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Abstract: A computational procedure for prediction of a semi-infinite horizontal floating elastic plate
motion, subjected to fully nonlinear incident water waves is presented. The procedure is based on method 
of fundamental solutions (MFS). The fundamental solution of governing Laplace equation is considered 
based on Radial Basis Functions (RBFs). A few boundary and source points are located on boundary and 
outside the computational domain. In present study, B-spline function is chosen to be as a basis function to
fit water and plate surfaces. The results are compared to available numerical data. It shows favorable 
agreement and high stability of B-spline basis functions.
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INTRODUCTION

One of the most well studied hydroelastic problems 
is the semi-infinite floating plate subject to wave
forcing. This is because a floating plate is a standard 
model for a number of physical problems such as a very 
large floating structure (VLFS) [1], a sea ice floe or a 
floating breakwater. Ice sheets in the Arctic area can be 
considered as an elastic plate. Probably, Greenhill [2]
was the first to submit floating ice sheet modeling by a 
thin elastic beam on a fluid foundation. In VLFSs,
elastic deformations are predominant over the rigid-
body motions in response of structure to water waves. 
Accordingly, they are usually modeled as elastic plates 
too [1, 3-6]. Mode expansions and eigenfunction
expansions methods are two main analytical approaches
to deal with the interaction of water waves with an 
elastic plate. However, time-dependent wave-body
interaction problems can now be simulated numerically, 
due to rapidly increasing power of computers. Most of 
these studies have been done with boundary-element
methods (BEM) [7-10]. In BEM, the prediction of
particle trajectories, nonlinear free-surface and
plate boundary conditions involve lengthy iteration 
procedures. Furthermore, integration along boundaries 
is always needed. Evaluating these integrals is a tedious 
task, where there are singularities on boundaries, either 
fixed or moving ones. Furthermore, it takes much time 
in solving linear algebraic system, due to producing full 
dense matrices. Though the quicker computation could 
be obtained through compressing dense matrices to 

sparse ones by some methods, the necessity of
computing tedious singular integrals still remains in 
BEM with some difficulties for implementing free
surface water wave problems [11]. Cao et al. [12],
Celebi and Beck [13] and Young et al. [14]
alternatively proposed an approach by moving
singularities away from boundaries and outside the
computational domain to desingularize integral
equations. Consequently, surface integrals can be
evaluated by simpler techniques. Thus, the
computational time can be reduced. Wang [15]
developed an unstructured mixed Eulerian-Lagrangian
(MEL) model for simulation of nonlinear wave-body
interaction with desingularized boundary integral
method. In the last decade, a wide family of
methods attempting to overcome the requirement of
computational meshes has developed. This family is 
named meshless or mesh-free, grid-free, element-free,
mesh-reduction, particle, or finite-point methods. All of 
them share characteristics of not requiring explicit
connectivity information, which includes node-to-node
distances, azimuths and sequential relations among
these nodes. Construction of radial basis functions 
(RBFs) is the basic idea of meshless methods which 
states only the relationship of node-to-node distances. 
In the past two decades, the radial basis functions
method become to be very efficient and effective
method for the interpolation of scattered data and to 
obtain the numerical solution of various types of
ordinary and partial differential equations due to
itsmesh-free feature, spatial independence and flexible 
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with respect to complex geometry [16]. RBFs were first 
developed for interpolation of scattered data [17, 18]
and later became an artificial neural-network kernel
[19]. Various meshless methods have been developed 
and used to solve different problems including those 
encountered in the fluid mechanics discipline [20].
Generally, there are two kinds of meshless methods, 
namely, domain-type and boundary-type. In the
domain-type meshless method, a large number of
collocation points are needed in both computational 
domain as well as on the boundaries to obtain a better 
solution. Easy programming and averting the chore of 
mesh are advantages of this method. Many studies 
towards solving fluid-dynamic problems with domain-
type meshless methods exist [21-26]. On the other
hand, if there exists some fundamental solution which 
satisfies the governing equation, one can choose
fundamental solutions as the radial basis functions and 
set all the source points outside the computational 
domain. Then, no singularity will be in computational 
domain and only collocation points on the boundary are 
needed to solve these problems [27, 28]. This meshless 
method is named method of fundamental solutions
(MFS). MFS only employs collocation about boundary 
points without needing any mesh generation and
numerical integration. Therefore, MFS is more simple 
and efficient than DBIE to model nonlinear water-wave
problems [29]. For simulating fully nonlinear free-
surface gravity water-wave problems, Wu et al.  [30]
proposed a boundary-type meshless method with a
leap-frog time-marching scheme which is meshless
except on free surface. They modified their model into 
a real meshless one by choosing gaussian function to be 
RBF, to fit the free surface [11]. Recently, Mollazadeh 
et al. [31] developed a model to study the interaction of 
an incident wave with a semi-infinite floating plate. The 
intention of this study is thus to use the B-spline
functions as a basis function to fit the free surface and 
semi-infinite elastic plate vertical displacements.

