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Abstract: In this paper we propose a meshless technique using radial basis functions together with method 
of lines for the numerical solution of the Burgers’ equation, KdV-Burgers’ equation and modified KdV-
Burgers’ equation. Accuracy of the method is assessed in terms of L∞ error norm, number of nodal points 
and time step size. Efficiency and ease of implementation of the proposed method is shown through 
comparison with Chebyshev spectral collocation method and B-spline finite element method.
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INTRODUCTION

Nonlinear Partial Differential Equations (PDEs)
play an important role in various areas of modern 
physics and engineering such as fluid mechanics,
plasma physics, optical fibers and quantum mechanics 
[1-3, 8, 18, 20]. One of such important equations is 
known as Burgers’ equation [2, 3]. In this paper we 
consider the following three types of Burger’ equations:

Type I: One dimensional Burgers’ equation [1, 3, 9, 12, 
13, 17, 19, 29],

t x xxu uu u 0+ α − ν = (1)

where α, ν are arbitrary constants.

Type II: KdV-Burgers’ equation [1, 12, 13, 29],

t x xx xxxu uu u u 0+ α − ν + µ = (2)

where α, ν and µ are arbitrary constants.

Type III: Modified KdV-Burgers’ equation [8, 13],

3
t x xx xxxu 2(u ) u u 0+ + − = (3)

In the past two decades, the radial basis functions 
method become to be very efficient and effective
method for the interpolation of scattered data and to
obtain  the   numerical   solution   of   various   types  of 

ordinary and partial differential equations due to its 
mesh-free feature, spatial independence and flexible
with respect to complex geometry. A meshfree method 
does not require nodal or elements connectivity and 
makes use of the pair wise distances between the
collocation points. The main difference between the
mesh free radial basis functions method and classical 
mesh-based methods is that the RBF method can be 
extended to the entire domain of influence without 
diving into elements. In 1990 Kansa [11] has used 
Multiquadric (MQ) to find the approximate solution of 
different types of PDEs. The existence, uniqueness and 
convergence of interpolants to a given continuous 
function by applying the RBF method are given by 
Franke and Schaback [6], Madych [14, 15] and
Micchelli [16]. A theoretical study of the RBF method 
for  solving  partial  differential  equations was carried 
out by [7, 33]. Later on, this idea was extended to 
various types of problems like 2-D coupled Burgers’ 
equation, Burgers’ equation, KdV equation,
Solidification modeling, Reaction-Diffusion system,
RLW equation, Steel casting [2, 9, 10, 21, 26-28, 31]. 

Some most commonly used radial basis functions 
are as follow:

Multiquadric (MQ) ( )2 2
j jx x cϕ = − + Infinitely smooth

Inverse Multiquadric (IMQ)
( )

j 2 2
j

1

x x c
ϕ =

− +
Infinitely smooth

Gaussian (GA) ( )2jc x x
j e− −ϕ = Infinitely smooth
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The infinitely smooth RBFs contain a free
parameter c, called the shape parameter, which affects 
both the accuracy of a solution and the conditioning of 
the RBF interpolation matrix. Several authors have
investigated the behavior of the shape parameter for 
obtaining accurate solution [4, 5, 30].

The method of lines is a well known procedure for 
the solution of time-dependent PDEs. The method
proceeds in two separate steps: first the spatial partial 
derivatives are approximated using, for instance finite 
difference method, finite element method. In this paper 
we use mesh free radial basis function for the
approximation of spatial derivatives. The resulting
system of differential equations contains only one
independent variable. Thus the MOL approximation 
replaces a PDE or system of PDEs to an ODE system. 
Second the resulting semi-discrete ODE system is
integrated in time t using any suitable ODE solver. Here 
we apply the fourth order Runge-Kutta method for time 
integration. The main feature of MOL-RBF is that 
unlike classical RBF method, it does not require solving 
system of equations at each time level and thus results 
in low computational cost. A detailed discussion of 
method of lines can be seen in [23]. Various authors 
have used MOL for the numerical solution of linear and 
non-linear PDEs. S. Pamuk et al. [20] used the method 
of lines to find the numerical solution of a mathematical 
model for capillary formation in tumor angiogenesis. 
Saucez et al. [22] studied nonlinear dispersive waves 
using MOL. Recently [24, 25] used MOLs using radial
basis functions for the approximate solution of initial 
boundary value problems. The rest of the paper is 
organized as follows. Section 2 describes formulations 
of methods of lines using radial basis functions and its 
application to the aforementioned PDEs. Numerical
examples are given in section 3. Finally some
conclusions are drawn in the last section.

