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The Common Solution of the Pair of Fuzzy Matrix Equations
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Abstract: In this paper, we investigate the common solution pair of the fuzzy matrix equations. The Kronecker
product and Vec-operator for transforming system of fuzzy linear matrix equation to fuzzy linear system are
employed. A new iterative method for solving two non-square m x n system instead of one 2m x 2n system is
presented. Examples are provided to illustrate the developed theory.
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INTRODUCTION

The systems of linear equations play a major role in
various areas such as science, engineering and
economics. Many authors attempt to solve this system by
several different methods. In [1], Friedman et al. proposed
a model for solving an n x n fuzzy linear system of
equation where the coefficient matrix is crisp and the
right-hand side column is an arbitrary vector of fuzzy
numbers. Authors such as Abbasbandy et al. [2], Asady
et al. [3], Allahviranloo et al. [4], [5], Zheng and Wang [6],
[7] and Dehghan [8] have extended the work of Friedman
et al. [1], in dealing with fuzzy systems by using a crisp
linear systems.

In general, matrix equations play crucial role in
control theory, partial differential equation and block
diagonalization of matrices. Recently, several authors
solved matrix equation with uncertainty condition.
Zengtai and Xiaobin in [9] have investigated fuzzy linear
matrix equation in the form of 4¥=5. They used
generalized matrix inverse and presented the least square
solution to the fuzzy matrix equation. Salkuyeh [10]
investigated the fuzzy Sylvester matrix equation where
the crisp matrices A and B are special matrices. He
transformed this system to linear system and solved it by
accelerated over relaxation method (AOR). Allahviranloo
et al. [11] presented a two stage method for solving fuzzy
linear matrix equation 4X8=C. In this paper we apply
known operators to transform the system of fuzzy matrix
equation to m X n fuzzy linear system. We use extended
embedding approach given by Wu and Ma [12], [13] to

replace the original system of fuzzy matrix equation by
fuzzy linear system. In continuing, a new iteration for
solving non-square fuzzy linear systems which has
feasible properties will be proposed.

Throughout this note, the Kronecker product of two
matrices is denoted by 4 @ B, the vec-operator of matrix
A is presented by vec(A), the notation vec(W) = w (small
and bold) is used for given matrix W € W ™" and the
column space of W € W mxn is denoted by R(W). The
outline of the paper is as follows: In Section 2 we will
present basic definitions for solving non-square fuzzy
linear system. In Section 3 we will present our result
solution of the pairs of matrix equations. Iterative method
will be proposed in Section 4. Numerical examples will be
given in Section 5 and the conclusions are in Section 6.

Basic Concepts: In this section, we recall some of the
basic concepts of fuzzy system which presented in
[2,4,5, 11,3, 8].

Definition 2.1: A fuzzy number is defined by an ordered
pair of functions («(n).7(), 0<r<1_ which satisfy the
following requirements:

« u(M) is a bounded left continuous non-decreasing
function over [0, 1];
. u(r) is a bounded left continuous non-increasing

function over [0, 1];
. u(r)y<u(r), 0sr<1.

Definition 2.2: The m X n system of linear equations
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Zai/xj =y, i=L...,m
J=1

(M

Where the coefficient matrix 4 = (a;), is a crisp m X n
matrix and y, € E', i = 1,...,m, is called a fuzzy system of
linear equation.

To define a solution (x,,...,x,)" to the system (1), the
arithmetic operation of arbitrary fuzzy numbers
u=(u(,u(), v=(x(",v()) and A € W, the arithmetic
operators can be defined as:

u=v iff u(r)=v(r) and u(r)=v(r)

u+v=(u(r)+p(r).a(r)+v(r)
{(M(r),/w(r)), A0,

(Au(r),Au(r)), A<0,
Definition 2.3: A fuzzy number vector (x,,...,x,) given by

2

X; =(£l-(r),fl-(r))t,1£i£ n, 0<r<li

is called a solution of the fuzzy linear system (1) if for
i=1,....,m we have

n

min Y agu; u; €[ x; J = 2 %%) = 2, %% o>
Jj=1 Jj=1 Jj=1
n n n

max Za[juj:uje[le = aljszza[jxj—yi

3)

Jj=1
It should be noted that two crisp m x n linear systems
for all i that can be extended to an 2m X 2n crisp linear

system as:

Sx=y

{2 24

Where s,; can be determined by

“)

