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Abstract: The aim of this paper is to extend a topological local group X to a group G.Then with the 
translation topology G will be a topological group.
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INTRODUCTION

The studies for lie groups; a special case of local 
lie groups, goes back to 1936's. For an expository 
article see [1]. Elie Cartan showed that every local lie 
group contains a neighborhood of identity which is 
homeomorphic to a neighborhood of the identity of a lie 
group [1, 8] and Pontryagin spotted that a local lie 
group is basis for a lie group [8]. The question then 
arose as to whether every local lie group is contained in 
a lie group. Olver showed that if a local lie group has 
the associative law then it embeds into a lie group [7]. 

Topological local groups (or local topological
groups) are local lie groups without manifold property, 
which means that the group multiplication and
inversion operations only being defined for elements 
sufficiently near the identity. 

Sharma showed that any topology which makes the 
center of a group G a topological group can be extended 
in  such  a  way  that  G will  be  a  topological group 
[10]. In this paper we show that under what conditions 
a topological  local  group  in  center  of  G can be 
extended to a topological group G. The idea is
motivated by [2, 12]. 

In section 1, we give definitions and results which 
will be needed in the sequel. In the section2, the
monodrome of a topological local group is defined. In 
section 3, we extend a topological local group to a 
topological group.

PRELIMINARY

In this section we give definitions and results 
which will be needed in the sequel.

Definition 1.1: If X is a set, (n) nD X⊂  is subset of the 
cartesian product Xn of n copies of X and

(n) (n)f : D X→ , (n)
1 n 1 2f (x,.. . ,x )= x. . . x , then ƒ(n) will be 

called an n-array local operation on X. Denote ƒ(2) (x,y) 
by xy. 

Definition 1.2: A triple (2) (2)(X,f ,D )  is a local group if 
X is a set and a subset (2)D X X⊂ ×  and (2) (2)f : D X→ a
binary local operation such that: 

If xy and yz exist then either both (xy)z and x(yz) 
exist  and  (xy)z  =  x(yz)  or  both  (xy)z and x(yz) do 
not exist; 

There exists an element e∈D such that ex and xe 
exist for every x∈D and xe = ex; for every x∈D(1) there
exist  an  unique  x-1∈D(1) such that xx-1 and x-1x exist 
and  xx-1  =  x-1x; If  xy  exists  then  y-1x-1 exists and 
(xy)-1 = y-1x-1.

Definition  1.3: Let X  be  a  local  group, we call X an 
n-assocative if 

1. Local operation ƒ(n) is defined for every k<n. 
2. There exists (k) (l)

1 k k 1 nf (x ,...,x )f (x ,...,x )+  for every 
k,l<n such that k+l = n and 

(k) (l) (n)
1 k k 1 n 1 nf (x ,...,x )f (x ,...,x ) = f (x ,...,x )+

Definition 1.4: We call X the global associative if: 

1. Conditions in Definition 1.3 for every n hold ;

2. For  all  local  operation (n)
1f , (n)

2f   and  for  every 

n-tuple (n) n
1 2 n( x , x , . . . , x ) D X∈ ⊂

(n) (n)
1 n 1 n1 2f (x ,...,x ) = f (x ,...,x )

Definition 1.5: A n-array local opration in a local group 
X is called a word if it is an n-assocative.

Definition 1.6: A topological local group is a four-tuple
(2) (2)(X,f , D ,J) , where (2) (2)(X,f ,D )  is a local group and 

J is a Hausdorff topology on X and D(2) an open subset 
of X×X such that the maps X→X, 1x x−  and

(2) (2)f : D X→ , (x, y)→xy are continuous.
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Remark 1: Let X be a local group and ℜ be a
collection of sublocal groups such that 

1. With any pair 1 2V,V ∈ℜ , there exists a V3∈ℜ with 

3 1 2V V V⊂ ∩ .

2. For any a∈X and V∈ℜ there is a W∈ℜ, such that 
aW, Wa-1 are defined and aWa-1⊂V.

3. With any V∈ℜ there is a W∈ℜ such that W2⊂V.
There is a unique topology in X in which ℜ is a 
neighborhood base at e. 

Then, X is a topological local group [13].
A continuous map of topological local groups 

φ:X→X′, will be called a homomorphism of topological 
local group, if x,y∈X and xy∈X then φ(x)φ(y) exists in 
X′ and φ(xy) = φ(x)φ(y).