METHOD OF MOL-RBF

Consider  the  Burges’  equation  (1).  We  choose 
N nodal points 1 2 Nx , x , . . . , x [a,b]∈ such that

1 Nx a a n d x b.= =  Let

N
T

j j
j 1

u(x) (x)
=

= λ ϕ = λ∑ F (4)

where
T

1 2 N(x) [ (x), (x),..., (x)]= ϕ ϕ ϕF

and
T

1 2 N[ , ,..., ]λ = λ λ λ

Then for each nodal point xi, i = 1,2,…,N, we obtain

N
T

i j j i i
j 1

u ( x ) ( x ) (x )
=

= λ ϕ = λ∑ F (5)

In matrix form Eq. (5) can be written as

u = A× (6)
where

T
1 1 1 2 1 N 1

T
1 2 2 2 N N2

T
1 N 2 N N NN

(x ) (x ) (x ) . . . (x )
(x ) ( x ) . . . (x )(x )
. . . . . ..
. . . . . ..
. . . . . ..
(x ) (x ) . . . (x )(x )

  ϕ ϕ ϕ 
   ϕ ϕ ϕ   
   
 = =  
   
   
   
  ϕ ϕ ϕ   

F

F

A

F

and

T T
1 2 N 1 2 N[u(x),u(x ),...,u(x )] [u , u , . . . , u ]= =u

From Eq. (6), we can write

1−= A u× (7)

Using Eq. (7) in Eq. (4), we get

T 1u(x) (x) −= F A u (8)
Let

[ ]T 1
1 2 N(x) (x) D(x) ,D (x),...,D (x)−= =D F A

then the MOL-RBF method for the solution of Eq. (1) 
is as follows:

( )i
i x i xx i

du
u (x ) (x ) , i 1, 2,...,N

dt
+ α − ν =D u D u = 0 (9)

where

x i 1x i 2x i Nx i

xx i 1xx i 2xx i Nxx i

(x ) [D (x ),D (x),.. .,D (x )]
(x ) [D (x ),D (x ),...,D (x )]

=
=

D
D

and

jx i j iD ( x ) D ( x )
x
∂

=
∂

2

jxx i j i2D ( x ) D ( x ) , j 1,2,...,N
x
∂

= =
∂

In matrix form Eq. (9) can be written as

( )x xx
d
dt

+ α − ν
u

u * u u = 0 (10)
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Table 1: Comparison of numerical values of u obtained by MOL-MQ with Chebyshev Spectral Collocation (ChSC) method [13] corresponding 
to example 1 using N = 10, δt = 0.01, k = 0.1

L∞

---------------------------------------------------------------------------------------------------------------------------------------------
t = 0.1 0.2 0.25
----------------------------------------- --------------------------------------- -------------------------------------

α υ MOL-MQ ChSC [13] MOL-MQ ChSC [13] MOL-MQ ChSC [13]

1 0.01 3.07e-005 3.06e-005 6.12e-005 6.11e-005 7.64e-005 7.62e-005
0.001 3.06e-007 3.06e-007 6.13e-007 6.18e-007 7.66e-007 7.82e-007
0.0001 1.71e-008 2.24e-008 3.75e-008 5.22e-008 4.89e-008 8.94e-008

0.1 0.01 3.07e-004 3.06e-004 6.12e-004 6.11e-004 7.64e-004 7.62e-004
0.001 3.06e-006 3.10e-006 6.13e-006 6.32e-006 3.06e-006 7.99e-006
0.0001 1.71e-007 7.15e-007 3.75e-007 1.31e-006 4.89e-007 1.67e-006

where

x jx i xx jxx iN N N N
D ( x ) , D ( x )

× ×
   = =   

Here the notation * is used for component by 
component multiplication of two vectors. 

