
World Applied Sciences Journal 16 (Special Issue of Applied Math): 37-45, 2012
ISSN 1818-4952
© IDOSI Publications, 2012

Corresponding Author: P.O. Olanrewaju, Department of Mathematics, Covenant University, Ota, Nigeria, West Africa
37

Effects of Internal Heat Generation on Hydromagnetic Non-Darcy Flow and Heat Transfer
over a Stretching Sheet in the Presence of Thermal Radiation and Ohmic Dissipation

P.O. Olanrewaju

Department of Mathematics, Covenant University, Ota, Nigeria, West Africa

Abstract: This paper is concerned with the effect of the internal heat generation on Hydromagnetic non-
Darcy flow and heat transfer over a stretching sheet in the presence of thermal radiation and Ohmic 
dissipation. The governing partial differential equations are first transformed into ordinary differential 
equations before they are solved numerically by using the sixth-order Runge-Kutta-Fehlberg method with 
shooting technique for some values of the physical parameters. The numerical results are comp ared with 
known results from the open literature for some particular cases of the present study, to support their 
validity. The effects of the governing parameters on the flow and thermal fields are examined. The local 
skin friction and local Nusselt number with internal heat generation and radiation parameters are reported 
graphically for various parametric conditions to show interesting aspect of the numerical solution.
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INTRODUCTION

The flow and heat transfer due to a stretching 
surface in a viscous fluid is of great practical interest 
because it occurs in a number of engineering processes 
i.e. in the polymer industry when a polymer sheet is 
extruded continuously from a die, with a tacit
assumption that the sheet is inextensible. During its 
manufacturing process a stretched sheet interacts with 
the ambient fluid both thermally and mechanically. The 
thermal interaction is governed by the surface flux. This 
quantity can either be prescribed or it is the output of a 
process in which the surface temperature distribution 
has been prescribed. The cooling of a large metallic 
plate in a bath (an electrolyte) is another problem
belonging to this category. Glass blowing, continuous 
casting and spinning of fibers also involve the flow due 
to a stretching surface. However, in real situation one 
has to encounter the boundary layer flow over the
stretching sheet. For example, in a melt-spinning
process, the extrudate is stretched into a filament or 
sheet while it is drawn from the die. Finally, this sheet 
solidifies while it passes through effectively controlled 
cooling system in order to acquire the top-grade
property of the final product. Similarly, in new
engineering areas processes occur at high temperatures 
so that knowledge of radiation heat transfer beside the 
convective heat transfer play very important role and 
cannot be neglected. Nuclear power plants, gas turbines
and the various propulsion devices for aircraft, missiles, 
satellites and space vehicles are few examples of such 

engineering areas [1]. The quality of the final product 
depends on the rate of heat transfer at the stretching 
surface. Sakiadis [2] was the first to consider the
boundary layer flow on a moving continuous solid 
surface. Crane [3] extended this concept to a stretching 
sheet with linearly varying surface speed and presented 
an exact analytical solution for the steady two-
dimensional stretching of a surface in a quiescent fluid. 
In certain porous media applications such as those
involving heat removals from nuclear fuel debris,
underground disposal of radiative waste material, the 
study of heat transfer is of most importance. Detail 
reviews of the convection through porous media have 
been reported by many authors [4, 5]. Ishak et al. [6] 
examined mixed convection boundary layers in the
stagnation-point flow of an incompressible viscous
fluid over a stretching vertical sheet. Layek et al. [7] 
investigated the structure of the boundary layer
stagnation-point flow and heat transfer over a stretching 
sheet in a porous medium subject to suction/blowing 
and in the presence of internal heat generation/
absorption using a similarity analysis. 

