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On Projective Planes of Order 12
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Abstract: In this paper we investigate the non-existence of a projective plane of order 12 by using the
relationship between Latin squares and projective planes. We arrive at a conjecture: if the sum of all divisors
of a positive integer n, (n) > 2n, then there is no finite projective plane of order n.
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INTRODUCTION projective plane of order n is that integers x,y exist

In 1779, Euler presented his famous 36 officer’s
problem to the Academy of Sciences in St. Petersburg:
How can a delegation of six regiments, each of which
sends a colonel, a lieutenant- colonel, a major, a
captain, a lieutenant and a sub- lieutenant be arranged
in a 6 × 6 array such that no row or column duplicates a
rank or a regiment. Three years later he published. In this
paper he introduced the concept of orthogonality in Latin
squares. He also conjectured that for n  2(mod4). It is
found that there is no pair of orthogonal Latin squares
of order n (n  2(mod4) except for n = 2,6 [1], which led to
the  proof  of the falsity of Euler`s conjecture, except for
n = 2,6 [2]. Tarry in 1900, was the first researcher that
tested the number of Latin squares of order 6 [3]. Then
Stinson in 1984, tested it by the transversal design
concepts and he then used applied linear programming to
prove it. Bose and Shrikhande in 1960, proved that there
are only two orthogonal mates of order 10 [4].

Moreover, the facts and axioms of the planes in
general (started with the plane of order 2) had been
studied by Veblen in 1906 [5]. Also, it had been proven
that drawing any plane not only with using straight lines.
This consideration begins with the smallest plane, which
is of order 2. Since then, constructing the projective
planes of small orders started except when n = 6 [6].

Nevertheless, the relationship between the
orthogonality concept in Latin squares and finite
projective planes in terms of their existence; N(n) = n – 1
if and only if there exists a projective plane of order n,
shows that there is no finite projective plane of order 6 [7].

Bruck-Ryser`s theorem that says, if n  1,2(mod4),
then a necessary condition for  the  existence  of a  finite

satisfying n = x  + y  [8], shows that there are no finite2 2

projective planes of orders such as {6, 14, 21, 22, 30, 33...}.
On the other hand, it keeps numbers like {10, 12, 15, 18, 20,
24, 26, 28, 34,...} as unknown cases; although some of
them are satisfying the conditions of the theorem.
Specifically, in the case n = 10 with 10 = 1  + 3  and 10 2 2

2(mod4) it has been proven that there is no projective
plane of order 10 [1]. So, one can take out the number 10
from the list of unknown numbers. These numbers are still
considered as open problems. The following table
represents  the  number  of  projective  planes   of   order
n,  for 1 n 20 which was established through a large
computer search.

Number of some Projective Planes
Order 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16 17 18 19 20
Number of 1 1 1 1 0 1 1 4 0 1 ? 1 0 ? 22 1    ? 1    ?
projective
planes

The Investigation: Any complete set of MOLS of order n
is equivalent to an n  × (m + 2) matrix M and so does the2

finite projective plane corresponds to the complete set of
MOLS. This means that n  + n + 1 points and lines of any2

projective plane must equal to the sum of the rows and
columns of the matrix M. n  + n + 1 = n  + (m + 2), implies,2 2

n + 1 = m + 2 the number of columns must equal the
number of the points on each line and the number of the
lines that having a certain collection of points, which
satisfies the finite projective plane's axioms. Now, let n =
12 and suppose that we have a complete set of m = n –1
= 11 MOLS of order 12, then we have a 144×13 matrix M,
where the  first  two columns represent the positions of
the  elements of the Latin squares and the  rest  represent
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Table 1: The first 13 lines

Table 2: The 13 lines that having c1

the eleven Latin squares that assumed. Let r , 1 i 144 projective plane we start with a point and end it with thei

represent the rows and c , 1 j 13 represent the columns. same point; this was the concept of constructing thesei

Construct tables for the rows and columns of M, such tables.
that, each table made for the first element in each column We can see at the tables above, that the points in
together with the elements in every row, to ensure that we bold print represent the intersection between the lines,
had 13 lines for each one. Each row in the tables row 7 in table (2) with row 13 in table (3) and row 12 in
represents a line. Each table is produced or created from table (2) with row 4 in table (3). In fact, this is not the only
the previous tables, in order to avoid any repetitions. possible collection that one can do on the tables, but
Then the first table will be created for the first 13 lines in getting this result will be sooner or later if not in every
the projective plane of order 12; which means for the 13 collection we made. Since, in the case n = 12 the non-
columns. rectangle property of M will not be ensured, which means

Where,  the  r`s  are  the  rows  and  c`s  are  the specifically, that these points and lines are not satisfying
columns of M. Usually, when drawing the lines in any the  axioms  and  conditions of the finite projective plane.
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Table 3: The 13 lines that having c2

Table 4: The First 19 Lines for the First 19 Elements
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Table 5: The second 19 lines that contain the element 

Table 6: The third 19 lines that contain the element
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Table 7: Tables of finite projective plane of order 4
Table (a) Table (b)

Table (c) Table (d)

Table (e) Table (f)

Nevertheless,    applying      this      method  by   letting have 21 points and lines, every line has 5 points and
n = 18  gives the  same  result;  since,  in  the  finite every point is on 5 lines. Then,
projective  plane  of  order  18,  we  must  have  343  points On top of that, applying this perspective by
and lines, every point is on 19 lines and every line must considering numbers such as 20,24,... as an order of a
have 19 points. The following tables are one of the projective plane that we supposed to get, leads to the
collections, same result that we got when n = 12,18 which is the

Clearly the points in bold print represent the intersection in more than one point.
intersection of (lines) rows, row 17 in table (5) with row 4
in the table (6). Actually, there is no other option of RESULT
choosing another point instead of r  that with bold print.310

Nevertheless, continuing the table (6) above is not Studying the properties of these numbers and their
necessary from the first intersection obtained, since, behavior, guide us to the following conjecture,
choosing another point will be considered as a second
intersection point in common with the same row. Conjecture: Let n be an integer number, if (n)> 2n then

Moreover, this way of guessing and matching of there is neither a finite projective plane of order n, nor a
elements is working with any existing finite projective complete set of MOLS that corresponds to it. Where, (n)
plane, through the complete set of MOLS corresponds to denotes the sum of all positive divisors of n including n
it. For example, the projective plane of order 4; there are itself.
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