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Abstract: Homotopy Analysis Method (HAM) and Homotopy Perturbation Method (HPM) is known to be 
two powerful tools for solving many functional equations such as ordinary and partial differential and 
integral equations. In this paper (HAM) is applied to solve linear Fredholm and Volterra first and second 
kind integral equations, the deformation equations are solved analytically by using MATLAB integration 
functions. Numerical techniques for solving deformation equation are also applied using interpolation 
methods and Gaussian integration. Auxiliary parameter h is also used experimentally to control
convergence of partial sum of series solution. Several examples are tested by these methods and numerical 
results are compared with exact solution or existing numerical results to demonstrate the efficiency of the 
methods. These methods can be generalized to non-linear Volterra and Fredholm integral equation. The 
analytical and numerical results show the performance and reliability of presented method. 
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INTRODUCTION

The Homotopy analysis method (HAM) is an
appropriate tool for solving nonlinear problems
analytically, which uses power series with respect to a 
homotopy variable q to calculate the solution.

HAM have been applied for solving different
nonlinear problems in a wide variety of domains. Three 
related groups of numerical problems are nonlinear
ODEs, PDEs, and integral equations. There is a vast 
literature on these subjects [1-6]. In HAM one uses a 
continuous mapping from an initial guess of solution to 
exact solution that can be formulated as homotopy 
equation. This equation are involved with a linear
auxiliary operator and an embedding parameter q and 
some other parameters as control variables. The
solution is determined as a functional series that each 
term is solution of a so-called deformation equation. 
The solution of these equations can be performed 
analytically using special particular software as
MATLAB, MATHEMATICA or MAPLE, but using 
these software is time-consuming. Here we try to solve 
these equations numerically, by applying interpolation 
methods and Gaussian integration method (for integral 
equation). In this paper solving two important type of 
integral equations, i.e. Fredholm and Volterra, are
presented using HAM.

The paper is organized as follows: In section 2, the 
description of method is given, section 3 specified to 

present the numerical experiments. The paper ends with 
a short conclusion.

DESCRIPTION OF METHOD

Consider the general form of one-dimensional
integral equation given by 

(1)

where a,β, g are given functions from R to R, and 
 is a known function. If α(x) ≡ 1 and β(x) = b 

which is fixed value then equation (1) is a second kind 
Fredholm equation.If α(x) = 0 and β is a fixed value, 
(1) is a first kind Fredholm equation, when α(x) = 1 but 
β(x) = x then (1) is second kind Volterra equation,and if 
α(x) ≡ 0 but β(x) = x then (1) is a first kind Volterra 
equation. If

Then (1) is a linear integral equation, otherwise, a 
nonlinear integral equation. Now operator N is defined 
as follows:

(2)
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N can be linear or nonlinear. Homotopy equation 
for (2) can be written as follows:

Or

(3)

y0(x) is a given guess function which approximate y(x) 
and q is embedding parameter (or homotopy variable), 
h is the control parameter, and H(x) an auxiliary
function which is used to control convergence. If q=0, 
then (3) yields:

(4)

And if q = 1, Eq. (3) yields

(5)

Thus, according to (4) and (5), as the embedding 
parameter q increases from 0 to 1, ϕ(x;q) varies
continuously from the initial approximation y0(x), to the 
exact solution y(x) such a continuous variation is called 
deformation in homotopy. ϕ(x;q) is defined as power
series in q as:

(6)
where

(7)

Then, the solution series can be presented by the 
following equation 

(8)

Hence to compute y(x), it is essential to determine 
ym(x) for each . The following partial sum is an 
approximation of y(x), provided that homotopy series 
(8) converges, 

(9)

By differentiation m times (1) with respect to q,and 
replacing q=0, in the results, it follows:

(10)

where

(11)

where

If  uniformly converges to a limit
when n→8, the limit function is our required solution.

In this part, applying an idea of Jaradat in [6] for 
linear case one defines:

And for the nonlinear case the same idea is used by 
nonlinear operator B defined as 

Next, in order to solve deformation equation
numerically we use in each step an interpolation of 

m( ) in interval [a, β(t)]. This interval can be
transformed to [-1,1], to accept Chebyshev points as 
interpolation nodes. For instance, in the case of
Fredholm equation of second order, the following
equation is obtained

(12)

where xi,  ti, i=1,2,…,n, are the Chebyshev points, li(x),
i=1,2,…,n are Lagrange polynomials. After that, the
equation (12) which constitute a linear or nonlinear
system of equations, with ym(ti), i=1,2,…,n as known, 
can be solved by an adequate numerical solver, for 
example Newton method for nonlinear case. The
integrals appeared in (12), can be computed by Gauss–
Legendre quadrature formula. The function H is
assumed fixed, precisely, H(x)≡1 and h is determined 
by a minimization procedure, precisely, by minimizing 

 in each step m.
Applying the operator B, to (11), following [6], 

with assumption L is identity operator we have the 
following equation: 



World Appl. Sci. J., 16 (12): 1664-1667, 2012

1666

 = 

Using Gauss-Legendre quadrature formula, it follows 

After calculating the values of ym(xi), for i=1,…,n, the h value is determined by minimizing the following 
function:

Table 1:

xi yHAM Error

0.0 1.00000 0.00000×10-15

0.6 1.39680 0.22204×10-15

1.2 1.26007 0.00000×10-15

1.8 0.64203 0.33306×10-15

2.4 -0.22123 0.00000×10-15

3.1 -1.00000 -0.11102×10-15

Then h can be determined as:

h = argmin(F(h)), 

the validity of this procedure to find h is simply verified 
by the fact that,the solution y(x) must satisfies

N(y(x)) = 0, 

and each partial sum of y(x) i.e. , will have a 
small norm for x∈[α, β(x)], for m large and 
for reasonable value of h, then F(h) will be satisfactory 
near to min F(h) for large m. 

NUMERICAL EXAMPLES

Example 1: Consider the following Fredholm integral 
equation of second kind 

With exact solution y(x) = cos(x)+sin(x), accepting 
y0(x) = 0, the numerical results for som points is
presented in Table 1. For m=10 and n=10

Example 2: Consider the following Fredholm integral 
equation of second kind

3x – (1/9)(2e3x +1)

Table 2:

xi yHAM Error

0.0 1.0000 10-15

0.2 2.4596 10-15

0.4 5.2070 10-15

0.5 8.1662 10-15

0.9 12.8071 10-15

1.0 12.7175 10-15

Table 3:

xi yHAM Error

0.0 1.0000 10-3

0.2 1.2214 10-3

0.4 1.4918 -0.0030×10-3

0.5 1.6487 -0.0117×10-2

0.9 2.4592 -0.4274×10-2

1.0 2.7175 -0.8192×10-3

Fig. 1: Approximation and exact solutions 
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Fig. 2: Plot F (h) for example 2

Fig. 3: Approximation and exact solutions 

Fig. 4: Plot F (h) for example 3

with the exact solution y(x) = e3x, accepting y0(x) = 0, 
the numerical results for some points is presented in 
Table 2. For m=10 and n=20.

Example 3: Consider the following Volterra integral
equation of second kind

 + 

with the exact solution y(x) = ex, accepting y0(x) = 0, 
the numerical results for some points is presented in 
Table 3. For m = 5 and n = 10.

CONCLUSION

In this paper a numerical method for solving
Fredholm and Volterra integral equation is presented. 
This method solves the deformation equation using 
interpolation with Chebyshev points and calculates 
integral with Gaussian quadrature. The numerical
experiments are satisfactory, these results show the
efficiency and the performance of proposed method. 
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