The matrix form of MOL-RBF method for the
KdV-Burgers’ equation (2) is as follows:

( )x xx xxx
d
dt

+ α − ν µ
u

u * u u + u = 0 (11)

The matrix form of MOL-RBF method for the
modified KdV-Burgers’ equation can be obtained in 
similar manner.

NUMERICAL TESTS AND RESULTS

In this section we present the results of numerical 
tests of the MOL-RBF schemes outlined in the previous 
section. The accuracy of the scheme is measured in 
terms of error norm L∞ defined as:

j j
j

L max(u) (u)∞ = − 

where u a n d u  represent the exact and approximate
solutions respectively.

Example   1:   We    consider   the    Burgers’  equation
(1).  The  exact  solitary wave  solution  of  Eq. (1) is 
[13, 29], 

( ) ( )2ku(x,t) tanh x kt , x [a,b],t 0υ= + − ∈ ≥α α (12)

The initial and boundary conditions are extracted 
from the exact solution (12).
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Profile at t=0
MOL-MQ at t=1
Exact at t=1

Fig. 1: Numerical and exact solutions u for example 1 
corresponding to N = 10, δt = 0.01, υ = 0.001, 
α = 0.1, k = 0.1, t = 0 and 1

Computations of the Burgers’ equation (1) are
carried out using MQ over the space interval [0,1] with 
parameter  values δt = 0.01,  number  of  nodal  points 
N = 10  and  for  various  values  of α and υ, up to time 
t = 1 and the results are reported in Table 1 along with 
those given in [13]. Plots of u at t = 0 and 1
corresponding MOL-MQ are depicted in Fig. 1. It can
be observed from Table 1, that the MOL-MQ produces 
accurate results than those results given in [13] for 
smaller values of α and υ,  L∞ error in u versus the 
shape parameter c is plotted in Fig. 2, which shows that 
the optimal value of the shape parameter lies in
neighborhood of 0.9.

The pointwise rate of convergence in space and 
time is calculated by using the following formulae:

( )
( )

i i 110 h h

10 i i 1

log u u / u u

log h / h
+

+

− −

and



World Appl. Sci. J., 14 (12): 1792-1798, 2011

1795

Table 2: Space  rate  of  convergence  produced  by  MOL-MQ at 
time t = 0.25 using δt = 0.01, υ = 0.001, α = 1, k = 0.1 
corresponding to example 1

N L∞ Order

2 6.6665e-006 ----
5 8.0901e-006 -0.21123
10 7.6658e-007  3.3996
15 3.3517e-007  2.0429

Table 3: Time  rate  of  convergence  produced  by  MOL-MQ  at 
time t = 0.25, using N = 10, υ = 0.001, α = 1, k = 0.1 
corresponding to example 1

δt L∞ Order

0.05 7.6645e-007 ----
0.01 7.6658e-007 -0.000105
0.005 7.6660e-007 -0.000038
0.001 7.6662e-007 -0.000016

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
x 10

-4

Shape Parameter c

Maximum absolute error in u

Fig. 2: Maximum error versus shape parameter c in 
example  1  using  N =  10, δt  =  0.01, α = 0.1, 
υ = 0.001, k = 0.1, t = 1

( )
( )

i i 110 t t

10 i i 1

log u u / u u

log t / t
+δ δ

+

− −

δ δ

The term u is the exact solution, whereas 
ihu and

it
uδ are the numerical solutions with spatial step size hi

and time step size δti respectively. Computations are 
carried out with the different spatial and time step sizes 
to examine the point rate of convergence in space and 
time. In Table 2 the time step is kept fixed at δt = 0.01 
and the number of nodal points N = 2, 5, 10, 15 is 
varied to calculate the spatial rate of convergence. In 
Table 3 the  number of  the  nodal points is kept fixed at 
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Fig. 3: Numerical  solution  u  versus  time  for
example 2 corresponding to N = 15, δt = 0.001, 
υ = 0.01

