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Abstract: This paper presents a new and precise mo del for different kinds of eccentric rotor of rotating 
machines based on polar signals concepts. Eccentricity faults in each static, dynamic and mixed cases cause 
that the non-uniform air-gap of machine be established. The applied model using polar signals  for eccentric 
rotors have removed the usage approximations in two recent decays. Eccentricity coefficients relevance, 
variation of Mixed Eccentricity (ME) degree against rotating frame of rotor and deduction of Static 
Eccentricity (SE) and Dynamic Eccentricity (DE) cases from ME case, is including the points that have 
considered in this research for the first time. By defining the inverse air-gap and geometrical functions of 
the faulty machine and applying of winding function theory and its assuming step variations, precise 
analytic equations are obtained for calculation of mutual inductances. The proposed model facilitates the 
separation of different types of eccentricity and be able to determine the difficult computation in discrete 
angle domain instead of continuous angle space. Meanwhile, all of equations and simulations have done in 
polar domain and considering of machine inductances convergence, good agreements are achieved.
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INTRODUCTION

Eccentricity faults occur during the operation of 
electrical machines by changing of rotor position in 
stator space. Currently, this subject attracts the attention
of engineers and researchers in two recent decays.
Rotor egression from the healthy case and occurring of 
eccentricity conditions and separation of these faults in 
three different kinds were used to analyze linear
induction motor in 1996 [23], squirrel-cage induction 
motor  in  2003 [10], synchronous reluctance machine 
in 2007 [24], salient-pole synchronous generator [17] 
and finally, permanent-magnet synchronous motor in 
2009 [9]. 

The eccentricity faults define as following based on 
rotor position and rotor rotation in the space of stator 
[9], [10, 14]:

Static Eccentricity (SE): In this case rotor center 
keep out from stator center and in another point rotates 
its center.

Dynamic Eccentricity (DE): In this case rotor
rotates on assumptive circle concentric with stator.

Mixed Eccentricity (ME): In this case rotor rotates 
on assumptive circle non-concentric with stator. 

For   instant,  in  2002,  eccentricity  faults  and
un-uniform air-gap have been applied for calculation of 
self and mutual inductances of electric machines with 

extension of winding theory [8]. Faiz [17], with
describing of air-gap permeance distribution in salient-
pole synchronous generator, has analyzed the different 
types of eccentric rotor and using by modified winding 
function method, has calculated the inductances of
machine. Recently, he obtained the air-gap field
components in  a  permanent-magnet synchronous 
motor with discussing of all SE, DE and ME cases, 
approximately [9]. 

However, all available techniques have been
applied for describing of a precise geometrical model of 
rotor position in the stator frame by approximating the 
inverse length and mean radius of the air-gap. But, 
insomuch, these approximations are continued in
several stages, from geometrical model up to
determining the inverse of the air-gap length, this will 
be caused because of error propagation and the final 
calculations for inductances of machines are far from 
reality [6, 7].

So all of presented models for analyzing of
eccentricity  faults  have  given  in  Cartesian  space
and  the  applied  relations  mentioned  of  proposed 
model  for  SE,  DE  and  ME  cases, are not clear. In 
[10, 25],  the  squirrel-cage  induction  machine  has 
been analyzed in ME condition and similar equations 
have  considered  for  SE  and  DE  cases. This means 
that  any   difference   have   not   been  placed  between
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three   kinds   of   eccentricity.  Whereas,  ME  mode  is 
a   combination   of   both   SE  and  DE  modes  and
each  of  these  last  cases  can  be  derived  from  ME 
fault.

In this context, because of rotor rotating property in 
static space of stator, using of polar signals for
definition of air-gap and different geometrical model 
functions, lead us to non-approximated analyses and 
complete separation of whole eccentricity cases [1, 2].

The following main reasons have improved the
previous works using polar space concepts in modeling 
of non-uniform air gaps in machines that they have 
eccentric rotors:

• Precise expression of non-uniform air gap as polar
signal.

• Simple separation of different kinds of eccentricity 
in polar space.

• Easy transforming of continuous non-uniform air 
gaps to discrete case in polar space.