Moreover, the effect of thermal radiation on flow 
and heat transfer processes is of major importance in 
the design of many advanced energy conversion
systems operating at high temperature. Thermal
radiation within such systems occurs because of the 
emission  by  the  hot  walls  and  working fluid. Plumb 
et al. [8] was the first to study the effect of horizontal 
cross-flow and radiation on natural convection from
vertical  heated   surface   in   saturated   porous  media.
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Rosseland diffusion approximation had been utilized in 
this investigation of convective flow with radiation.
Mansour [9] analyzed combined forced convection and 
radiation interaction heat transfer in the boundary layer 
flow over flat immersed in porous medium of variable 
viscosity. Many research works have been carried out 
on this [10-13].

Abo-Eldahab and Abd El Aziz [14] studied the
effect of Ohmic heating on a mixed convection
boundary layer flow of a micropolar fluid from a
rotating cone with power-law variation in surface
temperature. Abel et al. [15] studied momentum and 
heat transfer characteristics in an incompressible
electrically conducting viscoelastic boundary layer flow 
over a linear stretching sheet in the presence of viscous 
and Ohmic dissipations. Most recently, Pal and Mondal 
[16] examined hydromagnetic non-Darcy flow and heat 
transfer over a stretching sheet in the presence of
thermal radiation and Ohmic dissipation. However, in 
all these works effect of internal heat generation has 
been neglected which is also one of the important
parameters to alter the momentum and heat transfer 
characteristics in a Newtonian boundary layer flow. 

In view of the above discussion, author envisage to 
investigate effects of internal heat generation on
Hydromagnetic non-Darcy flow and heat transfer over a 
stretching sheet in the presence of thermal radiation and 
Ohmic dissipation. Here the flow is subjected to a
transverse magnetic field normal to the plate in the 
presence of internal heat generation. Highly non-linear
momentum and heat transfer equations are solved
numerically using sixth-order Runge-Kutta-Fehlberg
method alongside with shooting technique. The
influences of various embedded flow parameters on the 
velocity and temperature profiles as well as on local 
skin friction coefficient and local Nusselt number are 
presented graphically and in tabular form.

MATHEMATICAL FORMULATIONS

Two-dimensional steady incompressible
electrically conducting fluid flow over a continuous 
stretching sheet embedded in a porous medium is
considered. The flow region is exposed under uniform 
transverse magnetic fields 0B (0,B ,0)=


and uniform

electric field 0E (0,0, E ).= −


Since such imposition of
electric and magnetic fields stabilizes the boundary 
layer flow [17]. It is assumed that the flow is generated 
by stretching of an elastic boundary sheet from a slit by 
imposing two equal and opposite forces in such a way 
that velocity of the boundary sheet is of linear order of 
the flow direction. From Maxwell’s equation,

.B 0and E 0.∇ = ∇× =
 

  when    magnetic  field   is   not  so 

strong then electric field and magnetic field obey
Ohm’s law J (E q B)=σ + ×

   
, where J


the joule current, s 

is  the  magnetic  permeability  and q


 is the fluid 
velocity. We  assume  that  magnetic  Reynolds number 
of the fluid is small so that induced magnetic field and 
Hall effect may be neglected. Here, we take into
account of the magnetic field effect as well as electric 
field in momentum and thermal boundary layer
equations. The fluid generates heat internally within the 
system. Under the above stated physical situation, the 
governing boundary layer equations for momentum and 
energy for mixed convection under Boussinesq’s
approximation are 
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where u and v are the velocity components in  the x and 
y directions, respectively; υ is the kinematic viscosity; 
g is the acceleration due to gravity; ρ is the density of 
the fluid; ßT is the coefficient of thermal expansion; T is 
the temperature of the fluid inside the thermal boundary 
layer, Tw is the plate temperature, T∞ is the fluid 
temperature in the free stream, cp is the specific heat at 
constant pressure and k is the thermal conductivity. K is 
the permeability of the porous medium; A0 is the
parameters of temperature distribution on the stretching 
surface; qr is the radiative heat flux in the y-direction; F 
is the empirical constant (Forchheimer number) in the 
second-order resistance and setting F = 0 in Eq. (2), the 
equation is then reduced to the Darcy’s law. The third 
and the fourth terms on the right hand side of Eq. (2) 
represent for the first-order (Darcy) resistance and 
second-order  porous  inertia  resistance, respectively. It 
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is further assumed that the normal stress is of the same 
order of magnitude as that of the shear stress in addition 
to usual boundary layer approximations for deriving the 
momentum boundary layer Eq. (2). Thermal boundary
layer Eq. (3) takes into account the joule heating or 
Ohmic dissipation due to the magnetic as well as
electric field and the internal heat generation.