MATHEMATICAL MODEL

Here, the interaction of incident water wave with a 
semi-infinite horizontal floating plate with the aid of 
B-spline scheme is considered. Elastic plate floats on 
the water (Fig. 1). It is assumed that the plate has a 
uniform thickness and no in-plane loads exist. Hence, 
submergence is not considered here. In Fig. 1, Ω denote
the computational fluid domain, h is water depth of the 
wave tank, d is plate thickness. Moreover, Γf, Γp, Γr, Γb

and Γw denote the instantaneous free surface, bottom 
of plate, radiation, bottom of flume bed and wave
paddle boundary conditions, respectively. It is assumed 
that the fluid of constant finite depth h is inviscid,

incompressible and the motion is irrotational. Thus,
there exists a velocity potential φ(x,z,t) which satisfies 
the Laplace equation

2 2

2 2 0 in
x z
∂ φ ∂ φ

+ = Ω
∂ ∂

(1)

Fluid velocity V


can be described as the gradient 
of velocity potential in the fluid domain, i.e.,

( )V x,z,t=∇φ


. Eq (1) is an elliptic-type equation that 
requires all the values on the boundaries to be defined. 
In gravity wave problems with water at rest initially, the 
initial condition can be set as follows:

( )t 0 0, on all boundariesφ = = (2)

( ) p ft 0 0, on ,η = = Γ Γ (3)

where η(x,t) is free surface and plate vertical
displacements. At free surface, Γf, there are kinematic
and dynamic boundary conditions that must be
satisfied. These conditions are modeled as: 

f
z z

on
z t x x=η =η

∂φ ∂η ∂φ ∂η
= + Γ

∂ ∂ ∂ ∂
(4)

2 2

f
z z

1
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t 2 x z=η =η

 ∂φ ∂φ ∂φ   = − η − + Γ    ∂ ∂ ∂     
(5)

where g is gravitational acceleration. At the bottom of 
elastic plate, Γp, the surface pressure (Ps) is not 
zero. A large deformation theory of Von-Karman or
Mindlin shear deformation plate theory has been
presented. According to Euler-Bernoulli-von Karman 
nonlinear beam theory [32], governing nonlinear
dynamic equation for large deflection, remarkably
thin beams is as:

24 2 2

s s4 2 2

3
P EI m g EA

x t 2 x x
   ∂ η ∂ η ∂ η ∂η = + + −    ∂ ∂ ∂ ∂    

(6)

where
( )3 2EI Ed 12 1 = − ν 

is the flexural rigidity of plate, E is effective Young 's 
modulus of elastic plate, v Poisson 's ratio, EA = Ed is
axial rigidity of plate, ρs the plate density and ms = ρsd.
Here, there are kinematic and dynamic boundary
conditions, given as follows: 

p
z z

on
z t x x=η =η

∂φ ∂η ∂φ ∂η
= + Γ

∂ ∂ ∂ ∂
(7)
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Fig. 1: Schematic diagram for the wave scattering by a semi-infinite elastic plate: Geometry and boundary 
conditions

2 2
s

p
z z

P 1
g on

t 2 x z=η =η

 ∂φ ∂φ ∂φ   = − η − − + Γ    ∂ ρ ∂ ∂     
(8)

where the fluid density is denoted by ρ. Substitution of 
surface pressure ((6)) into (8) yields new form of
dynamic boundary condition as: 

