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Abstract: This article presents an iterative scheme for solution of the viscous Cahn-Hilliard equation. The 
procedure is based on the Variational Iteration Method (VIM) in which the solutions are calculated in the 
form of a convergent series with easily computable components. A good agreement is observed between 
the present solutions and that obtained by other iterative methods like Adomian Decomposition Method 
(ADM). However the VIM procedure is simple in implementation and provides very good and reliable 
results.
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INTRODUCTION

There are growing scientific interests in studying 
the phase transition effects and interfacial dynamics 
phenomena in the mixture of different fluids, liquid or 
gas. In the two-phase systems, the components are 
separated by a sharp interface that evolves in time with 
the flow. The question how to describe the evolving 
interface between two phases was a subject of extensive 
investigation over two centuries. In variance with the
sharp interface models, the phase-field models provide 
a sound alternative for problems with topologically 
complex interfaces and problems where the interface 
thickness is comparable to the length scale of the
phenomena being involved. Phase-field models are an 
increasingly popular choice for modeling such a motion 
of multi-phase fluids [6]. In the phase-field model,
sharp fluid interfaces are replaced by thin with non-zero
thickness in the transition regions, where the interfacial 
forces are smoothly distributed. Within this thin
transition region, the fluid is mixed and has to store 
certain amount of mixing energy. A mixing energy is 
defined based on phase function φ which, through 
nonlinear differential equation, governs the evolution of 
the interfacial profile.

The dynamic of φ can be driven by either Cahn-
Hilliard [8] or Allen-Cahn [9] types of gradient flow, 
depending on the choice of dissipative mechanism.
Both equations differ from each other by the fact that 
the former satisfies an additional conservation condition 
[10].

The diffuse interface models derived from a Cahn-
Hilliard can be generalized as viscous Cahn-Hilliard
equations. These contain the Cahn-Hilliard equation 

and the Allen-Cahn equation in respective limits [10]. 
In this work, we have used the viscous Cahn-Hilliard
dynamics that involves the fourth-order differential
operator so that its numerical implementation is
difficult than that of the Allen-Cahn type equation. The 
viscous Cahn-Hilliard (CH) equation is related with a 
number of interesting physical phenomena like the
spinodal decomposition, phase transition and phase
ordering dynamics. However, this equation is very stiff 
and is difficult to solve it exactly.

The aim of this paper is to provide an approximate 
solution to the viscous Cahn-Hilliard equation using 
relatively new iterative method i.e., the Variational
Iteration Method (VIM). The VIM procedure is used 
very recently by numerous investigators to solve
various kinds of nonlinear problems. The main
attraction of the method is in its simplicity and
flexibility to solve nonlinear problems using any
symbolic computation software like Maple or
Mathematica  (See  for  example  the  review  paper  of 
Ji-Huan   He  title  "recent  trends  and  developments
in the use of the VIM"[12]). Before the availability of 
modern computers, it was considered to be cumbersome 
because it often requires extensive integrations.
However, with the advent of computer techniques for 
symbolic computation, by means of which the computer 
does the integrations, the iterative method has returned 
to the class of highly valuable methods. In addition, it 
provides one with a method which can be made to be of 
any order of accuracy. The need for methods of
exceptionally high orders of accuracy frequently occurs 
in many science and engineering problems.

The rest of the paper is organized as follows; In 
Section 2, the basic introduction of the method is given. 
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Implementation of the method for solving the
governing equation is given in Section 3. Comparison 
of solutions obtained by VIM and ADM are given in 
Section 4. Section 5 concludes this paper.

VARIATIONAL ITERATION METHOD

To illustrate the basic concept of the variational 
iteration technique, we consider the following general 
nonlinear differential equation

£ g(x)φ+ℵφ= (2.1)

where £  is a linear operator, ℵ a nonlinear operator 
and g(x) is a continuous forcing term. According to the 
VIM [7], we can construct a correction functional for 
the system as follows

( )
x

nn 1 n n0
(x) (x) (£ ( ) ( ) g( ))d+φ = φ + λ ξ φ ξ +ℵφ ξ − ξ ξ∫


(2.2)

Where λ is a Lagrange multiplier, which can be
identified optimally through variational iteration theory. 
The subscript n denotes the nth approximation, φn is the 
nth approximate solution and nφ  denotes a restricted 

variation [1-11] i.e., n 0.δφ =  So, we first determine the 

Lagrange multiplier λ that will be identified optimally 
via integration by parts. The successive approximations 
φn+1(x,t),n≥0 of the solution φ(x,t) will be readily
obtained upon using the obtained Lagrange multiplier 
and by using any suitably chosen function φ0.
Consequently, the series solution

nn
(x,t) lim (x,t)

→∞
φ = φ (2.3)

It is interesting to note that for the linear problems, 
exact solution can be obtained by only one iteration due 
to the fact that the Lagrange multiplier can be exactly 
identified [1].

