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Abstract: In this paper, Optimal Homotopy Asymptotic Method (OHAM) is combined with Galerkin 
method to investigate the MHD Jeffery-Hamel flows in non-parallel walls for strongly nonlinear ordinary 
differential equations. Results for velocity profiles in divergent and convergent channels for various values 
of Hartmann and Reynolds numbers are compared with numerical method (the Runge-Kutta method of 
order 4). The results confirm the notion that the OHAM method is a powerful and efficient technique for 
finding exact solutions for differential equations which have great significance in different fields of science 
and engineering. Also, it can be found that increasing Hartmann number will lead to backflow reduction.
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INTRODUCTION

In the heart of all different engineering sciences, 
everything shows itself in the mathematical relation that 
most of these problems and phenomena are modeled by 
ordinary or partial differential equations. In most cases, 
scientific problems are inherently of nonlinearity that 
do not admit analytical solution, so these equations 
should be solved using special techniques. Some of 
them are solved using numerical techniques [1] and 
some are solved using the analytical method of
perturbation [2]. In the numerical method, stability and 
convergence should be considered so as to avoid 
divergence or inappropriate results. In the analytical 
perturbation method, the small parameter is exerted to 
the equation. Since there are some limitations with the 
common perturbation method and also because the
basis of the common perturbation method is upon the 
existence of a small parameter, developing the method
for different applications is very difficult. Therefore,
some different methods have recently introduced some 
ways to eliminate the small parameter, such as the
Homotopy Perturbation Method [3, 4], Differential
Transformation Method [5] and Homotopy Analysis
Method [6] and some researchers applied these methods 
for engineering problems [7-9]. Optimal Homotopy
Asymptotic Method (OHAM) is the other method and 
more stronger method for solving nonlinear problems 
without depending to the small parameter and is
developed and examined by some authors [10-12]. In 

generally Least Square Method (LSM) is used to
minimize residual of OHAM, but it is better to use
Galerkin method to achieve this purpose.

The incompressible viscous fluid flow through
convergent and divergent channels is one of the most 
applicable  cases  in  fluid  mechanics, electrical and 
bio-mechanical engineering. The mathematical
investigations of this problem were discussed by [13, 
14]. Jeffery-Hamel flows are of the Navier-Stokes
equations in the particular case of two-dimensional
flow through a channel with inclined walls [15-24].
One of the most significant examples of Jeffery-Hamel
problems are those subjected to an applied magnetic 
field. The equations of magnetohydrodynamics have 
been solved exactly for the case of two-dimensional
steady  flown  between  non-parallel  walls  of  a 
viscous, incompressible, electrically conducting fluid; 
this is a straightforward extension of the famous
Jeffrey-Hamel problem in ordinary hydrodynamics
[25]. It has been shown that for the Jeffrey-Hamel
problem, the equations of magnetohydrodynamics can 
be reduced to a set of three ordinary differential
equations, two of which are linear and of first order 
[26]. In this study, we have applied OHAM combine 
with  Galerkin  method  to  find  the  approximate 
solutions of nonlinear differential equations governing 
the MHD Jeffery-Hamel flow and a comparison
between  the  results  and  the  numerical  solution  has 
been provided. The numerical results of this problem 
are done using Maple 12.
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GOVERNING EQUATIONS

Consider a system of cylindrical polar coordinates 
(r, θ, z) which steady two-dimensional flow of an 
incompressible conducting viscous fluid from a source 
or sink at channel walls lie in planes and intersect in the
axis of z. Assuming purely radial motion which means 
that there is no change in the flow parameter along the z
direction. The flow depends on r, θ and further assume 
that there is no magnetic field in the z-direction. The 
reduced form of continuity, Navier-Stoks and
Maxwell’s equations are [27]:
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where B0 is the electromagnetic induction, σ the
conductivity of the fluid, u(r) is the velocity along 
radial direction, P is the fluid pressure, υ the coefficient 
of kinematic viscosity and ρ the fluid density.
Considering uθ = 0 for purely radial flow, one can 
define the velocity parameter as: 

f ( ) ru(r)θ = (2.4)

