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Numerical Simulation of Flow Around Two Rotating Circular Cylinders in Staggered
Arrangement by Multi-Relaxation-Time Lattice Boltzmann Method at Low Reynolds Number
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Abstract: The flow field around two rotating circular cylinders arranged in a staggered configuration is studied
numerically using Lattice Boltzmann method via multi-relaxation-time approach. The flow simulations are carried
out at various values of absolute rotational speed 0 K 2, gap spacing of 0.5 and angle of incidence ranging
from =0° to 90° at Reynolds number of 100.Results are presented in the form of streamlines, vorticity and
pressure contours. Moreover, effects of the above parameters on drag and lift coefficients are investigated. The
results show that the arrangement and rotational speed of cylinder have significant effect on drag and lift
coefficients.
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INTRODUCTION many engineers and researchers [1-3]. Spatial arrangement

Fluid flow over multiple structures is one of the most namely, aligned with the direction of the main flow (in
important practical problems in fluid mechanics and tandem), placed side-by-side and placed in a staggered
engineering. It is well known that flow loading on arrangement [1].
members in a group may be quite different from the It is now well known that the wake behind the two
isolated ones. Flow characteristics past each member are side-by-side cylinders depends significantly on the
affected by its neighbors via wake interaction, resulting in normalized gap spacing, g*=g/D, where g and D are the
alteration of the overall flow pattern [1]. distance between two cylinder surfaces, the cylinder

Circular cylinder is one of the popular forms used in diameter and Reynolds number [11-13]. Sumner et al.
engineering structures [2]. In many engineering (1999) represented the results obtained in previous
applications of cylinder-like structures such as air flow studies accompanied with experimental conditions such
past a group of buildings or bundle of pipes in a chemical as Re, g* and type of measurement [14]. Various numerical
plant, coolant flow past tubes in a heat exchanger, sea- studies have been performed to identify the flow
water flow past columns of a marine structure, twin characteristics around two side by side cylinders [15-19].
chimney stacks and etc. fluid forces, Strouhal frequencies Recently, Ryu et al. (2009) numerically examined a flow
and flow configurations are major criteria for the design past two circular cylinders in a side-by-side arrangement
[3-6]. The flow past a stationary and rotating single at low Reynolds numbers  and g*  5. They
cylinder has been widely studied both numerically and found that the changes of hydrodynamic coefficients due
experimentally because it can be considered that an to variations in separation are well characterized by the
elementary flow is helpful for understanding the flow five different vortex flow patterns, which can also be used
patterns and aerodynamic characteristics around multiple to explain the flow and vortex pattern around the double
bluff bodies in engineering practice [7-10]. The mutual cylinders [20].
interference, aerodynamic forces and flow behavior Numerous experimental and numerical studies carried
around two circular cylinders exhibit many interesting and out by several researchers revealed that when the two
unexpected phenomena which attracted the attention of cylinders are placed in tandem, there exists the critical

of two cylinders can be classified into three categories,
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distance which is defined as the minimum gap between
the walls of the cylinders and establish separating
different flow regimes between the two cylinders, the
value of the critical  distance  varies  depending  on Re
[21-25].  If  the gap is greater than the critical spacing
(3.5D-3.8D), the upstream cylinder sheds vortices onto the
downstream cylinder. Alternatively, vortex shedding does
not occur from the upstream cylinder if the gap is less
than the critical spacing [26-32].

The most general and applicable arrangement for two Fig. 1: Discrete velocity vectors for the D2Q9 model for
circular cylinders in cross flow is staggered configuration. 2D LBM.
Different researchers reported various flow patterns due
to variety in Reynolds number, inclination angle and gap respectively. For example
spacing [33-35]. Kyongjun Lee and Kyung-Soo Yang and , where T denotes
(2009) numerically studied flow patterns past two nearby the transport operator. In the D2Q9 model, the discrete
circular cylinders of equal diameter using an immersed velocity (e ) set is (Figure 1):
boundary method and considered all possible
arrangements of the two cylinders in terms of the distance
between the two cylinders and the inclination angle at low
Reynolds numbers (Re  160). Ten distinct flow patterns (2)
were classified in total based on vorticity contours and
streamlines [1].

Moreover flow pattern over two rotating circular Where  c= x/ t  is  the   lattice   speed, x   and t  are
cylinders seems to be the least studied relative to different the  lattice  cell  width  and  time  step  size,  respectively.
arrangements of stationary cylinders. There are a few Here, t is chosen to be equal to x, thus c = 1. In the
investigations on flow past two rotating circular cylinders equation  (1),  R  can  be  related  to  the  column  vector
in a side-by-side arrangement. All of the studies showed of  f as follows:
that variation of the gap spacing and rotational speed has
significant effect on wake pattern [36-38]. Results revealed
that as the rotational speed increases, flow becomes
stabilized and finally steady beyond the critical speed
depending on the gap spacing. Regardless of the gap
spacing, as the rotational speed increases, the lift (3)
increases and the drag decreases [11, 39].