In [9, 10, 17], direct calculations of self and mutual 
inductances have been described based on the mean 
values of inverse air gap term, that finally lead the 
authors to apply the approximated expressions for these 
air gaps. For example, Obe [18], has applied the
approximated summation terms instead of exacted
integration terms for calculating of these inductances. 
This means the necessity of transforming of continuous 
polar signals to discrete polar signals that considered as 
the above third reasons.

In  this  paper,  we  model  each  of  eccentricity 
cases in polar space. Then we analyze the air-gap
relations, geometrical characteristics and self and
mutual inductances of machine for each case,
separately.  Finally,  with  the  results  presenting of 
these modes, we will compare those with previous 
works.  Meanwhile,  the  ability  of the  proposed 
method will be observed in describing of relationship 
between coefficients of different eccentricity type.
Moreover, we can specify the rotor rotating position 
relative to  stator  frame  in  each  eccentricity  type 
using by this method.

A NEW POLAR PRICISE MODEL 
OF ELECTRICAL MACHINES FOR 

DIFFERENT ECCENTRICITY CONDITIONS

Using of two distance polar signals is very
important to obtain of a precise model of eccentric
rotor. One of them is the inverse of air-gap length and 
the other signal is the mean radiuses of stator and rotor. 
Both of these signals will change with respect to angle 
variable (θ) in polar space. 

On the other hand, rotor rotation around its center 
or around the center of the assumptive circle in
different types of eccentricity will cause that the
mentioned signals have angle shifting respect to this 
rotation angle, that we will name it φ in the next 
section.

Figure 1 shows the polar geometrical model of the 
electrical machine for unsymmetrical conditions
precisely. For simple and good understanding of
different kinds of eccentricity, we have shown them
respect healthy case of rotor. In this figure, we have 
illustrated the centers of rotor, stator and the assumptive 
circle that rotor rotates around of it, with points R, S
and W, respectively. Therefore, the three important 
angles α, β and γ have created of meeting of lines SW, 
SR and RW with the stator horizontal axes.

We can write the absolute length of lines SW, WR 
and SR in each of proposed SE, DE and ME models, by 
definition as follows:

(1)

where g0 is the air-gap length in rotor healthy case 
(Model of Fig. 1 (a)). δs δd and δm are the eccentricity 
degree of rotor in each static, dynamic and mixed cases 
and all of these parameters vary between 0 and 1.

• In healthy model of rotor (Fig. 1 (a)), R and S 
points coincide with together (R = S) and β = 0. In 
this case because of absence of point W, there are 
not non of α and γ angles (δs = δd = δm = 0.

• In SE model of rotor (Fig. 1 (b)), R and W points 
coincide with together (R = W) and γ = 0. In this 
case α = -β ( ).

• In DE model of rotor (Fig. 1 (c)), S and W points 
coincide with together (S = W) and α = 0. In this 
case β = γ ( ).

• In ME model of rotor (Fig. 1 (d)), non of S, R and 
W  points  do  not  coincide  with  together  and lie 
at  the  vertex  of  RSW  triangle. Therefore, there 
are all of angles α, β and γ independently
( ).

In Fig. 2 using sine and cosine rules at RSW
triangle, we can obtain the relation between different
types of eccentricity coefficients and their respective 
angles in ME case as follows:

(2)

(3)
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Fig. 1: (a) Healthy rotor model, (b) SE model, (c) DE 
model and (d) ME model

Fig. 2: α, β and γ angles position in ME model

Fig. 3: Relationship between eccentricity coefficients

(4)

With combining of above equations we can write:

(5)

(6)
where:

(5) shows the relation between α, β and γ has been 
given as implicit form. On the other hand, the relation 
between eccentricity coefficients of machine has been 
given in (6) clearly. Figure 3 has illustrated the
relationship between these eccentricity coefficients.

In order to describe of polar model of machine, we 
can present the constant signal of stator radius xs(θ) = 
Rs the variable signal of rotor radius xs(θ), the air-gap
length signal g (θ) and the mean radius signal of stator 
and rotor r(θ), where the two recent signals are defined 
as follows:

(7)

(8)

On the other hand, we can define the geometrical 
characteristic signal as follows:

(9)

where τ is a arbitrary parameter that will be defined 
according to α, β and γ angles in each case of
eccentricity.