NUMERICAL EXAMPLE

Consider the viscous Cahn-Hilliard equation [14] 

3 4 2 3

2 4 2

( )
0, x (0, ), t 0

t x t x x
∂φ ∂ φ ∂ φ ∂ φ − φ

− γ + − = ∈ π >
∂ ∂ ∂ ∂ ∂

(3.1)

subject to the initial condition

(x,0) 0.1cos(x)φ = (3.2)

In eqn. (3.1), φ = φ(x,t) is the concentration of one 
of   the   elements  of  the  mixture  and γ  is  a constant 

satisfying γ<<!. In [14], the authors provided an
approximate solution to the eqn. (3.1) by using the
Adomian decomposition method subject to the initial 
condition.   Using   VIM,  the  correction  functional 
[11, 15] of eqn. (3.1) can be written as

( )
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(3.3)

Taking variation with respect to φn on both sides, 
noticing that δφn(0) = 0, we have

( )
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(3.4)

since nφ  is considered as restricted variation [1, 11], 
therefore

( )n 0δ φ = (3.5)

which gives

t

n 1 n n nt 0
(x,t) (x,t) ( ) ( ) ( )d+ ξ ξ=

∂λ
δφ = δφ + λ ξ δ φ − δ φ ξ

∂ξ∫ (3.6)

Using the optimality condition δφn+1(x,t) = 0, we 
have the following stationary conditions

(t, ) 0
∂λ

ξ =
∂ξ

(3.7)

t1 (t, ) 0ξ =+ λ ξ = (3.8)

The Lagrange multiplier, therefore can readily be 
identified as

1λ = − (3.9)

As a result, we obtain the following iteration formula:

( )

3
n n

2
t

n 1 n 2 30 4
n nn

4 2

x
(x,t) (x,t) d

x x

+

 ∂φ ∂ φ
− γ ∂ξ ∂ ∂ξ φ = φ − ξ ∂ φ − φ∂ φ + − ∂ ∂ 

∫ (3.10)

with initial guess approximation as
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Fig. 1: Comparison of solution φ2 by ADM [LHS] and VIM [RHS] for γ = 0.5

0 0.1cos(x)φ = (3.11)

then for n = 0, we obtain φ1 from iteration formula given in eqn.(3.10):

2 3
1 0.1cos(x) 0.006tcos(x)sin (x) 0.003tcos (x)φ = + − (3.12)

and for n = 1, we obtain φ2 as:

( )
( )
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( )
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t 1.7 10 cosx 2.1 10 cos5x 8.1 10 cos3x

t 5.3 10 cos5x 1.7 10 cos3x 6.2 10 cos7x

t 1.7 10 cosx 5.8 10 cos9x 2.4 10 cos5x

t 2.4
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φ =
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+ × + × + ×

+ − × − × − ×

+ × + × + ×

+ ( )8 810 cos3x 3.5 10 cos7x− −× + ×

(3.13)

Table 1: The  absolute  difference  between φad(x,t)  and φ2(x,t) for 
γ = 0.5

|φ2-φad|
------------------------------------------------------------------------------------
tn/xn 0.01 0.02 0.04 0.05

0.1 9.5×10-6 1.9×10-5 3.8×10-5 4.7×10-5

0.2 4.1×10-5 6.3×10-5 1.3×10-4 1.6×10-4

0.3 6.1×10-5 1.3×10-4 2.6×10-4 3.3×10-4

0.4 1.1×10-4 1.3×10-4 4.3×10-4 5.4×10-4

0.5 1.6×10-4 6.2×10-4 6.2×10-4 7.7×10-4

For illustration purposes, we have provided results 
only up to φ2. However, φ3, φ4,…, φn can be computed 
in a same manner to obtain an approximate solution up 
to order n.

Table 1 shows the absolute difference between the 
solution obtained by ADM (φad(x,t)) [14] and by present 
method  (φ2(x,t))  accurate up to order 2 for γ = 0.5. The 

Fig. 2: Behavior of solution obtained by VIM for γ = 
0.5 at t = 0 (Solid line), t = 0.5 (dotted dashed 
line) and t = 1.0 (dashed line)
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agreement  in  both the solutions is good. Furthermore, 
in Fig. 1 graphical behavior of the solution and its 
comparison with the solution (φad) obtained by ADM 
[14] is given.

Figure 2 shows the behavior of solution obtained 
by VIM when γ = 0.5 is fixed and and time varies from 
0, 0.5, 1.0. respectively. The amplitude of the phase 
grows with time
and finally reach to the steady state:

It should be noted that the approximate solution 
given by eqn. (3.12) and eqn. (3.13) satisfy the initial 
condition (3.11). Moreover, the mass conservation
principle holds, since by eqn. (3.12) and eqn. (3.13), we 
have

20 0

d d
dx dx 0

dt dt
π π
φ = φ =∫ ∫ (3.14)

CONCLUSION

In this work, variational iteration method has been 
successfully applied for finding the approximate
solution of viscous Cahn-Hilliard equation. The
numerical results obtained by VIM were observed to be 
in an excellent agreement with the results obtained by 
ADM. This indicates that the method is very efficient, 
reliable and experiences high accuracy. And in
comparison with ADM, a considerable reduction in the 
volume of calculation can be observed in the VIM as it 
solves  the  non-linear  problems  without  using 
Adomian polynomials. Moreover, unlike the traditional 
perturbation methods, VIM does not require any small 
parameter. In VIM we do not need discretization of 
time or space which reduces the computational errors 
and computer memory usage. The method is able to 
solve this nonlinear problem effectively and more
easily as compared to other numerical techniques like 
adomain decomposition method. Due to its simplicity, 
flexibility and accuracy, VIM has been used to solve a 
wide range of linear and non-linear problems in science
and engineering.
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