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Abstract: In this paper, buckling of the plates is investigated with different boundary conditions and 
alternating and axial compressive loadings by theoretical approach and numerical analysis with circular and 
rectangular closed sectional plates. In this research, governing differential equation will be used for thin 
plates under lateral and direct alternating loadings. Next, the mentioned equation would be solved with 
assumption of deflection functions by analytical method. Accordingly, the minimum critical buckling loads 
are determined by two approaches such as analytical and numerical methods. These analytical results are 
then validated by the numerical modeling. Interestingly, good agreements are found between the analytical 
and numerical predictions for the critical buckling loads.
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INTRODUCTION

In science, buckling is a mechanical and
mathematical instability, leading to a failure mode.
Theoretically, buckling is caused by a bifurcation in the 
solution to the equations of static equilibrium. Plates 
are initially flat structural elements, having thickness 
much smaller than the other dimensions. Included
among the more familiar examples of plates are table 
tops, street manhole covers, side panels and roofs of 
buildings, turbine disks, bulkheads and tank bottoms. In 
practice, members that carry transverse loads, such as 
end plates and closures of pressure vessels, pump 
diagrams, piston heads, diffusers, turbine disks and so 
on are usually circular in shape. Plates are the most 
common structural elements used in the majority of
pressured thin walled structures with constant, linear 
and  sinusoid  loadings,  dealing  with  the  fields  of 
naval architecture, civil, mechanical and aerospace
engineering. Thus, many of these significant
applications fall within the scope of the formulas
derived for circular plates. According to the criterion 
often applied to define a thin plate (for purpose of 
technical calculations) the ratio of the thickness to the 
smaller span length for rectangular plate should be less 
than 1/20. We assume that plate and shell materials are 
homogeneous and isotropic. Kirchhoff hypotheses are 
also considered in this research. Generally, when a plate 
is compressed in its midplane, it becomes unstable and 
begins  to  buckle  at  a  certain  critical  value  of  the 
in-plane force. The increasing application of plates in 

various industries requires complete knowledge of their 
buckling characteristics and deformation mechanisms. 
In recent years, analytical and theoretical analyses have 
been studied with purpose of obtaining critical buckling 
load and optimization in buckling problems [1-6]. For 
example, elastic stability of simply supported plate
subjected to linearly variable compressive loadings has 
been investigated by Wang and Sussman [1]. Numerical 
Simulation of Plates and FEM studies of buckling
phenomenon have been extensively conducted [7-9].
Also, other kinds of finite element methods have been 
investigated in some references [10, 11]. Recently, new 
approaches such as Artificial neural network has been 
converted strong tool for analyzing buckling problems 
[12]. Strong tools are required for analyzing buckling
loads due to complex differential equations existing.
Accordingly, some researchers have attempted for
solving these equations [13, 14]. It is noteworthy,
comprehensive and perfect formulations and plate’s 
theories have been presented in reference [15].
Recently, traveling wave solutions, integral and
iteration methods and such approaches have been
presented for the solution of the nonlinear equations by 
various researchers [16-21]. In this work, the buckling 
of plates, is discussed with two different plate shapes 
(rectangular and circular), under different boundary
conditions. The theoretical results are then compared 
with results of the finite element (ANSYS). In this 
investigation, for calculation of buckling loads,
governing differential equations are used for the thin 
plate  under  combined  lateral  and in-plane loads, with
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assumed deflections, which satisfiy the boundary
conditions. Buckling of the plates is investigated with 
different boundary conditions and sinusoid and axial 
loading by theore tical direct method and FEM
modeling. Then, results of analytical and numerical
method will be compared. By solving the governing 
equation, we can determine the minimum of the force 
by direct method (equivalent method). Accordingly,
this minimum value is the buckling load. That is,
critical load is determined by differential equivalent 
method in different boundary conditions (simply and 
clamped edges). Good agreements are found between 
the analytical and numerical methods.

MATERIAL AND METHODS

When a pla te is compressed in its midplane, it 
becomes unstable and begins to buckle at a certain 
critical value of the in-plane force. Buckling of plates is 
qualitatively similar to column buckling. Governing
differential equation for a thin plate, subjected to
combined lateral and in-plane forces is presented [15] 
by Equation (1).
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(1)

A rectangular plate subjected to uniaxial in-plane
compressive force p is depicted in Fig. 1 generally.

In order to reduction of calculations in Equation
(1), it was assumed that the lateral load is zero p = 0. 
Material was assumed steel for verifying the results of 
FEM and analytical new method. Governing
differential equation is solved by direct method
generally. In the next sections, the critical loads will be 
calculated in rectangular and circular plates subjected to 
sinusoid loads with different boundary conditions by 
direct method. Then the mentioned problems would be 
simulated by finite element method.