The thermal radiation heat flux qr is employed 
according to Rosseland approximation such that 

* 4

r
4 Tq
3K y
σ ∂=−
′ ∂

(5)

where s* and K’ are the Stefan-Boltzmann constant and 
the mean absorption coefficient, respectively.
According to Pal and Mondal [16], Ishak et al. [17], 
Chem [18] and Grubka and Bobba [19], the fluid-phase
temperature differences within the flow are assumed to 
be sufficient small so that T4 may be expressed as a 
linear function of temperature. This is done by
expanding T4 in a Taylor series about the free stream 
temperature T∞ and neglecting higher order terms to 
yield

4 3 4T 4T T 3T∞ ∞≈ − (6)

We now introduce the following similarity
transformation and dimensionless stream function and 
temperature as follows

w

b T T
u bxf ( ), v b f ( ), y,

T T
∞

∞

−′= η =− υ η η= θ=
υ −

(7)

Using Eqs. (5)-(7) in Eqs. (2)-(3), we have the
following dimensionless equations
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is the internal heat generation parameter. The physical 
quantities of interest are the skin friction coefficient Cf
and the Nusselt number and are given by 

1 2 x
f x 1 2

x

1 Nu
C Re f (0), (0)

2 Re
′′ ′= = − θ (11)

NUMERICAL PROCEDURE

The set of non-linear ordinary differential
equations (8)-(9) with boundary conditions in (10) have 
been solved numerically by using the sixth-order
Runge-Kutta integration scheme with a modified
version of the Newton-Raphson shooting method with 
k1, Ha, E1, F*, λ, Pr, Ec and γ as prescribed parameters. 
The computations were done by a program which uses
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a symbolic and computational computer language
MAPLE [20]. A step size of ∆η = 0.001 was selected to 
be satisfactory for a convergence criterion of 10-7 in 
nearly all cases. The value of y∞ was found to each 
iteration loop by the assignment statement η∞ = η∞+∆η.
The maximum value of η∞, to each group of parameters 
k1, Ha, E1,  F*, λ, Pr, Ec and γ is determined when the 
values of unknown boundary conditions at η = 0 not 
change to successful loop with error less than 10-7.

RESULTS AND DISCUSSION

Here, we assigned physically realistic numerical
values to the embedded parameters in the system in 
order to gain an insight into the flow structure with 
respect to velocity and temperature profiles. The results 
are presented graphically in Fig. 1-13 and conclusions 
are drawn for the flow field and other physical quantity 
of interest that have significant effects. To test the 
validity of our results, so comparisons of the present 
results with previously works are performed and
excellent agreement has been obtained in Table 1 and 2. 
From Table 3, it is understood that the Hartmann
number Ha, porosity parameter k1 and local inertia-
coefficient F* are to increase the skin friction
coefficient and reduce heat transfer rate from the
boundary stretching sheet to the fluid as they were 
increased.  Also  increase in the local electric parameter

E1, radiation parameter Nr, internal heat generation
parameter and the Eckert number reduces both the skin
friction and the heat transfer rate. It was also noticed 
that increase in the mixed convection parameter
increases the heat transfer rate and at the same time 
reduces the skin friction. The application of electric 
field may change the limitation of heat transfer as the 
case may be.