Where
S
S

S
S

Ifa, >

;= 0fori,j=1,.., 2n then we can put a;; = s,; and

Aivmjn — Sij
If a; <0 for i,j = 1,...,2n then we can put s,,,, =

and s,,,, = a

a;

ij*

Theorem 2.1: Let matrix S be in the form (4), then the
matrix

233

S = 1 (S + SZ){L?,} +(§ -5 ){ 1’3} S+ Sz){1’3} -5 - Sz){l’3}

? (S +Sz){l’3} -(§ —Sz){l’g} S +S2){1’3} +(§ —Sz){l’3}
®)

is a {1,3}-inverse of the matrix S, where (S, + S,)!"* and

(S, — Sy are {1,3}-inverse of the matrices S,+ S,and

S, = §,, respectively. In particular, the Moore-Penrose of
(S1+8)T +(S1=5)T (S +8)T = (S =S52)F

the matrix S is:
(S +8)F =S =8)T (S +5)F +(51—52)T]

(6)

Theorem 2.2: For the consistent system (4) and any
{1,3}-inverse S of the coefficient matrix S, x = §'"'y
is a solution to the system and therefore it admits a
weak or strong fuzzy solution. In particular, if S
is nonnegative with the special structure (6), then
x = $'"'y admits a strong fuzzy solution for arbitrary fuzzy
vectory.

St

2

The Pair of the Fuzzy Linear Matrix Equations:
In this section a type of system of the fuzzy matrix
equation will be discussed. First, we have the following
definitions.

Definition 3.1: The system of linear matrix equations
Al)? + )EBI = él

{AZ)N(BZ =C,
Where A4, and B,, are the known m x m and n x n crisp
matrices respectively, 4, and B,, are the known &k x m and
m X { crisp matrices respectively and ¢; and ¢, , are m x

(7

n and k x ¢ known fuzzy matrices and X is an m x n
unknown fuzzy matrices called “the pair of the fuzzy linear
matrix equation”.

nxn

Definition 3.2: [14] Suppose that 4 € """ and B € are
square matrices. Then the Kronecker sum of 4 and B,
denoted AaB, defined by (/,24) + (Bzl,,). Note that, in
general, AaB # BoA.

According to the properties of Kronecker sum

(AeB )=, @A)+ B w1,
ABC = (C" @ A)vec(B)

The system (7) can be transformed to
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(Al ® BIT)vec(ff) = vec(él) )

(BZT ® Az)vec(f() = vec(éz)

In the following theorem the necessary and sufficient
condition for the pair of matrix equation (7) to have a
common solution is presented.

Theorem 3.1: [15] Given matrices 4, € "™, B, € ", 4,
€ "™ B,e "' arethe known matrices and C, and C,, are
m % n and k x { known matrices, respectively. Additionally

assume
_ Al @ BIT c Iék[+mn)><mn’ c =[ }
B, ® 4, )

Then the pair matrix equations (7) has a common
solution if and only if ¢ € R(Q). When the condition is
satisfied, a representation of the general common solution
is

vec(Cl)
vec(Cz)

X=Iv(@Q" e+ (,-QVQ)  (10)
Where ze *is an arbitrary vector and Q""" is an arbitrary
but fixed {1,3}-inverse of Q.

If 4, (j =1,2) and B;", (j = 1,2) contain the positive

entries of 4, (j = 1,2) and B, (j = 1,2) respectively and 4,

(/=1,2) and B;, (j = 12,) contain the negative entries of 4,
(/=1,2) and B, (j = 1,2) respectively, itis obvious that
A, =4 — A and B;= B - B/, (j = 1,2). So, according to

properties of Kronecker operators it can be written as
(408" )=(1®4)+(8" ®1)

= (A1+ ® BfT) + (A; ® B{T)

)= (
-((&
(="

Therefore, we have

A1 @BIT

BQT ® A

[Al+@Bl+T)
[32+T®A2+)+(52_T®A2_]
o
(82+T®A2_)+(82_T®A2+)

=S1-%2

(8, ® 4, t_By ) ®(4"®4)
a0 )+ (BT @ 4y ))
A7)+ (57T @ 47))

0=

234

Hence, we obtain
( Al+ ® BI+T)

S, =
(B;T ®A2+)+(32‘T ®A2‘)

and
(4-@57")

(B, @4y )+ (B,

-T ® A2+)
In addition, it can be concluded that

_ T
P=S+S,= (Al++A1 )®(Bl++Bl ) (11)

(132+ -B,” )T ®(A2+ + Az_)

