algebraic 
form.

• Identify a neuron to each ground neuron.
• Initialize all connections strengths to zero.
• Derive a cost function that is associated with the 

negation of all the clauses, such that x
1

(1 S )
2

+

represents the logical value of a neuron X, where 
4Sx is the neuron corresponding to X. The value of 
Sx is define in such a way that it carries the values 
of 1 if X is true and -1 if X is false. Negation 
(neuron X does not occur) is represented

by x
1

(1 S )
2

− ; a conjunction logical connective is 

represented by multiplication whereas a disjunction 
connective is represented by addition.

• Obtain the values of connection strengths by
comparing the cost function with the energy, H.

• Let the neural networks evolve until minimum
energy is reached. Checked whether the solution 
obtained is a global solution.

As an illustration of this method, consider the
following logic program:
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Table 1: The truth table, the number of unsatisfied clauses and Ep for P {F G,L,M G,L .}= ← ← ←

SF SG SL SM F←G,L M←G L← Num. of unsatisfied clauses Ep

-1 -1 -1 -1 1 1 -1 1 1
-1 -1 -1 1 1 1 -1 1 1
-1 -1 1 -1 1 1 1 0 0
-1 -1 1 1 1 1 1 0 0
-1 1 -1 -1 1 -1 -1 2 2
-1 1 -1 1 1 1 -1 1 1
-1 1 1 -1 -1 -1 1 2 2
-1 1 1 1 -1 1 1 1 1
1 -1 -1 -1 1 1 -1 1 1
1 -1 -1 1 1 1 -1 1 1
1 -1 1 -1 1 1 1 0 0
1 -1 1 1 1 1 1 0 0
1 1 -1 -1 1 -1 -1 2 2
1 1 -1 1 1 1 -1 1 1
1 1 1 -1 1 -1 1 1 1
1 1 1 1 1 1 1 0 0

P = F? G, L
? M? G
? L? (3)

Given the goal
←G

where G is a conjunction of neurons. We require to 
show that P∧¬G is inconsistent in order to prove the 
goal. Alternatively, we require to find an interpretation 
for the problem which is consistent with P (which 
yields P true) and examine the truth of G in such an 
interpretation. If we assign the values 1 to true and -1 to 
false then ¬P = -1 indicates a consistent interpretation 
while ¬P = 1 reveals that at least one of the clauses in 
the program is not satisfied. 

Translate all clauses and the negation of it into 
Boolean algebraic form:

P = (F?¬G?¬L) ?  (M?¬G)? L (4)

¬P = (¬F? G? L) ?  (¬M? G) ?  (¬L)

From these, we may write a cost function for
bipolar neurons (by using step (iv)), which is
minimized when all the clauses are satisfied as follow:

p F G L

M G L

F G L

M G L

1 1 1
E (1 S ) (1 S ) (1 S )

2 2 2
1 1 1

(1 S ) (1 S ) (1 S )
2 2 2
1

(1 S )(1 S )(1 S )
8
1 1

(1 S )(1 S ) (1 S )
4 2

= − + +

+ − + + −

= − + +

+ − + + −

(5)

where the neuron SF, as an example, represent the truth 
values of F. Notice that we have chosen the
multiplication operation to represent the relationship 
“AND” and addition operation “OR”.

The minimum value for Ep is 0, corresponding to 
the fact that all the clauses are satisfied. The value for
Ep (which is an integer) is proportional to the number of 
clauses unsatisfied. Table 1 is the truth table for

P {F G,L,M G,L .}= ← ← ←

An energy function is defined as:

(3) (2) (1)
[ijk] i j k [ij] i j i i

i j k i j i

1 1
H J S S S J S S J S

3 2
= − − −∑∑∑ ∑∑ ∑ (6)