24 2

4 2
z

2 22
s

p2

z

EI 3E d
g

t x 2 x x

1
d g on

t 2 x x

=η

=η

   ∂φ ∂ η ∂ η ∂η = − η − +    ∂ ρ ∂ ρ ∂ ∂    

 ρ ∂ η ∂φ ∂φ    − + − + Γ      ρ ∂ ∂ ∂      

(9)

The radiation boundary condition at flume 's end 
may be defined as: 

r r

r
x x x x

1
on

x C t= =

∂φ ∂φ = − Γ ∂ ∂ 
(10)

where phase velocity is denoted by C. A rigid sea 
bottom as a no-penetration condition is described as: 

b
z h z h

dh 0 on
z x dx=− = −

∂φ ∂φ+ = Γ
∂ ∂

(11)

in which h(x) is the water depth. On the upstream
boundary, fluid motion is generated by a wave-maker
motion.

w
x

d
on

x dt= ξ

∂φ ξ
= Γ

∂
(12)

in which ξ(z,t) is wave paddle position. For simplicity, 
edge conditions is considered free, since the
computational processes for the simply supported or 
built-in edge conditions are similar. Requirements of 
zero bending moment and zero shear force at free edges 
yield edge condition as: 

( )
2 3

2 3 o
0, 0 at x,z

x z x z
∂ ∂φ ∂ ∂φ   = =   ∂ ∂ ∂ ∂   

(13)

As the governing equation, the boundary and initial 
conditions is ready, problem is well posed and can be 
solved either analytically or numerically. These types of 
problems have been investigated by several researchers 
[33, 34].

NUMERICAL IMPLEMENTATION

The most two important advantages of MFS which 
widely used in recent years to solve boundary value 
problems (BVPs) are the fact that it does not require a 
discretized computational domain and it offers
numerical solution without dealing with singularities 
and numerical integrations. To compute required
coefficients for interpolating field variables at interior 
part of computational domain, MFS only needs
boundary values of field variables at certain nodes on 
the boundary. Based on the concept of MFS, numerical 
solution for field variable such as velocity potential is 
given by a general formulation that is expressed by: 

N 2

i i
i 1

q
+

=

φ = α∑ (14)

In the above equation, 

( ) ( ) ( )( )2 2
i i iq x,z Ln x x z z= − + −

are RBFs, whose centers is at (xi,  zi). RBF chosen in 
this study is the fundamental solution of a 2D Laplace
operator. Also, αi(t) represents the intensities of sources 
that are used to determine interior values of the field 
variable. Solution form satisfies the governing equation 
automatically throughout the computational domain if 
all the RBF centers are chosen outside of the
computational domain. Figure 2 shows the schematic of 
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boundary and source point distribution. Moreover, two
additional source points deal with plate edge condition.
When ( n )

iα  are calculated, the solution is  found. Symbol 
(n) denotes to the nth time step. These coefficients are 
determined by method of collocation using known
boundary values for well-posed BVPs. At each time 
step, there are  N+2 unknowns to be solved. For the 
method of collocation, N boundary points are needed. 
For convenience, it is chosen number of boundary 
points as follows: 

f p r b wN N N N N N= + + + + (15)

where Nf, Np, Nr, Ng, Nb and Nw, are the number of 
free water surface, bottom of plate, free surface at 
right-hand side of plate, flume end, flume bottom and

wave paddle points, respectively. Collocation of
boundary points is given by

( ) ( )
N 2

n 1 n 1
i i

i 1

q
+

+ +

=

φ = α∑ (16)

The time-marching scheme for the surface
boundary conditions can be obtained from the second

and first order finite difference in time for
t

∂η
∂

 and

2

2t
∂ η
∂

, respectively. That is
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As ,
x
∂φ

φ
∂

 and 
z

∂φ
∂

 can be calculated in current time step, Eq (17) may be written as follows: 
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( ) ( ) ( )n 1 n 1 n

n 1 n 1
f p2 t on ,

z x x

+ +
+ −

 ∂φ ∂φ ∂η      η = η + ∆ − Γ Γ      ∂ ∂ ∂      
(20)

Boundary condition at flume end can be written as: 

( ) ( )
( )N 2 n

n 1 ni
ii

i 1

qq 0.5C t 0.5C t
x x

+
+

=

∂ ∂φ   α + ∆ = φ − ∆   ∂ ∂   ∑ (21)

