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Abstract: The effect of nonnormality and variance heterogeneity on the T1 statistic is demonstrated. A two-
sample trimmed T1 statistic for equal and unequal population variances and sample sizes are proposed and 
its performance is also evaluated in comparison to the t-test and Mann-Whitney test. If the underlying 
distributions are nonnormal with heterogeneous variances, the trimmed T1 statistic uses hinge estimator, 
HQ1 is strongly recommended.
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INTRODUCTION

The  parametric  approach  in  testing  the equality 
of  the  central  tendency  parameters  continued  to
play a prominent role because of its capacity to
comprehensively describe information contained in a 
data. However, the good performance and valid
application of the procedures require strict adherence to 
certain assumptions, which do not always operate as 
predicatively as assumed in the real world. Some of the 
most common statistical procedures are extremely
sensitive to these minor deviations from assumptions 
such as in the case of normality of distributions and 
homogeneity of variances. As an example, when
computing confidence intervals and testing hypothesis 
about means, the methods are based on the assumption 
that observations are randomly sampled from normal 
distributions. Another instance is when comparing
independent groups; where the methods are also assume 
that groups have a common variance. Currently, these 
methods form the backbone of most applied research 
that involves statistical methodology. It is therefore
desirable to construct methods of inference that do not 
depend on distributional and homoscedasticity (equal 
variances) assumptions for their validity.

Consequently, nonparametric statistics emerged as 
a field of research and some of its methods become 
widely popular in applications. The basic principle was 
to make as few assumptions about the data as possible 
and still get the answer to a specific question. However, 
nonparametric procedures are more appropriate for data 
based on weak measurement scales. Besides,
procedures in the nonparametric are less powerful than 

the parametric and therefore, require a larger sample 
size to reject a false hypothesis . In practice, it often 
happens that we need to robustly estimate central
tendency and/or scale from small sample. The sample 
size n is often constrained by the cost of an observation. 
In many experimental settings (e.g. in chemistry) one 
will typically repeat each measurement only a few
times. Even a small sample may contain aberrant values 
due to technical problems or measurement inaccuracies 
for example and since the sample is small, getting rid 
off the aberrant values is very much avoidable. 

Robust statistics combine the virtues of both, the 
parametric and the nonparametric approach. In
nonparametric inference, few assumptions are made
regarding the distribution from which the observations 
are drawn. In contrast, the approach in robust inference 
is different wherein there is a working assumption 
about the form of the distribution, but we are not 
entirely convinced that the assumption is true.
Robustness theories can be viewed as stability theories 
of statistical inference. What is desired is an inference
procedure, which in some sense does almost as well as 
possible if the assumption is true, but does not perform 
much worse within a range of alternatives to the
assumption.

A statistical method is considered robust if the 
inferences are not seriously invalidated by the violation 
of such assumptions, for instance nonnormality and 
variance heterogeneity [19]. [8] defined robustness as a 
situation which is not sensitive to small changes in 
assumptions while [4] reported slight effects on a
procedure when appreciable departures from the
assumptions were observed. 
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The theory of robust statistics deals with deviations 
from the assumptions on the model and is concerned 
with the construction of statistical procedures which is 
still reliable and reasonably efficient in a neighborhood 
of the model [17]. [5] stated that in a broad informal 
sense, robust statistics is a body of knowledge, partly 
formalized into “theories of robustness” relating to 
deviations from idealized assumptions in statistics. As 
mentioned by [6], a test that is reliable under rather 
strong modifications of the assumptions on which it 
was based is said to be robust. Hence in this research, a 
statistical method is considered robust when it has 
estimators which cannot be influenced by the deviations
from the given assumptions when hypothesis testing is 
being conducted. 

The classical tests of group equality such as the t -
test and analysis of variance (ANOVA) are always 
misrepresented due to variance heterogeneity and
nonnormality. To overcome the problem of variance 
heterogeneity, many methods were developed and
proved to be more robust than these classical tests. A 
few of such methods are the Welch test [22], the James 
test [9] and the Alexander-Govern test [1]. These
methods are among the best methods that have good 
control of type I error rates [1, 13, 20].

In their efforts to control the Type I error rate, 
investigators looked into numerous robust methods 
since these methods generally are insensitive to
assumptions about the overall nature of the data [2, 11, 
14]. Any small deviations from the model assumptions 
should only slightly impair the performance, for
example, the level of a test should be close to the 
nominal value calculated at the model and larger
deviations from the model should not cause catastrophe. 
Robust measures of central tendency such as trimmed 
means, medians or M-estimators [8, 21, 23] have been 
considered as alternatives for the usual least squares 
estimator, i.e., the usual least squares means, in most 
research recently [11, 24, 25]. These measures of
central tendency had been shown to have better control 
over Type I error and power to detect treatment effects 
[1, 14, 23, 27]. [27] found these benefits in the two-
group case of trimmed means and [10] demonstrated 
similar results in the more than two-group problem. 
Other investigators, e.g. [2] used median as the central 
tendency measure when dealing with skewed
distribution and [26] introduced a modified one-step M-
estimator (MOM) as the central tendency measure
when testing for treatment effects.