Corollary 3.1: By considering g =[ 5 SZ) , then the matrix

Sy 8§
1 P{1,3}+Q{1,3} P{1,3}_Q{1,3}

=— (12)
2| pli3} _glidl pll | i3}
is a {1,3}-inverse of the matrix S, where P and Q""" are
{1,3}-inverse of the matrices P and Q, respectively. In
particular, the Moore-Penrose of the matrix S is

st=1
2

Now, we are ready to extend the system of matrix
equation to the system of linear fuzzy equation. The
system of fuzzy matrix equation can be written as

Sx=c¢

{2 3

Remark 3.2: More recently Allahviranloo ef al. [16] has
presented the fuzzy solution of the fuzzy linear systems,
defined by Friedman et al. [1] may not be a fuzzy numbers
vector. In other words, in this case it may be at least one
of vector’s components is not fuzzy number. It should be
emphasized that in this work the authors considered the
fuzzy solutions which are fuzzy vector numbers.

pr+Qf PT_Q%]

PT—QT PT+QT

(13)
Where

Sy
Sy

S
S

Solving Non-Square Fuzzy Linear Systems: System (13)
can be solved by using direct computation of {1,3}-
inverse or Moore-Penrose of S. In this section, we present
new iterative method to solve fuzzy linear system (13).
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nxn

Suppose that 4 € is a full-rank matrix to be
determined 4x =y is the linear system and y be the step-
size or convergence factor. Ding and Chen in [7]
presented a family of iterative methods for solving
systems as follows:

5

If A4 is a non-square mxn full column-rank matrix and
take G = (474)™" A', then the following least square

iterative algorithm leads to iy, x*) = :
k—>o0

KD = x84 y(ATAf1 Al (y-ax®), 0<y<2 (19

SRR R S

By considering ( sT S)_l sT :[ j , we can obtain

xF+D) — (6 +yg(y_,4x(k)), 0<y< (14)

X

X

Ry
Ry

Ry
Ry

<

o1

—C

5
S

S
S

X

-X -X

R Ry
Ry Ry

Thus, for k= 1,2,..., the new iterative recursion will be
introduced as

XD _ 5B 4 y[Rl( e-5xD 15,50 ]+R2( —e-s5xB 450 ﬂ
kD) 0, y[RZ( —e+sxF)-s,x0) )+R1 ( e+ 5,x(F)_gx®) H

(16)

The algorithm of this iterative method is given as follows:
Algorithm 1: Iterative method for solving Eq. (13)

Choose initial guesses y(0) and (0);

For £,1,2,... Do
x5 0y s ®5,5 0 oy (o500 550)

R Ry

Compute the matrix
Ry R

gD _5®) y[Rz (—g+S1§(k) —Szi(k))+R1 (E+52§(k) —5x® )}

If the stopping criterion satisfied, then stop
End do.

Note that R, and R, are the elements of matrix (S"S)™" §".

Numerical Examples: In this section, several numerical
experiments are given to illustrate the theoretical results.
The triangular fuzzy numbers are used in all of the
following numerical examples. For a fuzzy number
u=(u(r),i(r)=(a+brctdr) we define its norm similar to
Wang and Zheng [7] as follows

235

|Pel| = max {Jal,|bl,[c|.|d]}
In addition, the stopping criterion

<UD _ (8 <Gk _ 50

<€ and <€

NG G

is used £ = 10~ and a zero vector is always used as the
initial guess.

Example S.1: For the first example, consider the pair of
fuzzy linear matrix equations

A1X+XB1 = él (17)
AzXBzzéz
Where
4 2 -1
3 -1
Alz[ J, Blz -2 5 1
-2 5
0o -1 2

(-41 + 261,26 - 41r) (-4 + 231, 23 - 4dr) (-22 + 25t, 25 - 22r)
(-50+ 501, 50 - 50r) (-34 + 67r, 67 - 34r) (-22 + 40r, 40 - 22r)
1 2

0 -1
-1 3

o |

(-5 + 8r, 8 - 51) (-17 + 20r, 20 - 171)
(29 +23r,23-29r) (-65 + 86r, 86 - 651)

o

The exact common solution of (17) is

[ |

Now, the coefficient system and right hand side of
the system is computed as follows

|

(-5+2r,2-5r) (4+r,1-4r) (-3+3r,3-31)
(-4+4r,4-4r) (-2+51,5-2r) (-1+4r,4-1)