Introducing the η = θ/α as the dimensionless 
degree, the dimensionless form of the velocity
parameter can be obtained by dividing that to its
maximum value as:

max

f ( )
f ( )

f
θ

η = (2.5)

Substituting Eq.5 into Eqs.2 and 3 and eliminating 
P, one can obtain the ordinary differential equation for 
the normalized function profile as: 

2f ( ) 2 Ref( )f ( ) (4 Ha) f ( ) 0′′′ ′ ′η + α η η + − α η = (2.6)

with the following reduced form of boundary
conditions

f(0) 1, f (0) 0,f(1) 0′= = = (2.7)

Introducing the Reynolds number as following and 
the Hartmann number based on the electromagnetic
parameter as following, respectively:

maxmax max
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FUNDAMENTALS OF OPTIMAL HOMOTOPY 
ASYMPTOTIC METHOD (OHAM)

Following differential equation is considered:

( )L(u(t)) N(u(t)) g t 0, B(u) 0+ + = = (3.1)

where L is a linear operator, τ is an independent 
variable, u(t) is an unknown function, g(t) is a known 
function, N(u(t)) is a nonlinear operator and B is a 
boundary operator. By means of OHAM one first
constructs a set of equations:

(1 p)[L( ( , p)) g( )] H(p)[L( ( ,p))
g ( ) N( ( ,p))] 0

B( ( ,p)) 0

− φ τ + τ − φ τ
+ τ + φ τ =

φ τ =
(3.2)

where p∈[0,1] is an embedding parameter, H(p)
denotes  a  nonzero  auxiliary  function  for  p≠0 and 
H(0) = 0, φ(τ, p) is an unknown function. Obviously, 
when p = 0 and p = 1, it holds that:

0( , 0 ) u ( ), ( ,1) u( )φ τ = τ φ τ = τ (3.3)

Thus,  as p  increases  from 0  to 1, the solution 
φ(τ, p) varies from u0(τ) to the solution u(τ), where 
u0(τ) is obtained from Eq. (2) for p = 0:

0 0L(u ( )) g( ) 0,B(u ) 0τ + τ = = (3.4)

We choose the auxiliary function H(p) in the form:

1 2 2H(p) pC p C ...= + + (3.5)

where C1, C2, are constants which can be determined 
later.

Expanding φ(τ, p)  in  a  series  with  respect  to
p, one has:
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i 0 k i k
k 1

( , p ,C ) u ( ) u ( , C ) p , i 1,2,...
≥

φ τ = τ + τ =∑ (3.6)

Substituting Eq. (3.6) into Eq. (3.2), collecting the 
same powers of p and equating each coefficient of p to 
zero, we obtain set of differential equation with
boundary conditions. Solving differential equations by 
boundary conditions u0(τ), u1(τ,  C1), u2(τ,  C2),… are 
obtained. Generally speaking, the solution of Eq. (1) 
can be determined approximately in the form:

m
(m)

0 k i
k 1

u u ( ) u ( , C )
=

= τ + τ∑ (3.7)

Note that the last coefficient Cm can be function of 
τ. Substituting Eq. (3.7) into Eq. (3.1), there results the 
following residual:

(m) (m)
i i iR( , C ) L(u ( , C ) ) g( ) N(u ( ,C))τ = τ + τ + τ  (3.8)

If R(τ,  Ci) = 0 then (m)
iu ( , C )τ  happens to be the 

exact solution. Generally such a case will not arise for 
nonlinear problems, but we can minimize the functional 
by Galerkin method:

1 2 m
i
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C
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= =
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(3.9)

The unknown constants Ci(i = 1,2,…,m) can be 
identified from the conditions:

b

1 2 i 1 2 m
a

J ( C , C ) w . R ( , C , C , . . . , C )d 0= τ τ =∫ (3.10)

where a and b are two values, depending on the given 
problem. With these constants, the approximate
solution (of order m) (Eq. (3.7)) is well determined. It 
can be observed that the method proposed in this work 
generalizes these two methods using the special (more 
general) auxiliary function H(p). 