With these morphisms the topological local groups 
form a category which contains the subcategory of 
topological groups. 

A homomorphism φ:X→X′ will be called strong if, 
for every x,y∈X, the existence of φ(x)φ(y) implies the 
existence of x,y∈X. A morphism will be called a
monomorphism (epimorphism) if, it is injective
(surjective).

A subset H of a local group will be called sublocal
group (symmetric subset) if it contains the identity and 
also if x∈H then x-1∈H.

THE MONODROME TOPOLOGICAL GROUP 
OF A TOPOLOGICAL LOCAL GROUP

In [11] enlargement of a local group X and
monodrome were introduced. Now we define them in 
the topological context. 

Let X be a topological local group. Suppose U1 and 
U2 are open neighborhoods of e in X and 1 1f : U X′→

and 2 2f : U X′→  are both morphisms. We say that ƒ1

and ƒ2 are equivalent if there exists an open
neighborhood U3 of e in X such that 3 1 2U U U⊆ ∩  and 

1 U 2 U3 3
f | = f | .

Definition 2.1: We say that a topological local group X 
is enlargeable if there exists a topological group G and
a morphism φ:X→G such that φ:X→φ(X) is a
homeomorphism related to the equivalent class.

Definition 2.2: Let X be a topological local group and 
G a  topological  group and X⊂G. Then G is called an 
X-monodrome if 

1. X generates G topologically (i.e: X is the smallest
closed sublocal group in G which generate G) 

2. For a topological group H and every continuous 
homomorphism ψ:X→H there exists a continuous 
homomorphism ν:G→H such that the following 
diagram commutes. 

(2.1)

Lemma 2.3: (Uniqueness) Let G be a topological group 
which is an X-monodrome with embedding φ. Suppose 
H is a topological group, ψ:X→H a continuous
homomorphism, H is generated by ψ (X) and ν′:H→G
is a continuous homomorphism. If the following
diagram commutes 

(2.2)

then ν′ is a homeomorphism and H is an X-monodrome
with embedding ψ.

Proof: Combining the diagrams (2.1) and (2.2), we
obtain

Since ( ( (x)))= (x)′ν ν ψ ψ  for every x∈X and H is
topologically generated by ψ(X), then H=Id′ν ν  In 

fact, ν′:H→G is surjective, because (X)= (X)′ν ψ φ
generates G. Hence, ν′ is a homeomorphism with the 
inverse ν.

Definition 2.4: Let F be a free group on a local group 
X. Then, u∈F is called an e-element if

1 2 n
n1 2u = x x ...xε ε ε ,where εi∈{1,-1} and 1 2 nx , x , . . . , x X∈

such that (n) 1 2 n
n1 2f (x ,x ,...,x )ε ε ε  is an n-associative and is 

equaled to the identity e in X. 
A topological local group X can be embedded in

the factor group F over a normal subgroup N which 
contains the e-elements.

Proposition 2.5: Let X be a local group with the global 
associative property and F the free group on X. Let 
N⊂F be the set of all e-elements of F. Then N is a 

normal subgroup of F and if F
: F

N
φ →  denotes the 

natural  homomorphism, then the restriction of φ to X is 
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injective and F/N is a monodrome for X with

embedding F
: X

N
φ → .

Proof: Let X be a local group with the global
associative property. By Malcev [6], X can be extended 
to a group G. Now by [12, Lemma 3.2], it can be
embedded in F/N.

In the next part, we will extend the topology on the 
factor group F/N which changes it to a topological 
group.

THE EXTENDING TOPOLOGY

Sharma in [10] has shown that any topology which 
makes the center of a group G a topological group can 
be extended in such a way that G will be a topological 
group. Let G be a group and X a proper sublocal group 
of G. If X is a topological local group, a natural
question to ask is when can the topology on X be 
extended to a topology on G that makes G a topological 
group?

When X is a topological group and a subgroup of a 
group G, the question was answered by Clark [2]. 

In this section we only assume that G is a group
and X a Huasdorff topological sublocal group of G with
the topology τ.

Let   U  = {Uα} be  a  family  of  sublocal  groups
of X and also a base for the topology of X at the 
identity element e∈X (see Remark1). The collection 

LU ={gU | U U a n d g G}α α ∈ ∈ is called the left

translation base and τL the topology induced by UL, the 
left translation topology. Similarly we define τR the 
right translation topology.

Theorem 3.1: [2] The group G with a translation 
topology is a topological group if and only if τL = τR.