7 21 2 0 0 0
2 9 0 2 0 0
2 0 8 -1 -1 0
0 2 2 10 0 -1
10 -1 0 5 -1
Q=g o0 12 7
10 0 0 1 -3
13 0 0 1 -3
2 0 1 0 -3 0
2 6 1 -3 -3 9
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(-41 +26r, 26 -411)
(-50 + 50r, 50 - 50r)
(-44 + 231, 23 - 44r)
(-34 + 67r, 67 - 34r)
(-22 +25t, 25 - 22r)
(-22 + 40r, 40 - 22r)
(-5 + 81, 8 - 51)

(-29 +23r, 23 - 29r)
(-17 +20r, 20 - 171)
(-65 + 861, 86 - 651)

Thus, the coefficient of the extended 20x12 system

Sx = ¢ can be written as g =[S1 SZ] where S, S, is
S 8

computed. Now the extended system Sx = ¢ can be solved

by utilizing Algorithm 1. By taking the step size, y = 0.0068

after 302 iteration we reach to

o[ (49993 19997, 19997 -4.9993)  (-3:9994+0.9999r, 0.9999 - 3.9994r) (72A9996+2.9996r,2.999672.9996r))
(-3.9994+3.9994r, 39994 -3.9994r) (19997 +4.9993r, 4.9993 - 19997r) (-0.9999+ 3.9994r, 3.9994 - 0.9999r)
The difference between the exact solution and the
approximated solution can be compared in Figure 1. Also,
the relation between the number of iteration and the step
size y can be seen in Figure 2.

Example 5.2: For the second example, consider the pair of
the fuzzy matrix equations such that

|

A2XB2 = 62

(18)

09
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a
Fig. 1: Exact solutions and approximated solutions in

sz -2

Example 5.1
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—
Step size
. 2: The relation between step size y and the number

of iterations in Example 5.1

SRR

(-26 + 261,26 - 26r) (-37 +37r, 37 - 371)
(-42 +42r, 42 - 42r) (26 + 26t, 26 - 267)

55l

(-72 +72r,72 - 72r)  (-60 + 60r, 60 - 60r)
(-63 + 63r, 63 - 63r) (-84 + 84r, 84 - 84r)
The exact common solution of (18) is

| |

After computing S, S, and right hand side of the system,
the extended system Sx = ¢ can be solved by utilizing
Algorithm 1. By considering y = 0.0012, after 658 iteration
we obtain

“

The relation between the number of iterations in
Figure 3 and also the difference between the exact
solution and the approximated solution in Figure 4 can be

i

i

2

3

0

Fig

Where

(

4 2
-2 5

3 -1
-2 5

1=

J

2 0
-1 3

0 3
9 6

4

h =

[ |

(-2+2r,2-2r) (-4+4r,4-4r)
(-4+4r,4-4r) (-1+r,1-7)

(-1.9998 + 1.9998r, 1.9998 - 1.9998r) (-3.9997 + 3.9997r, 3.9997 - 3.9997r)
(-3.9997 + 3.9997r, 3.9997 - 3.9997r) (-0.9999 + 0.9999r, 0.9999 - 0.9999r)

observed.
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Fig. 4: The relation between step size & and the number
of iterations in Example 5.2

CONCLUSION

In this work, we describe an approach for solving the
pair of fuzzy matrix equation. The original system of fuzzy
matrix equation is replaced by a crisp linear system by
employing some operators. A numerical iterative method
was proposed for solving fuzzy linear system. The
important advantage of this iteration that is each m X n
non square system can be solved efficiently instead of
2m % 2n system. As we know, the used computational
complexity in this case is less than solving one 2m x 2n
system.

Appendix A: Let 4 be an m x n matrix. We recall that a
generalized inverse G of 4 is an m X n matrix which
satisfies one or more of the Penrose equations:

*» AGA=A,
GAG =G,

237

(4G)" = AG,
« (GA'=G4A

For a subset {1,2,3} of set {1,2,3,4}, the set of n X m
matrices satisfying the equations contained in {i,j,k} is
denoted by A{ij,k}. A matrix in A{ijk} is called an
{i,j,k}-inverse of 4 and is denoted by A", In particular,
the matrix A4 is called a {1}-inverse or a g-inverse of 4 if it
satisfies (1). As usual, the g-inverse of 4 is denoted by
A~ If G satisfies (2) then it is called a {2}-inverse and If G
satisfies (1) and (2) then it is called a reflexive inverse or
a {1,2}-inverse of A. The Moore-Penrose inverse of A4 is
the matrix G which satisfies (1)-(4). Any matrix 4 admits a
unique Moore-Penrose inverse is denoted by 4.
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