SOLUTION WITH OPTIMAL HOMOTOPY 
ASYMPTOTIC METHOD

In this section, OHAM is applied to nonlinear 
ordinary differential Eq. (2.6) According to the OHAM, 
applying Eq. (3.2) to Eq. (2.6):

''' '''
0 1

2

(1 p)(f ( ) f ( )) H (p)(f ( ) 2 Ref( )f ( )

(4 Ha) f ( )) 0

′′′ ′− η − η + η + α η η

′+ − α η =
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where primes denote differentiation with respect to η.

We consider ƒ and H1(p) as following:

2
0 1 2f f pf p f= + +

2
1 1 2H (p) pC p C= + (4.2)

 Substituting ƒ  and  H1(p)  from  Eq.  (4.2) into 
Eq. (4.1)  and  some  simplification  and  rearranging 
based on powers of p-terms, we have:

0 '''p : f 0=
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Solving Eqs. (4.3) and(4.4) with boundary conditions:

2
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The terms ƒ2(η) is too large that is mentioned 
graphically. Therefore final expression for ƒ(η) is:

0 1 2f ( ) f ( ) f ( ) f ( )η = η + η + η (4.7)

From Eq. (3.8) by Substituting ƒ(η) into Eq. (4.1), 
R(η,  C11,  C12) are obtained and J is obtained in the 
flowing manner: 

b

11 12 i 1 2 m
a

J(C ,C ) w . R ( , C , C , . . . , C )d 0= τ τ =∫ (4.8)

Table 1: Constant values with different non-dimensional parameters

α Ha Re C1 C2

7.5 5 5 -1.030770 4.121660085
5.0 0 5 -1.022030 4.087420546
5.0 5 10 -1.041580 4.163640507
5.0 5 10 -1.041580 4.163640507
5.0 0 10 1.042957 -2.79E-03
7.5 5 5 -1.030770 4.121660085
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The constants C1, C2 obtain from Eq. (4.8). Table 1 
shows C1, C2 with different non-dimensional
parameters. By constants C1, C2 into Eq. (4.7), an 
expression for ƒ(η) is obtained.

RESULTS AND DISCUSSION

In this study the objective was to apply Optimal
Homotopy Asymptotic Method (OHAM) to obtain an 
explicit analytic solution of the MHD Jeffery-Hamel
problem. The magnetic field acts as a control parameter
such as the flow Reynolds number and the angle of the 
walls, in MHD Jeffery-Hamel problems. There is an 
additional non-dimensional parameter that determines 
the solutions, namely the Hartmann number. Figure 2 
shows %Error of ƒ(η) for different values of
parameters. It can also be seen that the maximum error 
for the OHAM occurs at η = 0.9. Comparison between 
numerical results and OHAM solution are shown in 
Fig. 3 and Table 2 and 3. It can be found that the results 

Fig. 1: Geometry of the MHD Jeffery-Hamel flow
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Fig. 2: %Error of ƒ(η) for different values of
parameters
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Fig. 3: Comparison between numerical results and
OHAM solution
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Table 2: Comparison between the numerical results and OHAM solution for velocity at various Ha when Re = 10, α = 5°

Ha = 0 Ha = 10
-------------------------------------------------------------------------- --------------------------------------------------------------------------

η NM OHAM %Error NM OHAM %Error

0.0 1.000000 1.000000000 0.000000000 1.000000 1.000000000 0.000000000
0.1 0.988758 0.988758925 0.000138406 0.988793 0.988794308 0.000128186
0.2 0.955227 0.955232562 0.000554465 0.955364 0.955369242 0.000513277
0.3 0.899984 0.899995254 0.001269326 0.900274 0.900284804 0.001174359
0.4 0.823932 0.823951239 0.002380882 0.824404 0.824422052 0.002201891
0.5 0.728229 0.728259170 0.004122686 0.728881 0.728908583 0.003812207
0.6 0.614192 0.614234032 0.006885293 0.614982 0.615021615 0.006365674
0.7 0.483179 0.483233142 0.011157415 0.484025 0.484075132 0.010308754
0.8 0.336475 0.336533473 0.017348840 0.337244 0.337298088 0.016004431
0.9 0.175162 0.175207111 0.025488234 0.175669 0.175710182 0.023448257
1.0 0.000000 0.000000000 0.000000000 0.000000 0.000000000 0.000000000