(3) (3)
[FGL] F G L [FGM] F G M

(3) (3)
[FLM] F L M [GLM] G L M

(2) (2) (2 ) (2)
[FG] F G [FL] F L [FM] F M [GL] G L

(2) (2 ) (1) (1) (1) (1)
[GM] G M [LM] L M F F G G L L M M

1H (6J S S S 6J S S S
3
6J S S S 6J S S S )

1 (2J S S 2J S S 2J S S 2J S S
2
2J S S 2J S S ) J S J S J S J S

= − +

+ +

− + + +

+ + − − − −

Comparing cost function Ep with the energy
function, H yields the value of synaptic strengths as 
shown in Table 2. 
So, the global minimum energy is given by:

(3) (3)
min [FGL] F G L [FGM] F G M

(3) (3)
[FLM] F L M [GLM] G L M

(2) (2 ) (2) (2)
[FG] F G [FL] F L [FM] F M [GL] G L

(2) (2) (1) (1) (1) (1)
[GM] G M [LM] L M F F G G L L M M

1H (6J S S S 6J S S S
3
6J S S S 6J S S S )
1 (2J S S 2J S S 2J S S 2J S S
2
2J S S 2J S S ) J S J S J S J S

= − +

+ +

− + + +

+ + − − − −
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Table 2: The clauses and corresponding synaptic strengths (Direct
method)

Clauses
Synaptic -------------------------------------------------------------------

strengths F←G,L M←G L← F←GL, ?M←G, ?L←
(3)
[FGL]J 1/16 0 0 1/16

(3)
[FGM]J 0 0 0 0

(3)
[FLM]J 0 0 0 0

(3)
[GLM]J 0 0 0 0

(2)
[FG]J 1/8 0 0 1/8

(2)
[FL]J 1/8 0 0 1/8

( 2)
[FM]J 0 0 0 0

(2)
[GL]J -1/8 0 0 -1/8

( 2)
[GM]J 0 1/4 0 1/4

( 2)
[LM]J 0 0 0 0

(1)
[F]J 1/8 0 0 1/8

(1)
[G]J -1/8 -1/4 0 -3/8

(1)
[L]J -1/8 0 1/2 3/8

(1)
[M]J 0 1/4 0 1/4

For example, we take F G L MS S S S 1= = = = and
substitute into the equation.

min
7

H
8

= −

So, global minimum energy for this example is -7/8.

FUZZY LOGIC

In this paper, fuzzy Hopfield neural network
clustering technique is proposed to solve logic
programming in Hopfield network. Fuzzy Hopfield 
neural network is a numerical procedure to minimize 
energy function to find membership grade. It is a well-
known technique used based on Lyapunov energy
function and it is useful for solving combinatorial 
optimization problems as a content addressable memory 
or an analog computer. Combinatorial optimization
consists of looking for the combination of choices from 
a discrete set which produces an optimum value for 
some related cost function. In fuzzy Hopfield neural 
network, we imposed a fuzzy c-means clustering
algorithm to update the neuron states in Hopfield neural 
network [9]. 

Fuzzy clustering technique: There are various
algorithms based on least mean squares criterion for 
clustering problem [10, 11]. Fuzzy c-means (FCM) [12]
clustering algorithms is considered as well-known
techniques and its best perfomance of all the fuzzy 
clustering algorithms. Fuzzy clustering technique are 
mathematical tools for identifying resemblances
between members of a collection samples. Until now, 
fuzzy clustering technique has been extensively studied 
by many investigator. Fuzzy c-means clustering
algorithm is for minimizing of the corresponding
criterion function and it was initially introduced by
Dunn [13]. Later, it was extended to a related
formulation and algorithm that was developed by
Bezdek [12] to an infinite family of objective functions. 

Clustering usually means a classifying or
partitioning of a collection of samples (or objects) into 
disjoint subsets or clusters. Fuzzy c-means clustering 
assumes there are predefined c clusters in the data sets. 
To find the best set of clusters, the objective function is 
minimized. The objective function is defined as
Euclidean distance between the data samples and the 
cluster center. The purpose of fuzzy c-means approach 
is to minimize the criteria in the least squared error 
sense. For c≥2 and value of fuzzification parameter, m
is chosen from any real number greater than 1. Notably, 
the algorithm degenerates to a crisp clustering
algorithm in the case of m=1.