N = 10 and the time step size δt = 0.05, 0.01, 0.005, 
0.001 is varied to compute the time rate of
convergence.  It  can  be  concluded  from the Table 3, 
that the convergence rate decreases with the smaller 
time step size. It can be noted from Table 3, that both 
the error norm L∞ increases slightly by decreasing the 
time step size δt.

Example 2: We consider the Burgers’ equation (1)
along with the initial condition,

( )u(x,0) 4x x 1 , x [0,1]= − ∈

and boundary conditions,

u(0,t) u(1, t ) 0, t 0= = >

We  choose  the  parameters values N = 15, α = 1, 
(δt = 0.001 for υ = 0.1) and (δt = 0.001 for υ = 1.0) in 
order  to  compare  our  results  with  those  given  in 
[13, 19]. Plots of u at t = 0, 1 corresponding MOL-MQ
are depicted in Fig. 1. The computed and exact
solutions  at  selected  nodal  points  are  noted  in Table 
4  along  with  the  results  given  in  [13, 19]. It can be 
seen  from  Table  4,  that  the  results  obtained by 
MOL-MQ are better than those given in [19] and
almost same in comparison with [13]. Most accurate 
results are found using c = 0.55 and 0.37 for υ = 0.1 
and 1.0 respectively.

Example 3: We consider the KdV-Burgers’ equation 
(2). The exact solitary wave solution of Eq. (2) is given 
by [13, 29],

( )( ) ( )( )2u(x,t) A 9 6tanh B x Ct 3tanh B x Ct

x [a,b], t 0

 = − − − − 
∈ >

(13)

where
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Table 4: Comparison of numerical values of u obtained by MOL-MQ with Chebyshev Spectral Collocation (ChSC) method [13] and [19] 
corresponding to example 2 using N = 15, α = 1

υ = 1.0, δt = 0.0001 υ = 0.1, δt = 0.001

----------------------------------------------------------------------------------------------------------------------------------------------------------
x t [19] ChSC [13] MOL-MQ  Exact t [] ChSC [13] MOL-MQ Exact

0.25 0.40 0.64558 0.64561 0.64562 0.64562 0.10 0.26149 0.26148 0.26148 0.26148
0.60 0.50269 0.50268 0.50268 0.50268 0.15 0.16149 0.16148 0.16148 0.16148
0.80 0.38536 0.38534 0.38534 0.38534 0.20 0.09948 0.09947 0.09947 0.09947
1.00 0.29589 0.29586 0.29586 0.29586 0.25 0.06109 0.06108 0.06109 0.06108
3.00 0.02776 0.02776 0.02776 0.02775

0.75 0.40 0.31760 0.31752 0.31752 0.31752 0.10 0.28159 0.28157 0.28157 0.28157
0.60 0.24618 0.24614 0.24614 0.24614 0.15 0.16976 0.16974 0.16974 0.16974
0.80 0.19959 0.19956 0.19955 0.19956 0.20 0.10267 0.10266 0.10266 0.10266
1.00 0.16562 0.16560 0.16560 0.16560 0.25 0.06230 0.06229 0.06229 0.06229
3.00 0.03044 0.03044 0.03044 0.03044

Table 5: Comparison of numerical values of u obtained by MOL-MQ with Chebyshev Spectral Collocation (ChSC) method [13] corresponding 
to example 3 using N = 15, δt = 0.1

t = 0.3 t = 0.9
--------------------------------------------- -----------------------------------------------

ε υ µ MOL-MQ ChSC [13] MOL-MQ ChSC [13]

1 0.1 0.1 7.81e-010 8.20e-008 2.35e-009 2.26e-007
0.1 1.0 2.44e-009 1.07e-008 3.22e-009 6.31e-008

0.1 0.1 0.1 7.81e-009 8.27e-007 2.35e-008 2.27e-006
0.1 1.0 2.44e-008 1.01e-007 3.22e-008 5.92e-007

( ) ( ) ( )
2 26A ,B a n d C25 10 25

υ υ υ= = =εµ µ µ

The initial and boundary conditions are extracted 
from the exact solution (13).