ANALYSIS OF PROPOSED MODEL

The goal of this section is to elaborate the model of 
eccentric rotor in different kinds of eccentricity. The 
air-gap length and geometrical characteristic signals 
previously defined is utilized to achieve the calculation 
of inductances in the next section. 
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Analysis of healthy rotor model: Based on the model 
of Fig. 1 (a), both of stator and rotor radiuses are 
constant in this case. Therefore:

(10)

(11)

This means in healthy condition the inverse of air-
gap length and geometrical characteristic are constant 
and we face with a uniform air-gap.

Analysis of SE model: As it is shown in Fig. 1 (b), the 
rotor center does not coincide with stator center.
Although  the  air-gap distribution around the rotor is 
not uniform, there is not synchronization between rotor 
and stator frames. We have illustrated the SE model in 
Fig. 4 repeatedly and clearly. φs is the circumferential 
angle of rotor in SE condition. Therefore:

(12)

Considering of (12) and angle-rotating property of 
polar signals, we can obtain:

(13)

(14)

Equations (13) and (14) describe that the inverse of 
air-gap length and the geometrical function depend on 
the SE degree, rotor radius and α angle.

Analysis of DE model: According to Fig. 1 (c) rotor
rotates around the perimeter of an assumptive circle that 
its center coincides with the center of stator. This means 
that the position of the minimum air-gap rotates with 
the rotor. The rotation angle of rotor is β.

Therefore,  there  is   synchronization  between
rotor  and  stator  frames  and  the  rotor  radius  signal 
and geometrical function will be written as:

(15)

(16)

Fig. 4: Rotor position in stator polar frame in SE model

Fig. 5: Rotor position in stator polar frame in ME
model

The above equations depend on the DE degree, 
rotor radius and β angle.

Analysis of ME model: In this case with referring to 
Fig. 1 (d), the rotor center is on the perimeter of an 
assumptive circle that its center position is arbitrary 
entirely  on  the  stator  frame  and  rotor  rotates
around  of  this  circle. We have shown the details of 
ME model in Fig. 5.

φm is the circumferential angle of rotor in ME
condition based on assumptive circle. Therefore:

(17)

Similarly we can write the machine characteristics 
in ME case as follows:

(18)

(19)
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Fig. 6: Polar signal δm against variable angle of β

Fig. 7: (a) Inverse of air-gap and geometrical function 
and (b) mutual inductance of healthy case of 
rotor

Considering of the mentioned equations from (2) 
up to (6), the ME coefficient can be expressed against 
the SE and DE coefficients and the α and β angles as 
follows:

(20)

Figure 6 presents the polar distribution of δm for 
ME case and rotor position of α = -n/6, 50% SE and 
25% DE.

It is obvious that the healthy, SE and DE cases of 
rotor can be derived from ME condition as we implied 
in section 2.

INDUCTANCES OF ELECTRIC MACHINES 
FOR ECCENTRICITY CONDITIONS

In this section, inductances of the electric machines 
for  healthy  rotor  and  different kinds of eccentricity 
(SE, DE and ME) will be calculated. This is performed 
using  polar  precise  model,  Winding  Function Theory 

(WFT) [8-25] and applying of parameter τ that we have 
been defined it at (9).

Referring to [10, 23, 25], the mutual inductance of 
winding x and y is

(21)

where Ny(θ, τ) is the winding function of winding y, 
nx(θ, τ) is the turns function of winding x, l is the length 
of the stack and µ0 is the permeability of free space. In 
each case of non-uniform air-gap, equation (21)
guarantees the equality Lxy = Lyx for any x and y [8].

All inductances of electrical machines can be
calculated from (21) for different eccentric conditions 
using WFT and applying of τ.