Figure 1 and 2 represent the influence of Hartmann 
number Ha on velocity and temperature fields,
respectively. In Fig. 2, it was noticed that Hartmann 
number is to decrease the velocity distribution in the 
boundary layer which leads to thinning of the boundary 
layer thickness while temperature in the boundary layer 
increases with increase in the value of Ha as shown in 
Fig. 3. It was also seen that the transverse magnetic 
field contributes to the thickening of the thermal
boundary layer. This is evident from the fact that the 
applied transverse magnetic field generates a body 
force such as Lorentz force, which opposes the motion 
thereby enhancing the temperature. In Fig. 3, we plot 
the graph of velocity against spanwise coordinate η for 
various values of electric parameter E1 and it was 
observed that as the parameter increases the velocity 
boundary layer thickness increases but more
significantly little away from the stretching sheet. The 
analysis reveals that the influence of local electric field 
parameter  is  to  shift  the  streamlines  away  from  the 

Table 1: Comparison of local Nusselt number-θ′ for Ha = 0, λ = 0 and various values of Pr with Ishak et al. [16], Chen [37], Grubka and Bobba 
[38] and Pal and Mondal [a]

Pr Ishak et al. [17] Chen [18] Grubka and Bobba [19] Pal and Mondal [16] Present results

1 1.3333 1.33334 1.3333 1.333333 1.33333334039
2 - - - 1.999996 1.99999557517
3 2.5097 2.50997 2.5097 2.509715 2.50972157767
4 - - 2.938782 2.93878184671
5 - - 3.316479 3.31647940512
6 - - 3.657769 3.65776927239
7 - - 3.971509 3.97150871950
8 - - 4.263457 4.26345714129
9 - - 4.537609 4.53760929039
10 4.7969 4.79686 4.7969 4.796871 4.79687060547

Table 2: Comparison of skin friction-ƒ″(0) and local Nusselt number-θ′(0) for various values of Ha when Pr = 1, λ = 1 in the absence of E1, Ec,
Nr, F*, k1, γ

Ha Pal & Mondal [16]-ƒ″(0) Pal & Mondal [16]-θ′(0) Present results-ƒ″(0) Present results-θ′(0)

0.0 0.615066 1.412357 0.605848975147496582 1.41504386895539813
0.6 0.788658 1.377062 0.776108559112078766 1.37716687272731918
1.0 1.065770 1.335962 1.037335314488215810 1.31858161930674234
1.5 1.467078 1.252360 1.453531918295070780 1.22582115759721844
2.0 1.949595 1.238607 1.918908265051466830 1.12611196123889124
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Table 3: Analysis  for  skin  friction-ƒ″(0) and  local  Nusselt  number-θ′(0)  for  various  values  of  the  embedded flow parameters governing 
the flow model