Determination of buckling load for rectangular plate 
with simply supported edges: In this section, simply 
supported is shown as “S”, clamped edge as “C”, four 
simply supported edges as “SSSS” and four clamped 
edges as “CCCC”. First the critical buckling load in 
SSSS boundary conditions under sinusoid  loading is 
determined (Fig. 2).

Now deflection of plate is assumed that the
following equation, Equation (2).

mn
m 1 n 1

m x n yw a sin( )sin( )
a b

∞ ∞

= =

π π=∑∑ (2)

Fig. 1: Rectangular plate under axial pressure

Fig. 2: Rectangular plate with SSSS boundary

condition under x
y

N Nsin( )
b
π

=

As a physical interpretation of Equation (2),
consider the true delection surface of the plate to be the 
superposition of sinusoidal curves of m and n different 
configurations in the x and y directions, respectively.
Where the above deflection satisfies the boundary 
conditions and then the Equation (1) must be satisfied 
the, Equation (2). 
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where pmn and amn represent coefficients to be
determined.

mn
m 1 n 1

m x n yp(x,y) p sin sin
a b

∞ ∞

= =

π π= ∑∑ (5)

where p(x,y) represents the distributed load function on 
over the plate. The solution corresponding to loading 
p(x,y) thus requires determination of pmn, amn. The
boundary conditions for this section are given as below,
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w 0 a t x 0 , a= = (6a)

w 0 a t y 0 , b= = (6b)
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(7a)
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The assumptions are as following relations,

x y xy
yN Nsin ,N N p 0

b
π = = = =  

(8)

With substitution of these mentioned Equations (2), 
(3), (4), (5) and (8) in governing differential Equation 
(1), have:
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Eq. 10 is obtained by replacement of r = a/b, into Eq. 9,
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Where,
2 2

2
m r k Dk
r m b

π = + =  
(11)

Now the minimum of N is determined by
derivation of N with respect to r. that is,

dN
0

dr
= (12)
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Clearly,  when  N  attains  the  value  given by 
right-hand side of Equations (13a, b), we have amn ≠ 0 
and   hence   w ≠ 0,   indicating   plate   buckling.   It  is

Fig. 3: Rectangular plate with CCCC boundary

condition under x
y

N Nsin( )
b
π

=

observed from Equations (13a, b) that the minimum
value of N occurs when n=1. For example, when the 
simply supported plates buckle, the buckling mode
given by Equations (13a, b) can only be one half-sin
wave, sin πy/b, across the span, while several half-
waves in the direction of compression can occur. Result 
of solution of the Equations (13a, b) would be m/r = 1. 
In this research, it is assumed m = 1, r = a/b = 1
approximately. Therefore, critical buckling load in
rectangular plate with S-S-S-S edges boundary
condition subjected to sinusoid load would be
analytically the following form,

2
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And critical stress would be the below equation,

2 2

cr
2 2

Et
y3(1 )b sin
b

π
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π− ν
(15)

Determination of buckling load for rectangular plate 
with clamped edges: Now the critical buckling load in 
CCCC boundary conditions under sinusoid loading is 
determined Fig. 3.

The below relation is deflection for this boundary 
condition, (Equation (16)).

mn
m 1 n 1

2m x 2n yw a (1 cos )(1 cos )
a b

∞ ∞

= =

π π= − −∑∑ (16)

The boundary conditions for this section are given 
as below
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w 0 a t x 0 , a= = (17a)

w 0 a t y 0 , b= = (17b)

w
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w
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∂
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These mentioned Equations (3), (4), (5), (16), (17) 
and (18) substitute in governing differential Equation 
(1) and therefore, critical buckling load in rectangular 
plate with CCCC edges boundary conditions subjected 
to sinusoid load would be the following equation form,

2
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And the critical stress is also given analytically as 
following form,
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Therefore, relation between two critical loads is 
given as below,

cr crrectangular(s s s s) rectangular(c c c c)
1

N N
2− − − − − −

≅ (21)

Now, results of the finite element method for
rectangular plate with two boundary conditions
subjected to sinusoid loading is investigated, Fig. 4 and 
5. To inspect the validity of the mentioned analytical 
approaches, the steel is selected as a test case. For 
comparison aim, the finite element analysis (FEA)
calculations of buckling behavior of these rectangular 
and circular plates are also performed using the finite 
element commercial code of ANSYS. The
axisymmetric  approach  with  linear  quadratic element 
of shell 3D 4node is used for FEA analysis. This 
element has good buckling modeling capability and 
ratio of a to b was equal to 2. Also 162 elements and 
190 nodes are applied in this finite element approach 
for rectangular paltes.