To date, there are several new procedures that were 
developed to deal with group trimmed means. One of 
which is the modified MOM-H statistic introduced by 
[26] which used modified one-step M-estimator
(MOM)  as  the  central tendency measure in their work 

on the H statistic. Essentially, MOM is automatic
variable trimming. This method was proven to have 
good control of Type I error rates when comparing for 
the differences between distributions. Motivated by the 
good performance of this procedures, in this research 
we propose a modification of T1 statistic developed by 
[2] with predetermined asymmetric trimming based
upon hinge estimators [12] to handle simultaneously the 
problem of nonnormality and heteroscedasticity.

METHODS

This paper focuses on the T1 statistic uses hinge 
estimators, HQ1, t-test and Mann-Whitney test. These 
three methods were compared in terms of Type I error 
under conditions of normality and nonnormality which 
will be represented by skewed g-and h-distributions.

T1 method: When the distributions are symmetric, [2] 
recommended the use of T1 statistic to compare
differences between distributions. They used a refined 
version of calculating trimmed means [16]. 

Let
j(1)j (2)j ( n ) jX X ......... X≤ ≤ ≤  represent the ordered

observations associated with the jth group.
In order to calculate the 100g% sample trimmed 

mean, define

( ) ( ) ( )Lj k 1 j k jX 1 r X rX+= − +

and
( ) ( ) ( )j jUj n k j n k 1 j

X 1 r X rX
− − +

= − +

where, g represents the proportion of observations that 
are to be trimmed in each tail of the distribution.

k = |gnj|+1 which |gnj| is the largest integer ≤gnj
and r = k-gnj.
The trimmed mean is given by

j
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Its corresponding sample Winsorized mean is given by
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The squared sample Winsorized standard error is as 
follows:
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Then the T1 statistic is given by

1 jj'
1 j j' J

T = | t |
≤ ≤ ≤
∑

where

( )tj tj'

jj
tj tj'

X X
t ' =

ˆ ˆ

−

ν + ν

Hinge estimator, HQ1
To attain the robustness simultaneously, adaptive 

trimmed mean is used rather than the usual mean. This 
adaptive trimmed mean uses hinge estimator HQ1 [15] 
in order to adjust the trimming process that suits the 
shape of data distribution. [12] successively improved 
Welch test using this adaptive trimmed mean in
controlling Type I Error rates. 
The hypothesis to be tested is

H0: m1 = m2 = … = mj

where mj is adaptive trimmed mean for jth group and it 
is calculated as

j 2

1

n g

l u i
i g 1

1
m( , ) Y

h

−

= +

γ γ = ∑

where g1 = [njγl], g2 = [njγu], h = nj-g1-g2, γl = lower 
trimming percentage, γu = upper trimming percentage 
and nj is the sample size. The percentage of lower and 
upper trimming identified using hinge estimator HQ1
[15]. However the total percentage of trimming is
predetermined just like the usual trimmed mean. 

To define the lower and upper trimming
percentage, let consider an ordered sample J, Lα is the 
mean of the smallest [αn] observations, where [αn]
denotes αn rounded down to the nearest integer, while 
Uα is the mean of the largest [αn] observations. As for 
example, let α = 0.05, therefore L0.05 is the mean of the 
smallest 0.05n observations. 
The measurement of Q1 is defined as

0.2 0.2
1

0.5 0.5

U L
Q

U L
−

=
−

Q1 classifies whether a symmetric distribution has 
light (for Q1<2), medium (for 2.6<Q1≤3.2) or heavy 
(for Q1>3.2) tail. It is a location free statistic and 
uncorrelated with other location statistics. [15] defined 
a general scheme of their approach based on the former 
definitions of tail length as follows:

• Set the total amount of trimming, γ, from the
sample.

• Determine the proportion to be trimmed from the 
lower end of the sample (γl) by the proportion

x
l

x x

UW
UW LW
 

γ = γ  + 

where UWx and LW x are respectively the portion of the 
numerator and denominator of the previously defined 
statistic (Q1). The notation for UWx and LW x are as 
follows:

1Q 0.2 0.2UW U L= −

and
1Q 0.5 0.5LW U L= −

Subsequently, the calculation for HQ1 is 

1
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Q
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The upper trimming percentage is defined as:

U 1γ = γ − γ

The  standard  error  of  adaptive  trimmed mean, 
m(γl, γu) which can be estimated as below,
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EMPIRICAL INVESTIGATION