Ha E1 K1 F* λ Nr Pr γ Ec -ƒ″(0) -θ′(0)
0.0 0.1 0.1 0.1 0.1 0.1 1 1 0.1 0.892996710162683005 -0.934942734527016590
0.6 0.1 0.1 0.1 0.1 0.1 1 1 0.1 1.033533643072192201 -1.201199057202303470
1.0 0.1 0.1 0.1 0.1 0.1 1 1 0.1 1.235745776177931132 -1.966005510279662080
1.5 0.1 0.1 0.1 0.1 0.1 1 1 0.1 1.694175549459042023 0.884680643318597416
1 0.5 0.1 0.1 0.1 0.1 1 1 0.1 1.057992906139340721 0.641352859293815247
1 1.0 0.1 0.1 0.1 0.1 1 1 0.1 0.719836364074171176 0.847266870868950806
1 2.0 0.1 0.1 0.1 0.1 1 1 0.1 0.085372028029340241 0.921567035265583256
1 0.1 0.5 0.1 0.1 0.1 1 1 0.1 1.318955647535475781 -3.809284060790640860
1 0.1 1.0 0.1 0.1 0.1 1 1 0.1 1.455088656812463462 -5.354277513893936020
1 0.1 1.2 0.1 0.1 0.1 1 1 0.1 1.507447940084302160 -5.972003014018209660
1 0.1 0.1 0.5 0.1 0.1 1 1 0.1 1.318955647535475780 -3.809284060790640860
1 0.1 0.1 1.0 0.1 0.1 1 1 0.1 1.455088656812463460 -5.354277513893936020
1 0.1 0.1 1.2 0.1 0.1 1 1 0.1 1.507447940084302160 -5.972003014018209660
1 0.1 0.1 0.1 0.2 0.1 1 1 0.1 1.192702848886396640 -0.608103333442161160
1 0.1 0.1 0.1 0.5 0.1 1 1 0.1 1.067738903695180980 0.235972098087574800
1 0.1 0.1 0.1 -0.3 0.1 1 1 0.1 1.417708267511988530 1.54577678270110952
1 0.1 0.1 0.1 -0.15 0.1 1 1 0.1 1.347294275181533320 2.47127474253160174
1 0.1 0.1 0.1 0.1 0.5 1 1 0.1 1.235376465549116400 -1.84856296101625750
1 0.1 0.1 0.1 0.1 1.0 1 1 0.1 1.223931444879544420 -1.95064351253078328
1 0.1 0.1 0.1 0.1 2.0 1 1 0.1 1.234914126669833360 -1.63790803106451954
1 0.1 0.1 0.1 0.1 0.1 0.72 1 0.1 1.235569792549845010 -1.83808407037421406
1 0.1 0.1 0.1 0.1 0.1 3.0 1 0.1 1.284989193033776680 -1.19757968164419968
1 0.1 0.1 0.1 0.1 0.1 7.1 1 0.1 1.317849580463030580 -0.09741830098311388
1 0.1 0.1 0.1 0.1 0.1 1 2 0.1 1.012266776830527350 -10.13338221577668820
1 0.1 0.1 0.1 0.1 0.1 1 3 0.1 0.277188225631078754 -38.69141402212913760
1 0.1 0.1 0.1 0.1 0.1 1 4 0.1 -0.052474051996476850 -55.58580399578113440
1 0.1 0.1 0.1 0.1 0.1 1 1 0.5 1.229707501391879010 -2.27133850938736792
1 0.1 0.1 0.1 0.1 0.1 1 1 1.0 1.222140299838991190 -2.65628921222798686
1 0.1 0.1 0.1 0.1 0.1 1 1 2.0 1.206876188676235580 -3.43862747422429837

Fig. 1: Velocity profiles for E1 = k1 = F* = λ = Nr = Ec 
= 0.1, γ = Pr = 1

Fig. 2: Temperature profiles for E1 = k1 = F* = λ = Nr 
= Ec = 0.1, γ = Pr = 1
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Fig. 3: Velocity profiles for Ha = k1 = F* = λ = Nr = 
Ec = 0.1, γ = Pr = 1

Fig. 4: Temperature profiles for Ha = k1 = F* = λ = Nr 
= Ec = 0.1, γ = Pr = 1

Fig. 5: Velocity profiles for Ha = E1 = F* = λ = Nr = 
Ec = 0.1, γ = Pr = 1

Fig. 6: Temperature profiles for Ha = E1 = F* = λ = Nr 
= Ec = 0.1, γ = Pr = 1

Fig. 7: Temperature profiles for Ha = E1 = F* = λ = Nr 
= k1 = 0.1, γ = Pr = 1

Fig. 8: Temperature profiles for Ha = E1 = F* = λ = Nr 
=Ec = k1 = 0.1, γ = 1
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Fig. 9: Temperature profiles for Ha = E1 = F* = λ =Ec 
= k1 = 0.1, γ = 1, Pr = 2