It is seen that relation between the two critical 
buckling loads in FEM method is similar to the
analytical  approach  relation  (21),  According  to  the 
Fig. 4 and 5.

Fig. 4: First buckling mode for SSSS conditions in 
rectangular plate under mentioned sinusoid
loading

Fig. 5: First buckling mode for CCCC conditions in 
rectangular plate under mentioned sinusoid
loading

Determination of buckling load for circular plate
with clamped edges: First, the critical buckling load in 
CCCC boundary condition under sinusoid loading is 
determined (Fig. 6).
Applied load is p for this case, that is,

xN p= (22)

Also, deflection of plate is considered as following 
form

2 2
2

2 2
x yw k(1 )
a a

= − − (23)
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Fig. 6: Circular plate with CCCC boundary condition 
subjected to axial load p

Fig. 7: Circular plate with SSSS boundary condition 
subjected to axial load p

According to the mentioned direct method and 
solution of Equation (1) minimized and simplified
solution is,

critical clamped 2
8D

p |
a

− = (24)

Next, the critical buckling load in SSSS boundary 
conditions under axial load will be determined as below 
(Fig. 7).

Also in this case Nx = p. Now, deflection of plate is 
assumed according to below form,

2 2

2 2
x yw kx(1 )
a b

= − − (25)

Therefore, according to the above direct method, 
critical buckling load is analytically determined,
(Equation (26)).

critical simple 2
2.5D

p |
a

− = (26)

Fig. 8: First buckling mode for SSSS conditions in 
circular plate subjected to axial load p

Fig. 9: First buckling mode for CCCC conditions in 
circular plate subjected to axial load p

According to the above results for circular plate, 
relation between critical buckling loads of clamped and 
simply supported edges is given as below,

cr circular(ssss) cr circular(cccc)
5

p | p |
16

≅ (27)

Now, results of the finite element method for
circular plate with two boundary conditions subjected 
to axial loading is investigated Fig. 8 and 9.
FEM results are given as below,

cr clamped(mode1)

cr simple(mode1)

p |
3.2

p |
≅ (28)
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RESULTS AND DISCUSSIONS

To examine the validity of the present analytical 
method, the steel is chosen as a test case. For
comparison purpose, the finite element numerical
calculations of local buckling behavior of these circular 
and rectangular plates are also carried out using the 
finite element commercial code of ANSYS. The model 
geometry is chosen as shown in Fig. 1-3, 6 and 7. The 
axisymmetric approach with linear quadratic element of 
shell 3D 4node is used for FEM analysis. This element 
has good buckling modeling capability and ratio of a to 
b was equal to 2. Also 162 elements and 190 nodes are 
applied in this finite element approach. The critical
buckling loads were determined by direct method with 
assumption of the deflections in different boundary 
conditions. Ratio of buckling load in CCCC to buckling 
load in SSSS in rectangular plate subjected to sinusoid 
loading is equal to 2, approximately. In addition to, 
ratio of buckling load in CCCC to buckling load in 
SSSS in circular plate subjected to concentrated axial 
load is equal to 3.5, approximately. At last, good 
agreements are found between the analytical and
numerical predictions for the critical buckling loads.
Therefore we can use the finite element method instead 
of analytical new direct approach and vice versa. 

CONCULSIONS

In this research, buckling of the circular and
rectangular plates was investigated with different
boundary conditions and sinusoid and axial loading by 
differential equivalent direct method and FEM
modeling. The governing differential equation was
solved with assumed deflections by analytical direct 
method that boundary conditions were satisfied by the 
mentioned deflections. Sectional geometries of the
rectangular and circular plates were closed generally. In 
addition, applied loads were considered sinusoid and 
concentrated axial loadings, for rectangular and circular 
plates, respectively. Also the boundary conditions were 
clamped and simply supported edges. Finally, the ratio 
of buckling load in CCCC to buckling load in SSSS in 
rectangular plate subjected to sinusoid loading was 
equal to 2 approximately and the ratio of buckling load 
in CCCC to buckling load in SSSS in circular plate
subjected to concentrated axial load was equal to 3.5 
approximately. At last, good agreements were found 
between the analytical and numerical predictions for the 
critical buckling loads. Therefore, we could declare that 
results of analytical new direct method coincide to the 
finite element method logically. Many of intricate
differential equations can be solved by analytical new 
direct  method  with  smart vision and consideration and

satisfied relations. Probably, some researches will move 
and proceed to the analytical smart direct methods for 
solution of complex differential equations by satisfied 
relations in future possibly.
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