This paper focused on a balanced and unbalanced 
completely randomized design containing two groups 
with small samples. For unbalanced designs, unequal 
variances of 1:36 ratio will be considered. Variances 
and group sizes are both positively and negatively 
paired. For positive pairings, the largest nj will be
paired with the largest group variance and the smallest 
nj will be paired with the smallest group variance,
whereas for the negative pairings, the smallest nj will be 
paired with the largest group variance and the largest nj
will be paired with the smallest group variance. The 
conditions were  chosen  since  they  typically  produce 
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Table 1: Design specifications for the two groups (balanced designs).
Group sizes Group variances
-------------------------- -----------------------

N 1 2 1 2

40 20 20 1 1

Table 2: Design specifications for the two groups (unbalanced 
designs)

N = 40
---------------------------------------------------------

Pairing Group sizes Group variances
--------------------- --------------------
1 2 1 2

Positive 15 25 1 36
Negative 25 15 36 1

conservative results for the positive pairings and liberal 
results for the negative pairings [14]. 

We have chosen total sample sizes, N = 40. For 
balanced  design,  we  set  the  samples  at  n1 = 20 and 
n2 = 20. As for the unbalanced design, we set the 
samples at n1 = 15 and n2 = 25. For total sample sizes 
under unbalanced design, we used heterogenous
variances at 1 and 36 respectively for positive pairings 
and 36 and 1 respectively for negative pairings.

Each method will be tested under three types of 
distributions  which  are  g = 0.0  and  h = 0.0 (normal), 
g = 0.5 and h = 0.0 (skewed normal tailed) and g = 0.5 
and h = 0.5 (skewed leptokurtic). The g and h
distributions were first proposed by [7]. These
distributions are transformations of the standard normal 
distribution. By manipulating the g parameter one can 
transform the standard normal distribution into a
skewed distribution. In addition to this one can also 
transform  the  standard  normal  distribution into a 
heavy tailed distribution by changing the h parameter.
For each of the designs, 5000 datasets were simulated 
and  599  bootstrap  samples  were generated. The 
random samples were drawn using SAS generator
RANNOR [18].

RESULTS AND CONCLUSION

The results for Type I error for the methods
investigated were shown in Table 3 and Table 4. Based 
on Bradley’s liberal criterion of robustness [3], a test 
can be considered robust if rate of Type I error, is 
within the interval 0.5α and 1.5α. For the nominal level 
α = 0.05, the Type I error rate should be between 0.025
and 0.075. The values that satisfied the Bradley’s
criterion of robustness are highlighted in bold and the 
average values that satisfied the criterion are also
underlined.

Table 3:Type I error rates (Equal sample sizes and homogeneous 
variances)

N = 40 (20, 20) and variances (1:1)
Test statistics
------------------------------------------------------

Distribution T 1 with HQ1 t-test Mann-Whitney
g = 0.0 and h = 0.0 0.0536 0.0528 0.0560
g = 0.5 and h = 0.0 0.0486 0.0474 0.0566
g = 0.5 and h = 0.5 0.0336 0.0288 0.0526
Average 0.0452 0.0430 0.0539

Table 4:Type I error rates (Unequal sample sizes and heterogeneous 
variances)

N = 40 (15, 25) and variances (1:36) and (36:1)
Test statistics
-------------------------------------------------

Distribution Pairing T 1 uses HQ1 t-test Mann-Whitney
g = 0.0 and Positive 0.0620 0.0270 0.0508
h = 0.0 Negative 0.0594 0.1290 0.1244
Average 0.0607 0.0780 0.0876
g = 0.5 and Positive 0.0604 0.0340 0.0440
h = 0.0 Negative 0.0400 0.1540 0.1068
Average 0.0502 0.0940 0.0754
g = 0.5 and Positive 0.0648 0.0140 0.0420
h = 0.5 Negative 0.0382 0.1020 0.1080
Average 0.0515 0.0580 0.0750
Grand Average 0.0541 0.0767 0.0793

Table 3 showed that the Type I error rates for T1
uses HQ1, t-test and Mann-Whitney fall within the
Bradley’s    interval   regardless   of   distributions.  The 
Mann-Whitney procedure produced the best Type I 
error rates under this condition because the average 
Type I error rate is the nearest to the nominal level. 

In the case of unequal sample sizes and
heterogenous variances (Table 4), the T1 uses HQ1
performs well where all the Type I error are within the 
robust criterion. As for t-test, it is only able to produce 
robust Type I error rates for positive pairing under 
normal and skewed normal-tailed distribution only.
However, Mann-Whitney produced robust Type I error 
rates for positive pairing regardless of type of
distribution.

Based on this study, the T1 statistic uses HQ1 had 
proven to be able to handle both conditions of balanced 
and unbalanced designs. This is because, under both 
conditions, T1 statistic uses HQ1 produced robust Type I 
errors and the values are also near to the nominal level, 
α = 0.05. This robust method uses trimmed mean based 
upon hinge estimator, HQ1 can serve as an alternatives
to parametric and nonparametric methods, especially in 
handling problems with nonnormality and variance
heterogeneity.
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