Fig. 10: Velocity profiles for Ha = E1 = Nr = λ =Ec = k1

= 0.1, γ = 1, Pr = 2

stretching boundary because the Lorentz force arising 
due to electric field acts as an accelerating force in 
reducing the frictional resistance. Reverse was the case 
for the temperature as shown in Fig. 4. Figure 5 and 6 
shows the variations of velocity and temperature
distribution in the boundary layer for various values of 
porosity permeability parameter k1. The analysis
reveals that increasing the porosity parameter reduces 
the velocity boundary layer thickness whereas reverse 
trend is seen on temperature distribution due to the 
presence of porous medium which increase the
resistance to the flow, which causes the fluid velocity to 
decrease. In Fig. 7, we display the graph of temperature 
solutions  for  various  values  of Eckert number Ec. The 

Fig. 11: Temperature profiles for Ha = E1 = Nr = λ =Ec 
= k1 = 0.1, γ = 1, Pr = 2.

Fig. 12: Velocity profiles for Ha = E1 = F* = λ =Ec = k1

= 0.1, γ = 1, Pr = 2

curve revealed that the effect of Eckert number is  to 
increase the temperature boundary layer thickness due 
to the frictional heating. Fig. 8 depicts the thermal
solution for various values of Prandtl number Pr. The 
effect of Prandtl number is to reduce the thermal
boundary layer thickness which increases in value of 
Prandtl number. Increasing the Prandtl number means 
that slowing the rate of thermal diffusion. Increasing 
the radiation parameter Nr on temperature is to increase 
the thermal boundary layer thickness as shown in Fig. 
9. Figure 10 and 11 shows the effect of drag coefficient 
of porous medium F* in the momentum and energy 
boundary layers. The effect of this parameter is to 
reduce   the   velocity   which   results   to   thinning  the
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Fig. 13: Temperature profiles for Ha = E1 = F* = λ = Ec 
= k1 = 0.1, Ec = 1, Pr = 1

velocity boundary layer thickness and at the same time 
thickening the thermal boundary layer thickness. Figure 
12 represents the variation of velocity distribution in the 
boundary layer for various values of buoyancy
parameter λ. The analysis shows that the velocity 
distribution increases with increasing the buoyancy 
parameter. Finally, Fig. 13 represents the graph of
temperature solution for various values of internal heat 
generation γ. Due to the increase in the internal heat 
generation, the thermal boundary layer thickness
increases which has physical implications in
engineering.

CONCLUSIONS

In this article, we apply numerical method by using 
sixth order Runge-Kutta integration scheme with
shooting method to study the effects of internal heat 
generation on Hydromagnetic non-Darcy flow and heat 
transfer over a stretching sheet in the presence of
thermal radiation and Ohmic dissipation. Graphs are
plotted to analyze the variation of the pertinent flow 
parameters including the Hartman number Ha, porosity 
parameter λ, Prandtl number Pr, radiation parameter Nr, 
Electric field parameter E1, Eckert number Ec, internal 
heat generation parameter γ, inertial coefficient
parameter F* and porosity permeability parameter k1.
From the present analysis, we note the following:

• The effect of the internal heat generation parameter 
γ is to increase the thermal boundary layer
thickness throughout the boundary layer.

• Boundary layer flow attains maximum temperature 
for higher values of Hartman number Ha.

• The effect of porosity permeability parameter,
thermal radiation parameter and Eckert number is 
to increase the thermal boundary layer thickness.

• Inertial effect is to reduce the velocity boundary 
layer thickness resulting in thinning the velocity
boundary layer thickness across the boundary
layer.

• The skin friction and rate of heat decrease with 
increase in Hartmann number.

• The effect of Prandtl number Pr is to increase the 
rate of heat transfer and thereby decreasing the 
thermal boundary layer thickness across the
boundary layer.

• The buoyancy parameter λ increases the velocity 
boundary layer thickness with increasing the
buoyancy parameter.
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