Definition 3.2: [8] A topological sublocal group of
topological local group X is a set X′⊆X containing e for 
which there exists a symmetric open neighborhood V of 
the identity e such that 

1. X′⊆V and X′ is closed in V; 
2. If x∈ X′ and x-1∈V, then x-1∈ X′;
3. If (x,y)∈D(2) and xy∈V, then xy∈X′.

We call X′ a topological sublocal group of X with 
the associated neighborhood V. 

Definition 3.3: A  topological  normal  sublocal  group 
of  X  is  a  topological  sublocal  group  X′  of X with 
the   associated    neighborhood   V   and   if   y∈V and

x∈X′ are  such  that  yxy -1  is  defined  and  yxy -1∈V,
then yxy -1∈X′.

Theorem 3.4: Let X be an open normal topological 
sublocal group in a group G. Then G is a topological 
group  with   the   translation   topology   if   and  only
if gf : X X→ , 1x gxg−  is a homeomorphism of

topological local groups for g∈G, gxg -1∈X.

Proof: It is known that if G is a topological group then 
ƒg is a homeomorphism.

Conversely, suppose that gf : X X→  is a

homeomorphism for g∈G. Let a,b∈G and W1 be an 
open neighborhood of e∈X. Then abW1 is a basic open 
set of ab∈G. So W2 = W1∩X is an open subset of X. 
Let 1

3 2 2W = W W−∪  be a symmetric open set in X and
abW3 an open set of ab in G. By Remark1, there exists 
an open neighborhood K of e such that 2

3K W⊂ . By 

[3], for every b∈X there is an open set U1⊂X, e∈U1
and an open set 1W X′ ⊂ , 1b W ′∈  such that 1 1bU W′⊂ ,

1
1 1b W U− ′ ⊂ . For 1`b X− ∈ , there is an open set U2⊂X,

e⊂U2 and an open set 2W X′ ⊂ , 1
2b W− ′∈  such that 

1
2 2U b W− ′⊂ , 2 2W b U′ ⊂ . Let 4 1 2U = U U∩ . Now

consider 4 1 2W = W W′ ′∩ , then 4 4bU W⊂ , 1
4 4U b W− ⊂ .

Let 5 4 3 4 3 5U = U W W W = W∩ ⊂ ∩ . Then

5 5bU W⊂ and likewise 1
5 5U b W− ⊂ . Now we consider 

5U = K U∩ . Then 5 3bU W W⊂ ⊂ , 1
3Ub W− ⊂  and

2
3U W⊂ .

We have bxb -1∈X for x∈U, since X is a normal 
sublocal group. Then bUb-1 exists. Let T = bUb-1. Since 
ƒg is a homeomorphism then T is an open neighborhood 
of e in G. Thus by Theorem3.1, 

1 2
3(aT)(bU)=abb TbU=abU abW− ⊂

Therefore, multiplication is continuous. A similar 
argument shows that the inverse operation is also 
continuous.

The following corollary is an immediate
consequence of Proposition 2.5 and Theorem 3.4. 

Corollary 3.5: Every Hausdorff topological local group 
X with the global associative property embeds in a 
group G. If the map 1

gf : x gxg−  is a homeomorphism 

of topological local groups, then G is a topological 
group.
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CONCLUSION

The most common version of Hilbert’s fifth
problem asks whether every locally Euclidean
topological group is a Lie group.

Goldbring in [3] solved this problem for local Lie 
groups, by methods from nonstandard analysis.

Now we define Topological local groups without 
locally Euclidean property. In topological local groups, 
if the products x⋅y; y⋅z; x⋅(y⋅z) and (x⋅y)⋅z are all
defined, then x⋅(y⋅z) = (x⋅y)⋅z. This condition is
called”local associativity” [7]. A much stronger
condition for a local group is ”global associativity” in 
which, given any finite sequence of elements from the 
topological local group and two different ways of
introducing parentheses in the sequence, if both
products thus formed exist, then these two products are 
in fact equal.

Let X be a topological local group. We can answer 
the following question: When can the topology on X be 
extended to a topology on G that makes it a topological 
group. A topological local group can be the basis that 
generates transformations with a natural interpretation 
for physical applications [4, 9]. Kloss. B.M, in [5]
defined a regular completely additive measure µ on the 
class of all Borel subsets of bicompact topological
group G with µ(G) = 1. Now we can define this regular 
completely additive measure on a topological local
group G and find the same results.
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