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Abstract: In this paper, reproducing kernel method is proposed for solving singularly perturbed fourth 
order boundary value problem in 5

2W [0,1] . The exact solutions are given in the form of series. By truncating 
the series, the app-roximate solutions is obtained. The errors of the approximate solutions are monotone 
decreasing with the increasing of nodal points. It is observed that our approach produce better numerical 
solutions in the sense that maximum absolute error |ei| is a minimum. Results of numerical examples 
demonstrate that the method is quite accurate and efficient for fourth order singular perturbed BVPs. 
Numerical illustrations are tabulated to demonstrate the practical usefulness of method.
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INTRODUCTION

Fourth order boundary value problems occur in a 
number of areas of applied mathematics among which 
are fluid mechanics, elasticity and quantum mechanics 
as well as science and engineering. These problems 
arises in the field of fluid mechanics, chemical kinetics, 
Newtonian fluid mechanics, quantum mechanics, gas 
dynamics, chemical reactor theory, hydrodynamics,
convection diffusion processes etc. The presence of the 
perturbation parameter leads to difficulties when
classical numerical techniques are used to solve such 
problems. A variety of numerical methods to solve
singularly perturbed boundary value problem for
ordinary differential equations are available. It is well 
known that many methods for solving singular
perturbation problems are unstable and fail to give
accurate results when the perturbation parameter ε is
small. Therefore, it was important to develop suitable 
numerical methods to these problem, whose accuracy 
does not depend on the parameter value ε. Aziz and 
Khan [1], solved second-order singularly perturbed 
boundary-value problems using cubic spline. Ilicasu 
and Schultz [2] introduced three finite-difference
techniques for second order, singularity perturbed linear 
boundary value problems in one dimension. Mohanty 
and his co-workers [3, 4] have discussed the numerical 
solution of singularly perturbed two point singular
boundary value problem using convergent tension
spline and non uniform tension splnie methods. Cui and
Geng [5] have suggested a new computational method 
for solving a class of third order singularly perturbed 

boundary value problem in reproducing kernel space. 
Valarmathi and Ramanujam [6] solved singularly
perturbed two-point boundary value problems for third-
order ordinary differential equations. Shanthi and
Ramanujam [7] solved singularly perturbed fourth order 
ordinary differential equations of convection-diffusion
type using asymptotic numerical methods. Mohyud-Din
et al. [8-10] solved many differential equations using 
different techniques. Reproducing kernel method
(RKM) has also being used for the solution of
differential equations [11, 12].

In this paper, a computational method is suggested 
to solve the following singularly perturbed fourth order
boundary value problem in reproducing kernel space.
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where 0<ε<<1, ƒ(x), ai(x), i = 0,1,2,3 are continuous 
functions. The boundary conditions
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When
p(x) or= ε −ε

above problem becomes fourth order perturbed
boundary values problem. The numerical results are
displayed to demonstrate the validity of this method. 
The paper is organized as follows: In Section 2,
definition and a derivation of reproducing kernel is 
presented. The solution of the problem in reproducing 
kernel Hilbert space is given in Section 3. Numerical 
results are presented to illustrate the applicability and 
accuracy in Section 4.

REPRODUCING KERNAL SPACES

(i) The  reproducing  kernel  space 5
2W [0,1]   is 

defined by 

5 (i)
2W [0,1] {u(x)/u (x),i 0,1,...,4= =

are absolutely continuous real valued functions in [0,1], 
(5) 2u (x) L[0,1]}∈ The inner product and norm in 5

2W [0,1]
are given by
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]
(ii) The reproducing kernel space 1

2W[0,1]  is defined by 
5

2W[0,1] {u(x)/u(x),=  is absolutely continuous real 
valued function in [0,1], (1) 2u (x) L[0,1]}∈  The inner 
product and norm in 1

2W[0,1]  are given by

1
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1
2u(x) u(x),v(x) , u(x),v(x) W[0,1]= < > ∈ (2.4)

In [13], it was proved that 1
2W[0,1]  is reproducing 

kernel Hilbert space.

Theorem 2.1: The space 5
2W [0,1]  is a reproducing 

kernel Hilbert space. That is, 5
2u(y) W [0,1]∀ ∈  and each 

fixed x,y∈[0,1], there exists 5
x 2R (y) W[0,1]∈  such that 

xu(y),R (y) u(x)< >=  and Rx(y) is called the reproducing 
kernel function of space 5

2W [0,1]
The reproducing kernel function Rx(y) is given by

9
i

i
i 0

x 9
i

i
i 0

c y , y x
R (y)

d y , y x

=

=

 ≤= 
 >

∑

∑
(2.5)

THE EXACT AND APPROXIMATE SOLUTION

In the problem (1.2), the linear operator
5 1
2 2L:W[0,1] W[0,1]→  is bounded and given by 
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Eq. (3.1) can be transformed into equivalent
operator equation as

(2) (2)

Lu(x)   f(x) , 

u(0) = u(1)= u (0)= u (1) = 0

= 



(3.2)

Choose a dense subset, 1 2 nT { x , x ,...,x , . . .} [0,1]= ⊂

and let

ii x(y) Q (y), i Nϕ = ∈ (3.3)

where
i

1
x 2Q (y) W[0,1]∈  is reproducing kernel 1

2W[0,1] .

Further assume that *
i i(x) L (x),ψ = ϕ

where * 1 5
2 2L:W[0,1] W [0,1]→  is the conjugate operator of 

L.