Numerical experiments of the KdV-Burgers’
equation (2) are performed over the interval [-10, 10] 
using δt = 0.1, N = 10 and various values of ε, υ and µ, 
up to time t = 1 and the results are shown in Table 5 
along with the results obtained by [13]. Plot of u at t = 1 
corresponding MOL-MQ are depicted in Fig. 4. It can
be observed from Table 5, that the MOL-MQ produces 
better accuracy than the method given in [13]. Highly 
accurate results are obtained using the shape parameter 
c = 22

Example 4: We consider the modified KdV-Burgers’
equation (3). The exact solitary wave solution of Eq. (3) 
is given by [8, 13],

( )( )u(x,t) A 1 tanh A x Ct , x [a,b],t 0 = + − ∈ >  (14)

where A = 1/6, C = 2/9

-10 -8 -6 -4 -2 0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.45

x

u

Exact
MOL-MQ

Fig. 4: Numerical  and  exact  solutions  u for example 
3  corresponding  to  N  =  10, δt = 0.1, ε = 0.1, 
µ = 0.01, υ = 0.03, t = 1

The initial and boundary conditions are extracted 
from the exact solution (14).

The   parameters   N = 15, δ t =  0.0005, α = -10,
b = 10, t = 0.1 are chosen so that to compare our results 
with  those given in [13]. Plot of u at t = 0.1 is shown in



World Appl. Sci. J., 14 (12): 1792-1798, 2011

1797

Table 6: Comparison of numerical values of u obtained by MOL-MQ with Chebyshev Spectral Collocation (ChSC) method [13] corresponding 

to example 4 using N = 15, δt = 0.0005

t = 0.001 t = 0.006 t = 0.02 t = 0.05

---------------------------------- ---------------------------------- ---------------------------------- ---------------------------------

x MOL-MQ ChSC [13] MOL-MQ ChSC [13] MOL-MQ ChSC [13] MOL-MQ ChSC [13]

1.04529 7.62e-008 3.58e-007 7.58e-008 2.76e-006 7.34e-008 1.97e-006 6.33e-008 7.05e-006

3.09017 3.83e-008 3.58e-007 4.31e-008 2.83e-006 5.69e-008 1.73e-006 8.63e-008 2.74e-005

5.00000 1.50e-007 3.58e-007 1.56e-007 2.80e-006 1.67e-007 2.89e-006 1.70e-007 9.97e-005

-10 -8 -6 -4 -2 0 2 4 6 8 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

x

MOL-MQ
Exact

Fig. 5: Numerical and exact solutions u for example 4 
using N = 15, δt = 0.0005, t = 0.1

Fig. 5. The  computed  solutions  at  selected nodal 
points are reported in Table 6 along with the results 
given  in  [13]. It can  be  noted  from  the Table 6, that 
the results obtained by MOL-MQ are accurate than 
those given in [13]. Most accurate results are obtained 
using c = 8.5

CLOSURE

A numerical scheme based on method of lines 
using  RBFs, has  been  presented  for  the solution of 
the Burgers’ equation, KdV-Burgers’ equation and
modified  KdV-Burgers’ equation. The resulting ODEs 
system is integrated in time through fourth order
Runge-Kutta method. The accuracy is examined in
terms  of  L∞  error  norm. The meshless method of 
lines together with Multiquadric (MQ) radial basis
functions  provides  remarkable accuracy  in
comparison   with   the exact  and  some  other
methods   from   literature.  The  problems  presented
in this paper suggest that meshless method of lines 
should  be  considered  as  one of possible ways of 
solving these kinds of nonlinear partial differential
equations.
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