In this paper, the Lattice Boltzmann Method with
multi-relaxation-time (MRT) collision is employed to
investigate the flow field around two rotating circular
cylinders arranged in a staggered configuration. Where R  = e is the flud density, R  = ,R. In the column

Multiple-relaxation-time Lattice Boltzmann Equation flux  in  two  directions  R   = j  is square of the energy
(MRT-LBE): In this paper, the lattice Boltzmann equation e, R  =  energy,  are  related   to   the   components  of
using the multi-relaxation-time (MRT) collision model is R  = p  is correspond to the energy flux in two
applied based on the works of d’Humières [40] and directions and R  = q  the diagonal and off-diagonal
Lallemand and Luo [41]: component of the viscous stress tensor. These nine

(1) moments and they are locally conserved in the collision

Where f(x,t), R(x,t) and R (x,t) are 9-dimensional vectors. moments and they are calculated (can be obtained) fromeq

f(x,t)  is  the  distribution  functions.  Also, R = M f and the (R ,R ,R ,R ,R ,R ) equilibrium values that are
R  = M f are the moments and the equilibria of  moments, functions of the conserved quantities.eq eq

1 0

vector R to f is a 9×9 matrix transforming M, are the mass
3,5 x,y

2

7,8 xx,xy

4,6 x,y

moments are separated into two are the non-conserved

process; (  = R  = R ) groups: are the non-conserved3 5

1 2 4 6 7 8



( )R R R Ra c b c b ceq
jj j j jS= + −

a cR j Rb c
j

Req
j

2 2

7 8

1 11 1( ) ( )2 2s t s tS S
c c= − = −

/ 3c cS =

( )
( )

( )

2 2

2 2
0

2 2
0

0

2

3 /

/

/

eq
x y

eq
x y

eq
x x
eq
y y

eq
xx x y

eq
xy x y

e j j

j j

q j

q j

p j j

p j j

= − + +

= − +

= −

= −

= −

=

2, u e , sf f p c= = =∑ ∑

x x

x x
f w

f b

−
∆ =

−

(x, )f t t+ ∆

World Appl. Sci. J., 15 (4): 544-554, 2011

546

(4)

Where  are the moments after collision,  are the
moments before collision (the post-collision value),
are the corresponding equilibrium moments and S are thej

relaxation rates that are the diagonal elements of the matrix
S. The matrices S of the incompressible lattice Boltzmann
model can be written as:

S = diag(0,S , S , 0, S , 0, S , S , S ) (5)1 2 4 6 7 8

In equation (5) collision rates S , S  and S have0 3 5

physical meaning for incompressible flows and it is relate Fig. 2: Figure of lattices in curved wall boundary.
to the conserved moments. It is more flexible to select the
other relaxation rates: S , S , S  and S . In general, these1 2 4 6

four parameters can be chosen in the range 0<S <2. In allj

simulations S =S =S =S =1are used as the relaxation rates.1 2 4 6

For giving a consistent dynamics viscosity, relaxation
rates S and S  have to be equal S = S . While S  and S  are7 8 7 8 7 8

related to the kinematic viscosity  by Equation
(Lallemand and Luo [41]):

(6)

Where  is the speed of sound. The relaxation Fig. 3: A schematic diagram of the physical model
equations for the non-conserved moments R  areeq

prescribed as follows: as shown in figure 2. The black small circles on the

various lattice links. The boundary velocity at x  is u .

(7)

The constant  is the mean density in the system The standard (half-way) bounce back no-slip0

and is usually set to be unity in simulations. Based on the boundary  condition  always  assumes  a  delta  value of
conservation laws of mass and momentum, the 0.5  to the  boundary  wall  (figure  3a).  Due  to the
macroscopic density , velocity u and pressure P are curved  boundaries,  delta  values in the interval of (0, 1]
given by: are now possible. Figure 3b shows the bounce back

0.5  and  figure  3c shows  the  bounce  back  behavior  of
(8) a wall with delta bigger(grater) than 0.5. In all three cases,

Curved Boundary Treatment: The lattice nodes on the
solid and fluid side are denoted as x   and  xf,  respectivelyb

boundary, x , denote the intersections of the wall withw

w w

The fraction of an intersected link in the fluid region is ,
which is defined as:

(9)

behavior  of  a  surface  with  a  delta  value  smaller  than

the reflected distribution function  at x  isf

unknown.  Since  the  fluid  particles in the LBM are
always   considered   to   move  one  cell  length  per  time
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step, the fluid particles would come to rest at an In   this   study   the  flow   simulations   are  carried
intermediate node x . In order to calculate the reflectedi

distribution function in node x , an interpolation schemef

has to be applied. For treating velocity field in curved
boundaries, the technique is based on the method
reported by Guo et al. [42].