Healthy model: Since all of signals are constant in this 
case and there are not any of angles α, β and γ (refer to 
(10), (11)) therefore, τ is undefined and the integral of 
(21) will be eliminated and the inductance term for 
healthy case is

(22)

SE model: As we discussed in second section, for SE 
case γ = 0 and α = -β. Given the fact that rotor rotates 
around itself center, so α is constant and τ = α. Thus no 
necessity to get integral and we can write that

(23)

The above equation means that the position of rotor 
in the stator space in this mode has influenced on the 
inductance value and has distinct it from the healthy 
mode.

DE model: As we  know  for  DE  condition α = 0 and
γ = β. On the other hand, referring to Fig. 1 (c) it is 
clear that β changes. Therefore, τ = β and (21) can be 
rewritten as follows:

(24)

ME model: Based on Fig. 1(d) for this case τ changes 
against both of α and β, as α is a constant angle but β is 
a changeable angle. Therefore, (21) can be rewritten as 
follows:
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Fig. 8: SE case of rotor: (a) inverse of air-gap, (b) 
geometrical function and (c) mutual inductance 
for 25%, 50% and 75% SE

    (a)                      (b)
Fig. 9: DE case of rotor: (a) inverse of air-gap, b) 

geometrical function and (c) mutual inductance 
for 25%, 50% and 75% DE in spherical space

Fig. 10: ME case of rotor: (a) inverse of air-gap, (b) 
geometrical function and (c) mutual
inductance for:
i) SE=25%, DE=75%
ii) SE=50%, DE=50%
iii) SE=75%, DE=25% 

(25)

CALCULATION OF INDUCTANCES
AND RESULTS

Considering of equations (22)-(25), in different
eccentricity types for a known machine layout and 
given the parameters of the machine stator winding, it is 
easy to select the winding functions of two arbitrary 
loops (One on the stator and other on the rotor).

In this study we consider the conditions of machine 
that has described in Appendix. The winding functions 
that we have used, have applied in [22]. In general, the 
winding functions are stepped-like functions due to the 
discrete nature of the winding slots.

On the other hand, we have used the polar signals 
when we have been faced with one variable of angle θ
and the spherical signals when there are two variables 
of angles θ and β in all of simulations. So it is clear that 
the spherical mode is the two-dimensional form of the 
polar mode [3-5].

Look after this matter that we have applied the 
inverse of air-gap, geometrical characteristic and
mutual inductance of winding x and y in our
simulations for all different eccentric rotor types.
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Figure 7(a) shows the healthy condition of rotor, 
for g-1 and Λ. It is clear that the air-gap is  symmetrical 
and therefore other quantities will be symmetrical too. 
Figure 7(b) indicates the mutual inductance of this case 
as a polar signal in one period of rotor rotation.

Figure 8 shows the variation of quantities g-1, Λ
and mutual inductance for static-eccentricity condition 
with degrees of 25%, 50% and 75% and rotor position 
of α = -π/6.

Figure 9 illustrates the distribution of above
functions in spherical domain with a cutout of their 
cross sections for dynamic-eccentricity case of rotor 
with the same mentioned upon degrees.

Finally, the variation of air-gap’s inverse and
geometrical function have shown in Fig. 10(a) and 
10(b) in spherical space for mixed-eccentric rotor with 
the indicated eccentricity coefficients. Figure 10(c)
shows the mutual inductance of machine in this mode.

CONCLUSION

In this paper, we have proposed a study about the 
eccentricity conditions of electrical machinery for
diagnosing of these faults. This study is based on the 
modeling of eccentric rotors in polar domain for
calculating of unsymmetrical air-gaps and geometrical 
characteristics of machines, which all three cases of 
static, dynamic and mixed eccentricity have compared 
against of healthy rotor condition. Whereas, rotating 
nature of rotating machines has actuated us toward 
describing of machines’ behaviors in polar space. 

Avoiding some common approximated equations 
has facilitated the geometrical model analysis and
simulations of mutual inductances. On the other hand, 
using of the winding function theory (WFT) will be 
possible for applying of the proposed model in some 
types of electric machines. Also according to indicating 
of eccentricity coefficients relationship, we have
presented that the ME degree varies both of SE and DE 
degrees and rotor rotating position.
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