According to Bezdek [12], the fuzzy c-means
clustering technique is stated as follows:

Let Z = {z1, z2,…, zn} be a given finite unclassified 
data set, where zx is a training sample. A fuzzy c-
partition of Z is a family of fuzzy subsets of Z, denoted 
by P = {A1, A2,…, Az} where c is the predetermined 
number of the cluster. The membership grade displayed 
by µxi indicates the degree of possibility that zx belongs
to the ith fuzzy cluster.

The membership grade µxi is a value between zero 
and one which satisfies [12]:

c

xi
i 1

1
=

µ =∑ for x = 1, 2, 3, …, n (7)

c

xi
i 1

0 n
=

< µ <∑ for i = 1, 2, 3, …, c (8)

The developed fuzzy c-means algorithm updates 
the membership grade by equation below [12]:

(9)
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Energy relaxation looping for the 
neurons

where dx,j represents the Euclidean distance between 
the training pattern zx and the class center, vi given in 
equation (10) below:

(10)

In equation (9) above, m is identified as the
fuzzification parameter or exponential weight. The
fuzzification parameter, m is chosen at any value
between 1 to 8. It is used to dominate the influence of 
membership grade and therefore the cluster centers and 
reduces the noise sensitivity in the computation of the 
class centers. Consequently, the effect of µxi is
dependent on the value of m. The larger the m, the 
higher the fuzziness will be. As said before, case of
m=1 should not be chosen as the algorithm will
degenerates to a crisp clustering algorithm.

Fuzzy C-Means (FCM) hopfield neural network: As
discussed in previous section, the Hopfield neural
network is a well-known technique used for solving 
optimization problems based on the Lyapunov energy 
function as given in equation (6).

Let Si represent the binary states of neuron i and Jij
is the synaptic weight between neuron i and neuron j. In
the conventional Hopfield neural network, a neuron in a 
firing state, for example Si = 1 indicates that sample zx

belongs to class i . The state of neuron is set to either 
one or zero and represent the state of neuron i is firing
or not firing respectively. But, in the fuzzy Hopfield 
neural network, a neuron in a fuzzy state indicates that
sample zx, belongs to class i with a degree of
uncertainty described by a membership function. The
Lyapunov energy function in equation (6) can be
modified as:

(3) (2)
[ijk] i j k xi [ij] i j xi

i j k

1 1
H J S S S J SS (NN)

3 2
= − µ − −µ∑∑∑ (11)

where µxi the membership grade and NN is the number
of neurons. The fuzzy Hopfield neural network
introduced the fuzzy set concept into the Lyapunov
energy function.
We can summarize the algorithm as:

Step 1: First, we defined the cluster centers, Vi(2≤i≤c)
and fuzzification parameter, m(1≤m≤∞).

Step 2: Calculate the membership matrix, µxi as below:

Flow diagram for fuzziness in logic programming

Generate random horn clauses

Implementation of fuzzy  Hopfield neural network clustering 
techniques as explained in section 4

Calculate the local field then updates the neuron states 
by using McCulloch Pitts Updating Rule

Calculate Lyapunov energy function as 
shown in step 3, section 4

Check |Final Energy-Global Minimum Energy| < Tolerance value. If yes the 
model is classified as global minima solution. Or else, as local minima solution

Calculate the global minima ratio and 
relaxation time of the neurons. 
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where dx,j is the Euclidean distance between the training 
pattern zx and the class center, v i

Step 3: After the fuzziness value is achieved, the
energy function is modified as:

(3) (2)
[ijk] i j k xi [ij] i j xi

i j k

1 1
H J S S S J SS (NN)

3 2
= − µ − −µ∑∑∑

where NN refers to number of neuron.