Table 3: Comparison between the numerical results and OHAM solution for velocity at various Ha when Ha = 5, α = 7.5°

Re = 5 Re = 10
--------------------------------------------------------------------- ---------------------------------------------------------------------

η NM OHAM %Error NM OHAM %Error

0.0 1.000000 1.000000 0.000000 0.000000 0.000000 0.000000
0.1 0.989117 0.989118 5.05E-05 0.096890 0.097869 0.000979
0.2 0.956609 0.956611 0.000202 0.383718 0.387594 0.003876
0.3 0.902879 0.902883 0.000462 0.849088 0.857665 0.008577
0.4 0.828569 0.828576 0.000867 1.474447 1.489340 0.014893
0.5 0.734501 0.734512 0.001501 2.234774 2.257347 0.022573
0.6 0.621615 0.621631 0.002506 3.099617 3.130926 0.031309
0.7 0.490885 0.490905 0.004055 4.034463 4.075215 0.040752
0.8 0.343233 0.343255 0.006286 5.002443 5.052973 0.050530
0.9 0.179430 0.179447 0.009187 5.966235 6.026500 0.060265
1.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000

that obtained by Optimal Homotopy Asymptotic
Method were well matched with the results carried out 
by the numerical solution obtained by four-order Rung-
kutte method as shown in Table 2, 3 and Fig. 3.
In this paper, %Error is introduced as fallowed: 

NM OHAM

NM

f ( ) f ( )%Error
f ( )

=
η − η

η

This accuracy gives high confidence to us about 
validity of this problem and reveals an excellent
agreement of engineering accuracy. This investigation 
is completed by depicting the effects magnetic
parameters to evaluate how this parameter influences 
on this fluid.

It clearly indicates that the transverse magnetic
field  opposes  the  transport  phenomena.  This  is due 
to  the  fact  that  variation  of  Ha  leads to the variation 

of the Lorentz force due to magnetic field and the
Lorentz force produces more resistance to transport 
phenomena. Thus the presence of magnetic field
decreases the momentum boundary layer thickness.
Figure 4 shows the magnetic field effects at constant α
and different Reynolds numbers. At Re = 75 with
increasing Hartmann number the velocity profile
becomes flat and thickness of boundary layer decreases, 
but at this Reynolds number no back flow observed as 
shows in Fig. 4(a). It can be seen in Fig. 4(b) that 
without magnetic field at Re = 150 back flow starts, 
that with Hartmann number increasing this
phenomenon eliminates. By increasing Reynolds
number the back flow  expands  so  greater magnetic 
field needs in order to  eliminate  it. As  it  show  in
Fig. 4(c) and Fig. 4(d) Re = 225 that back flow
eliminates  at  Ha = 1000  while  at  Re = 300 this 
occurs in Ha = 2000.
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Fig. 4: The OHAM solution for velocity in divergent channel for α = 5° and (a) Re = 75 (b) Re = 150 (c) Re = 225 

(d) Re = 300

CONCLUSION

In this paper, MHD Jeffery-Hamel flow has been 
considered and a kind of analytical method, called the 
optimal homotopy asymptotic method (OHAM).In this 
method we use Galerkin method to minimize the
residual of OHAM. Also this problem is solved by a 
numerical method (the Runge-Kutta method of order 4) 
and some conclusions were summarized as follows:

• Optimal homotopy asymptotic method is a
powerful approach for solving MHD Jeffery-
Hamel flow in high magnetic field also it can be 
observed that there is a good agreement between 
the present and numerical result. 

• Galerkin method is used successfully to minimize 
the residual of OHAM, instead of Least square 
method.

• Increasing Hartmann number will lead to backflow 
reduction. In greater angles or Reynolds numbers 
high Hartmann number needed to reduction of
backflow.

Nomenclature
B0 Magnetic field (wb.m-2)
β Constant
F general nonlinear operator
f(η) Dimensionless velocity
Ha Hartmann number
ρ Density
P Pressure term
Re Reynolds number
r, θ Cylindrical coordinates
Umax Maximum value of velocity
u, v Velocity components along x, y axes,

respectively
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Greek symbols
υ Kinematic viscosity
τ Viscous stresses
α Angle of the channel
θ Any angle
η Dimensionless angle
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