In order to calculate the velocity on a curved
boundary, it is needed to establish  with
respect to known information and parameters. Filippova
and Hänel [43] proposed a method using the linear
interpolation:

(10)

Where

(11)

(12a)

(12b)

In equations (13-14b) (Where)u ,  and u  are thew bf

velocity at the wall, weighting factor and the imaginary
velocity for interpolations, respectively and .
Also, f is equilibrium distribution function, whicheq

depends on the local density and velocity which can be
computes as follows:

(13)

Problem Description: Fig. 3 shows the schematic of the
problem which consists of a pair of circular cylinders in
staggered arrangement. The main cylinder (MC) rotates
clockwise and its location is fixed while the downstream
cylinder (‘‘surrounding cylinder”, SC) is placed at various
locations relative to MC and rotates in the opposite
direction with same magnitude of rotational speed. The
gap spacing is g*= g/D in which g and D are the distance
between two cylinder surfaces and the cylinder diameter,
respectively. The incidence angle between the line
connecting the two cylinder centers and the oncoming
flow is denoted by .

out  at    various    ranges   of   absolute   rotational
speeds  0=K=2 for  gap  spacing  of  0.5  and  incidence
angle  ranging  from =0°  to  90°  at  Reynolds  number
of 100.

Boundary Condition: In this study, there are inflow,
outflow, top and bottom boundary conditions. At the inlet
we use boundary conditions of Zou and He [44] with
constant uniform velocity U in x direction. For the outlet8

boundary condition presented in Yu et al. [45] the
extrapolation scheme is used.

(14)

Where, N  is the number of lattices in the x-direction.x

On the top and bottom boundaries symmetry
boundary  condition  is  applied  (by)   based   on  the
work of  Mei  et  al.  [46].  The   above   four  boundaries
of the  flow  field  are  placed  far  enough  from  the
centre cylinders in order to eliminate the effect of the
boundaries.  In  the  present  simulations,  the boundaries
at upstream and beneath the cylinders are set,
respectively,   as   8   and   18   times   of   the  diameter
away  from  the  centre  of  the  main cylinder; the upper
and downstream walls are both set as 6 times of the
diameter away from the centre of the surrounding
cylinder. An initial field of flow is given by u(x,y)=U ,8

v(x,y)=0, where u and v are,  respectively,  the x- and y-
component of u and the cylinder is stationary. At the next
moment, the cylinder starts to rotate with an angular
velocity .

Force Evolution: In the present study for simulating the
flow around the circular cylinder the momentum exchange
method has been applied as suggested by Mei et al. [47].
In the LBM this method is based upon the transfer of
momentum by fluid particles to a particle surface after the
collision and streaming step. For each pair of fluid and
solid nodes the amount of transferred momentum is
calculated by:

(15a)

The total force acting on the X solid wall by fluid canb

be obtained by summing the contribution over all
boundary nodes belonging to the body:
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Fig. 4: Comparison between the evolution of the velocity field obtained by present computation (left) and those by
the experiment of Coutanceau and Menard [8] (right) for Re = 200, K=0.5.

(a) (b) (c)

Fig. 5: Comparison between time-averaged drag coefficient (a); time-averaged lift coefficients (b) and Strouhal
number (St) (c) by Kang [17] for different the gap spacing at Re = 100.

Where f , and D are the vortex shedding frequency from

(15b) respectively. F and F  are forces components in y and x

Where the inner sum, calculates the momentum exchange rate of the peripheral velocity V=R.  to the inflow
for a solid cell for all possible neighboring fluid nodes and velocity U , i.e. K=V/ U .
the outer sum adds up the total transferred momentum for
the solid. (i, j) is a scalar array and is defined as follows: Verification: To validate the present study two different

rotating circular cylinder is simulated at Re=200, K= 0.5.