LOGIC PROGRAMMING 
IN FUZZY HOPFIELD NETWORK

The following flow diagram summarize the steps 
involved in doing logic programming in fuzzy Hopfield 
network by using clustering technique (FCM).

SIMULATIONS AND DISCUSSION

The cluster center and the fuzzification parameter 
are set to vi = 4 and m = 2. All of these values are 
obtained by try and error technique. There is no
theoretical basis for an optimal choice of fuzzification 
parameter m. Bezdek [12] has emphasized that this
algorithm is applicable for any values of m>1. We have

Global Minima Ratio for NN=20
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Fig. 1: Global Minima Ratio for NN=20

Running Time for NN=20
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Fig. 2: Running time for NN=20

chosen this value because it gives the best performance 
to the network. The training pattern of zx is set to be the 
initial state which is either 1 or -1. The effect of µxi is 
dependent on the value of m. The larger the m, the 
higher the fuzziness value will be.

We run the program for 100 trials and 100
combinations of neurons. The selected tolerance value 
is 0.1. All of these values are obtained by try and error 
technique. We used number of neurons (NN) starting 
from NN=10, NN=20, NN=30, NN=40, NN=50,
NN=60, NN=70 and NN=80. The number of clauses 
(NC) for each number of neurons is determined by ratio 
0.1 until 1.0. We compare the global minima ratio 
(Number of global solutions/Number of runs) and
running time (time needed for the neurons to relax to 
final states) between the direct method and FCM
algorithm in doing logic programming in Hopfield 
network.

We present the results obtained for NN=20, 40, 60 
and 80. Figure 1-8 show the global minima ratio and 
the running time (minutes) needed for the neurons to 
relax in global minima solutions.

In our analysis, global minima ratio obtained
(Number of global minima values/Number of runs) for 
the FCM method is better than the direct method as 
shown in the figures. The neurons do not yield or get 
trapped in any sub-optimal solutions. As the complexity
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Globa l  M in im a Ra t i o  f or  N N= 60
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Fig. 6: Running time for NN=60

of the network increased (number of neurons gets
larger), it can be observed the FCM performs better. 
This is because by modifying and restricting the cluster 
centers and energy function we can manage to control 
the energy relaxation for each neuron. So, this enhances 
the capability and ability of controlling the energy
relaxation process although the network gets larger. The
global minima ratio for FCM out performs  direct
method. When the network gets complex, the
processing time for direct method gets bigger than
FCM. Besides that, the solutions seem to oscillate and 
gets stuck easier using direct method.

Most of the neurons which are not involved in the 
clauses generated will be in the global states. The
random generated program clause relaxed to the final 
states, which seem also to be stable states, in less than 
five runs for the FCM. Furthermore, the network never 
gets stuck in any suboptimal solutions. This indicates 
good solutions (global states) can be found in linear 
time or less with less complexity. We also can observe 
that when the network gets larger, we can’t obtain the 
global minima solutions with other learning methods. 
But by using FCM, the neurons able to jump the energy 
barriers and relax to global solutions.
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Fig. 7: Global Minima Ratio for NN=80
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Fig. 8: Running time for NN=80

So, by using FCM to modify the energy 
function, we can enhance the performance of
doing logic programming in neural network. This
completes our illustration of computer simulation
to test the validity and strength of the proposed
method of doing logic program in Hopfield
network.

CONCLUSION

A unified approach for proving that the FCM 
enhance the capability of doing logic programming
in Hopfield network when the number of neurons 
gets larger is presented in this paper. Besides that, the 
FCM also has a higher memory capacity and does 
not suffer significant capacity loss when input clauses 
get larger. 

This theory is supported by the very good
agreement of the global minima ratio and running time 
obtained. As a conclusion the FCM is important in 
attaining good performance than the classical method 
(direct method) in doing logic programming in
Hopfield neural network. 
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