Lemma 3.1: i i 1{ (x)}∞=ψ  is a complete system of 5
2W [0,1]

and
ii y x y x(x) L R (y) | =ψ = .

Proof: For each fixed 5
2u(x) W [0,1]∈ , let

iu(x), (x) 0,i 1,2,...< ψ >= =  which implies

i

*
i x iu(x),(L )(x) (Lu)(x),Q (x) (Lu)(x) 0ϕ =< >= = (3.4)

Since i i 1{ x }∞=  is dense in [0, 1], (Lu)(x) = 0, which 
implies u = 0 from the existence of L-1.
Also from reproducing property, it can be written as

i

*
i i x i x

i x y x y x

(x) (y),R (y) (L )(y),R (y)
( (y),LR (y)(x) L R (y)| =

ψ =<ψ >=< ϕ

>=< ϕ >=

To orthonormalize the sequence i i 1{ (x)}∞=ψ  in the 
reproducing kernel space 5

2W [0,1]  Gram-Schmidt
process can be used, as:
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Table 1: The numerical results when (ε = 10-6)
x Exact solution Approximate solution Absolute error n = 26 Absolute error n = 52
00 0.0000000 0.0000000 0.000000 0.000000
01 0.0302439 0.0302439 2.94864E-10 3.93612E-12
02 0.0575792 0.0575792 2.90359E-10 2.39777E-11
03 0.0795186 0.0795186 2.48278E-10 6.54969E-12
04 0.0940885 0.0940885 2.27015E-10 6.72022E-12
05 0.0998976 0.0998976 2.38095E-10 3.32453E-11
06 0.0962123 0.0962123 1.61084E-10 1.05492E-11
07 0.0830429 0.0830429 1.42835E-10 1.42835E-12
08 0.0612399 0.0612399 8.25873E-11 1.22444E-11
09 0.0326023 0.0326023 8.07814E-12 4.97508E-11
10 0.0000000 0.0000000 0.000000 0.000000

i

i ik k
k 1

(x) (x), i 1,2,3,...
=

ψ = β ψ =∑ (3.5)

Theorem 3.2: For all 5
2u(x) W [0,1],∈  the series

i i
i 0

u(x), (x) (x)
∞

=

< ψ >ψ∑  is convergent in the norm of

5
2W. .  On the other hand, if u(x) is the exact solution of 

the system (3.2) then

i

ik k i
i 1 k 1

u(x) f(x ) (x)
∞

= =

= β ψ∑∑

Proof: Since 5
2u(x) W [0,1]∈  and can be expanded in 

the form of Fourier series about normal orthogonal
system i i 1{ (x)}∞=ψ  as

i i
i 1

u(x) u(x), (x) (x)
∞

=

= < ψ >ψ∑ (3.6)

Since the space 5
2W [0,1]  is Hilbert space so the series 

i i
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is convergent in the norm of 5W2
. . From Eqns. (3.5) 

and (3. 6), it can be written as
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If  u(x)  is  the  exact  solution  of  Eq.  (3.2) and 
Lu = f(x,u(x)), then

i

ik k k i
i 1 k 1

u(x) f(x ,u(x )) (x)
∞

= =

= β ψ∑∑

The approximate solution obtained by the n-term
intercept of the exact solution u(x), given by

n i

ik k k i
i 1 k 1

u(x) f(x ,u(x )) (x)
= =

= β ψ∑∑

NUMERICAL EXAMPLES

For the numerical illustration, two examples are
considered in this section. All the computation are
performed using Mathematica 5.2.

Example 4.1: Consider the boundary value problem

(4) (2)
2

2m 2m

1 1
u (x)  +  u (x) + u(x) = 0, 

x x
u (0)   = u (1) = 0,m 0,1

ε 

= 

(5.1)

where

and take respectively. The exact solution of the problem 
4.1 is 

The results are summarized in Table 1.

Example 4.2: Consider the boundary value problem

(4)

2m 2m

1
u (x)  - u(x) = 0, 

x
u (0)   = u (1) = 0,m 0,1

−ε 

= 

(4.2)
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Table 2: The numerical results when (ε = 10-6)

x Exact solution Approximate solution Absolute error n = 26

00 0.0000000 0.0000000 0.000000
01 -0.0799412 -0.0799412 4.60522E-12
02 -0.1525160 -0.1525750 3.42003E-11
03 -0.2112570 -0.2113380 6.81516E-12
04 -0.2508570 -0.2509520 1.03062E-12
05 -0.2673900 -0.2674880 2.18692E-12
06 -0.2585720 -0.2586630 3.35687E-12
07 -0.2240630 -0.2241380 4.60509E-11
08 -0.1658240 -0.1658760 1.36760E-10
09 -0.0885198 -0.0885458 1.74753E-10
10 0.0000000 0.0000000 0.000000

where

The exact solution of the problem 4.2 is 

The results are summarized in Table 2.

CONCLUSION

In this paper, a RKHSM is used to solve fourth 
order singularly perturbed boundary value problem
when the parameter ε is very small. It is evident from 
the numerical examples that the method proposed in 
this paper gives the accurate results. Moreover,
construction of reproducing kernel function reduces the 
computational complexity of the approximate solution. 
It can be observed that the exact and approximate
values are better agreement with each other. The errors 
of the approximate solutions are monotone decreasing 
with the increasing of nodal points. The numerical
results are displayed to demonstrate the validity of this 
method.
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