In the present study important dimensionless Coutanceau and Menard [8]. The comparison indicates
numbers are the Reynolds, the drag coefficient C , the lift that the results are in a good agreement in terms of wakesD

coefficient C , the Strouhal number St and dimensional formation. Second, the result of flow around twoL

time t*. They are defined by the following formulas: stationary circular cylinders with the same diameter in a

averaged drag coefficient  the time-averaged lift

s

the cylinder, the density and the cylinder diameter,
y x

directions. We also define absolute rotational speed K as

8

problems are considered. First, the flow field around a

Fig. 4 shows the comparison of the streamlines obtained
by the present study and the experimental results of

side-by-side arrangement has been simulated. The time-

coefficient    and  the   Strouhal   number   (St)  are
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compared with those of Kang (2003) at Re = 100 for four
different  gap  spacing  of  0.2, 0.7, 1.5 as shown in fig. 5
(a-c), respectively. Good agreement between the results is
seen.

RESULT AND DISCUSSION

Fig.  6  illustrates  the  abbreviations   and  symbols Fig. 6: Schematic of vorticity distribution
for  the  present  problem.  SLM   up,   SLM   down,  SLS
up  and  SLS  down  represent  the  upper   and  lower
shear  layers  separated from MC and SC, respectively.
The  points  where  shear layers reattach on, or detach
from  the  surface  of  the  downstream cylinder are
notated with capital letters, A, B, C and D. The symbol
“A”  represents  the  reattachment  region  where  the
upper shear layer (SLMup) from upstream cylinder Fig. 7: Flow pattern over two cylinder.
reattached on the downstream cylinder. The “B” and “D”
represent the detaching regions on the lower part and
upper part of downstream cylinder, respectively. The “C”
represents the impingement region where the separated
layer impinged again on lower part of the downstream (a)
cylinder.

As shown in Fig.7, the outside and the gap flow
patterns depend on the location of the downstream
cylinder. Fig. 8a and 8b show two types of the gap flow
pattern: (b)

An entire gap flow: SLM up passes only through the Fig. 8: Gap flow patterns: (a) entire gap flow: (b) divided
gap between the cylinder and remains in the vicinity gap flow.
of the downstream cylinder together with SLS down.
(Figure 8a) For  = 15, as shown in Fig. 9 (b), SLM down
A divided gap flow: SLM up divides into two parts reattached on the lower part of the downstream cylinder.
(flows in two directions after reattachment): one The SLM down was divided into two parts. One of them
through the gap and one over the upper side of the flows onward and combines with SLS down. The other
SC cylinder (Figure 8b). part, due to the effect of cylinder rotation, travels along

Figure 9 illustrates the typical vorticity contours and up merge with SLS up. These processes cause a delay in
streamlines for the case of rotating cylinders with K=1, vortex shedding.
Re=100, g*=0.5 and different incidence angles = 0, 15, 30, When   the     downstream     cylinder     located   in
45, 60, 75 and 90. the  staggered  form  with =30  as depicted  in fig 9(c),

As seen, when the cylinder arranged in tandem, the   vortices   suppress   and   result   in   decreasing  the
vortices stretched  behind  the  cylinders.  In  the  case drag  coefficient.  The  upper  shear  layer  coming from
of  = 0, as shown in Fig. 9 (a), the rotation causes to the upstream cylinder (SLM up) reattached on the
SLM down flows only passes through the gap between downstream    cylinder,    SLM    down  flowed  onward
the cylinder and remains in the vicinity of the downstream and  combined  with  SLS  down  and  because  of  the
cylinder. The entire gap flow as explained in fig. 8(a) rotating movement of this cylinder makes an
occurred and prevents SLM up to reattach on the approximately virtual elliptic body by closed streamlines
downstream cylinder and merge with SLS up and form which causes the surrounding drag coefficient to
wider and longer vortices. diminish.

the gap spacing and causes divided gap flow. Also, SLM
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

Fig. 9: Streamline (Left) and vortex (Right) pattern for the case of rotating cylinders with K=1 for different inclination
angle, (a) = 0, (b) 15, (c) 30, (d) 45, (e) 60,(f) 75 and (g) 90 at Re=100 for g*=0.5.

For =45 (fig. 9 (d)), It is seen that SC significantly the top of the downstream cylinder which causes a greater
interfere with the upper shear layer from MC. The shear drag force than the case of =30.
layer formed above MC reattaches on SC. When the Figs. 9(e) and 9(f) demonstrate that for = 45 the flow
cylinder move to =45, the flow doesn’t pass through the pattern is different from those of =60 and 75(figs. 9(e)
gap and the outside flow occurs. Due to the opposite and 9(f)) means that the flow passes through the gap and
direction of the cylinders’ rotation against the flow, the also outside the surrounding cylinder, i.e., divided gap
separated shear flow from upstream cylinder reattaches on flow occurred.
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(a) (b)

Fig. 10: Variation of (a) averaged drag coefficient main cylinder (b) averaged drag coefficient surrounding cylinder with
increasing inclination angle for different rotating cylinders at Re=100 for g*=0.5.