Boundary conditions at flume bottom and wave paddle may be written as:

( )
N 2

n 1 i i
i

i 1

q q dh 0
z x dx

+
+

=

∂ ∂ α + = ∂ ∂ ∑ (22)

Fig. 2: Schematic distribution of boundary and source points

Boundary points
Source points
Additional source 
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( ) ( )
N 2

n 1 n 1i
pi

i 1

q v
x

+
+ +

=

∂ α = ∂ ∑ (23)

where, ( )n 1
pv +  is the wave paddle velocity which is 

known. Based on the Eq (19) and Eq (20), gradient of 

surface on Γf, Γp and also 
2

2x
∂ η
∂

 and 
4

4x
∂ η
∂

 on Γp are 

needed for solving the problem. There are many
choices of RBF for fitting scattered data as a function. 
For instances, Multi-Quadratic, Inverse Multi-
Quadratic, Gaussian, Thin plate spline have been used 
by researchers [35, 36]. Wu et al. [11] proposed a really 
meshless model. They adopted the interpolating method
of RBF-type artificial neural network and chose the
Gaussian function to be the RBF to fit the free surface. 
However Gaussian function has the following
disadvantages:

1. It has an exponential nature. Therefore, there are 
some truncating errors in the implementation of the 
scheme.

2. Polynomials do not contain the generated space by 
span of Gaussian functions.

Here, we use B-spline basis function to fit free 
water surface and plate surface, because

1. B-splines have local compact support that yie lds a 
few computational efforts,

2. B-splines are exact for polynomials at most degree 
d, where d is the degree of B-spline.

Let pi(x) be RBF and βi(t) as its weight factor for
i = 1,2,…,Nf+Np. Collocation of fitting water and plate 
surfaces is 

( ) ( )
f pN N

i i
i 1

t .p x
+

=

η = β∑ (24)

with

( ) ( )
d

k d 1
i

k 0

d1p (x) 1 x k
k(d 1)!

−
+

=

 
= − − −  ∑ (25)

Where, ( )nx k +− is defined by

( ) ( )n
n x k , x kx k

0, x k+

 − ≥− = 
 

(26)

when ( )n
iη  is known, βi(t) can be calculated from the 

linear algebraic system. 

Then,
x
∂η
∂

 (on Γf, Γp),
2

2x
∂ η
∂

 and 
4

4x
∂ η
∂

 (on Γp) can be 

calculated

( )
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f pN Nn
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i
i 1

dp
x dx

+

=

∂η  = β ∂  ∑ (27)
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f pN Nn2 2
n i

i2 2
i 1

d p
x dx

+

=

 ∂ η = β  ∂ 
∑ (28)

( )
( )

f pN Nn4 4
n i

i4 4
i 1

d p
x dx

+

=

 ∂ η = β  ∂ 
∑ (29)

Marching procedures used in numerical
implementation are listed in [31]. The difference here,
is using B-spline functions as the basis function.

NUMERICAL RESULTS AND DISCUSSION

Interaction of high steep waves, generated by a 
harmonically oscillating paddle of piston-type wave
maker, with a semi-infinite elastic plate is simulated. In 
order to verify present numerical results, model
characteristic is similar to Madsen [37], Dong and 
Huang [38], Wu et al. [11], Mollazadeh et al. [31] and 
Farell [39]. Wave paddle motion is prescribed as ξ(t) = 
-ξ0 cox ωt where ω is frequency in radian and ξ0 is 
periodically oscillating wave paddle amplitude. Wave
channel had a water depth h = 38 cm and period of the 
first harmonic T = 2.75sec. Wave maker motion was 
taken to be sinusoidal with amplitude ξ0 = 6.1cm.
Numerical wave flume length is 40 m. The horizontal 
spacing of adjacent boundary points on horizontal
boundaries is chosen to be 0.25 m as a constant. The 
horizontal spacing of source points above the free
surface, bottom of plate surface and beneath the bottom 
boundary is also 0.25 m. There are 322 source points 
outside the computational domain. Further, there are 
two additional source points to deal with free-edge
conditions. Wu et al. [11] suggested that if offset 
distance to the sources from the boundary is less than 
the nodal spacing, instability occurs. Therefore, a
constant number of 0.3 m is selected for this model.
Time step is taken to be 0.05 sec. Numerical results of 
free surface and plate displacements at four stations 
x=4.9, 8.7 and 24 m are illustrated in Fig. 3-5,
respectively. When plate thickness reduces to zero (No-
plate condition), comparison shows that the present 
numerical results coincide with Wu et al. [11], Wu 
et al. [30] and also experimental data from Farell [39].
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Fig. 3: Variation of water and plate vertical displacement (η) with time at x=4.9 m. The results obtained with 
d=0.01 m, h=38 cm, T=2.75 sec, E=106 kg/cm2, v=0.25 and ξ0=6.1 cm
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Fig. 4: Variation of water and plate vertical displacement (η) with time at x=8.7 m. The results obtained with 
d=0.01 m, h=38 cm, T=2.75 sec, E=106 kg/cm2, v=0.25 and ξ0=6.1 cm
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Fig. 5: Variation of water and plate vertical displacement (η) with time at x=24 m. The results obtained with 
d=0.01 m, h=38 cm, T=2.75 sec, E=106 kg/cm2, v=0.25 and ξ0=6.1 cm