(a) (b) (c)

(d) (e) (f)

(g)

Fig. 11: History of drag and lift coefficient for the case of rotating cylinders with K=1 for different inclination angle, (a)
= 0, (b) 15, (c) 30, (d) 45, (e) 60,(f) 75 and (g) 90 at Re=100 for g*=0.5.
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CL
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Fig. 12: Variation of Root mean square drag coefficient incidence angle and reaches its minimum while =30 and
with increasing inclination angle for different then increases and take its maximum at =90.
rotating cylinders at Re=100 for g*=0.5. Fig. 12 shows that there is a certain incidence angle

Fig. 13: Root mean square lift coefficient as a function of displays a reverse style for 60< =90 and reaches its
rotational speed for different inclination angle at minimum value while K=2.
Re=100 for g*=0.5. The root mean square lift coefficient for staggered

For =90 (side-by-side arrangement) vortices which can be observed that because of flow stabilization due to
form alongside the biased gap flow are squeezed and rotational speed, the amplitude of lift coefficients rises as
amalgamated into the dominant vortices on the outside of K increases. In the cases of =60, 75 and 90 the root mean
the two-cylinder configuration, the side to which the flow square lift coefficients increase linearly in proportion to
is biased. This amalgamation process eventually produces rotational speeds. It can be seen the increment of  is
a single vortex street in the combined wake which is
characterized by the one-row vortex street as shown in
Fig. 9(g).

Fig. 10 shows the variation of drag coefficient against
incidence angle. The net effect of these drag values are
the manifestation of an attraction force between the
cylinders. The results for mean drag coefficients depict
that for all cases, except =90, the drag force acting on
MC is greater than that of the surrounding one (Fig. 9 (a)

and (b)). The variation of mean drag coefficient can be
divided to three parts. For the incidence angle in the range
of 0= <15, this factor has an increasing trend with
respect to the rotational speed while it shows a reverse
trend for 60< =90. It can be seen that there are certain
angles in which the drag coefficient of main cylinder have
the same value for different rotational speeds. In side-by-
side arrangement, the drag coefficients for both cylinders
are equal. It implies that the separated shear layer from the
MC has an important influence on the forces acting on the
surrounding one.

For better discussion the history of drag and lift
coefficient are shown in fig. 11 for K=1, Re=100 and =0,
15, 30, 45, 60, 75 and 90. The figure shows that the
frequency of the vortex shading decreases with increasing

for each rotational speed wherein the value of the total
drag coefficient (C ) reaches its minimum value; whichD r.m.s

is corresponding to the angle in which the sign of drag
coefficient of SC changes. Increasing the rotational
velocity ratio causes the valley of the drag curves move
to right. It can be seen that C  has a similar trend to theD r.m.s

mean drag coefficient of the main cylinder. For the
incidence angles range of 0= <15 especially in tandem
configuration, C  increases as K augments. This can beD r.m.s

explained with vortex stretching and preventing the flow
to pass through the gap spacing. On the other hand due
to the rotational effect, the flow becomes stabilized and
the width of the wake decreases, so the drag coefficient

cylinders of g* =0.5 at Re=100 are presented in Fig. 13. It

governed by the linear function of , where m is the
slope. Here, the values of slopes for =60, 75 and 90 at
Re=100 are 2.10, 2.34 and 2.34, respectively.

CONCLUSION

In this investigation, the Lattice Boltzmann Method
via MRT is employed to study the flow field around two
rotating circular cylinders arranged in a staggered
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configuration. The results obtained for different incidence 9. Kimura, T., M. Tsutahara and Z.Y.  Wang,  1992.
angle and rotational speed. The streamline and vorticity
contour revealed that when the downstream cylinder
located in the staggered form with =30 the vortices
suppress and result in decreasing the drag coefficient.

The obtained results show that drag coefficient of
main cylinder has a decreasing trend with respect to
incidence angle and beyond a certain angle increases
gradually. Drag  coefficient of surrounding cylinder for
any rotational speed also generally increases as incidence
angle rises. There is also a certain incidence angle for
each rotational speed wherein the value of the total drag
coefficient (C ) reaches its minimum value; which isD r.m.s

corresponding to the angle in which the sign of drag
coefficient of SC changes. Besides, in the cases of =60,
75 and 90 the root mean square lift coefficients increase
linearly in proportion to rotational speeds. This trend can
be explained by linear function with slope of 2.10, 2.34 and
2.34, respectively.
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