On the other hand, comparison shows that present
results coincide with Mollazadeh et al. [31] well. They 
considered Gaussian function as RBF, to fit the free 
surface and plate displacements. The vertical
displacement of free surface and elastic plate at t=21.8 

sec along wave flume is shown in Fig. 6. Results
obtained from No-plate conditions are exactly equal to 
results obtained by Wu et al. [11] and are well
compared with Mollazadeh et al. [31]. Observations
from Fig. 6 indicate that plate stiffness causes smaller 
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Fig. 6: A snapshot of water and plate vertical displacement (η), along the length of the flume at t=21.8 sec. 
(Gaussian (by Wu et al.): long dashed curve, Gaussian (by Mollazadeh et al.): dot curve, B-spline basis 
function: solid curve)

Table 1: Comparison time needed (in second) for Gauassian and B-
spline models to run

Thickness (m)
-------------------------------------------------------------------

Method 0.005 0.01 0.015 0.02 0.025 0.03

Gaussian 1018 1012 1030 - - -
B-Spline 905 994 897 899 990 908

vertical displacements for plate region. If plate stiffness 
increased, vertical displacements of free surface region 
get higher. On the other hand, vertical displacements at 
plate region get lower. Table 1 shows the needed time 
to run Gaussian and B-spline basis function schemes in
the same conditions. It shows that B-spline scheme, 
runs faster and has more stability than Gaussian RBF 
scheme. Gaussian type of RBF results no solution for 
moderately high thickness plates. Therefore, our
proposed model is an accurate and developed model
for the models proposed by Mollazadeh et al. [31] to
investigate hydroelastic interaction of waves with
semi-infinite elastic floating plates. 

CONCLUSION

In this paper, the simulation of fully nonlinear
interaction of incident waves with a floating semi-
infinite elastic plate was presented successfully.
Time-domain analysis of the fully nonlinear wave and 
plate motions were carried out using a boundary-type
meshless method. Governing Laplace equation was
solved using the method of fundamental solution
(MFS). Temporal updating of water and plate surfaces 
was obtained from fully nonlinear kinematic and
dynamic free-surface boundary conditions along
with Euler-Bernoulli-von Karman nonlinear beam

theory. By fitting the free surface and Plate
displacements with the B-spline functions, the present 
model has more stability, in comparison with the 
other numerical models. Choosing the fundamental
solution of Laplace operator as the solution form of 
velocity potential and placing all singularities outside 
the computational domain, only collocation points
along boundary are needed to solve the problem. 
Thus, neither element in the domain nor meshes
on the boundary is required. The task of mesh
generation is omitted. Method of fundamental solutions 
only employs collocation about boundary points
without needing any mesh generation and numerical 
integration. The accuracy of the present model is
verified by comparing the results with Wu et al. [11]
and Mollazadeh et al. [31]. When plate thickness
and density reduce to zero, results approach Wu
et al.  [30] and accurately approach Wu et al. [11].
Also, one can see that, because of the plate stiffness, 
free surface elevation becomes higher and plate
?s displacement becomes lower than free surface
elevation.
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