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Abstract: In this article, Multi-step Differential Transform Method (MsDTM) extends to give approximate 
and analytical solutions of nonlinear fractional order ordinary differential equation systems such as a 
Newton-Leipnik chaotic systems. The solutions of numerical obtained from proposed method reveal that 
the approach is very effective and convenient when apzplied to systems of fractional differential equations. 
Numerical simulations are given to verify the reliability and effectiveness of these methods
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INTRODUCTION

The theory of fractional calculus is a 300-year-old
topic which can trace back to Leibniz, Riemann,
Liouville, Grünwald and Letnikov [1, 2]. However, the 
fractional calculus did not attract much attention for a 
long time. Nowadays, the past three decades have
witnessed significant progress on fractional calculus,
because the applications of fractional calculus were
found in more and more scientific fields, covering
mechanics, physics, engineering, informatics and
materials. The list of such applications is long, for
instance, it  includes  viscoelasticity  [3, 4], colored 
noise, dielectric polarization [5], electrode-electrolyte
polarization [6], electromagnetic waves [7], quantitative 
finance  [8],  quantum  evolution  of  complex system 
[9], the control of fractional-order dynamic systems 
[10, 11], fractional kinetics, anomalous attenuation [12] 
and so on.

In this paper it is shown how the multi-step
Fractional differential transform method can be
exploited for analyzing the chaotic dynamics of
financial chaotic systems of fractional order [1]. In a 
very recent paper, Arikoglu and Özkol [2], Odibat et al.
[3, 4] developed a new analytical technique for solving 
linear and nonlinear differential equations of fractional 
order. This new technique is named as Fractional
Differential Transform Method (FDTM) and is based
on classical differential transform method, fractional
power series and Caputo fractional derivative [5]. They 
tested their approach on several examples and the
results obtained are in good agreement with the existing 

ones in open literature. The Caputo fractional derivative 
first computes an ordinary derivative followed by a
fractional integral to achieve the desired order of
fractional derivative. The Riemann-Liouville fractional 
derivative is computed in the reverse order. Therefore, 
the Caputo  fractional  derivative  allows  traditional 
initial and boundary conditions to be included in the 
formulation of the problem, but the Riemann-Liouville
fractional derivative allows initial conditions in terms 
of fractional integrals and their derivatives. For
homogeneous initial condition assumption, these two 
operators coincide.

Differential  equations  of  fractional  order  have 
been the subject of many studies owing to their
implementation in various applications in fluid
mechanics, viscoelasticity, physics, biology, chemistry, 
acoustics, control theory, psychology and engineering.
That  is  because  of  the  fact  that,  a realistic modeling 
of a physical  phenomenon  having  dependence  not
only at the time instant, but also the previous time 
history can be successfully achieved by using fractional 
calculus. Lately, a large amount of studies developed 
concerning the application of fractional differential
equations in nonlinear dynamics [6-11]. As most
fractional differential equations do not have the exact
analytical solutions, the present solutions are obtained 
from approximation and numerical techniques used
extensively. Recently, the Adomian decomposition
method  [12-17],  homotopy   perturbation   method
[18-30], homotopy analysis method [31] and variational
iteration method [32-34] have been applied for solving 
a wide range of problems.
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In 1981, Leipnik and Newton [1] found two strange
attractors in rigid body motion in a pioneering report on 
the concept of chaotic motion in gyros. Very recently, 
this system was termed the Newton-Leipnik system by 
Wang and Tian [2]. Since Leipnik and Newton’s work, 
the chaotic dynamics in rigid body motion have been 
intensively studied by many scientists [3-7] H.K. Chen 
and T.N. Lin, Synchronization of chaotic symmetric
gyros by one-way coupling conditions. Recently, in a 
study of the anti-control of chaos in rigid body motion, 
Chen and Lee [8] introduced a new chaotic  system that 
can generate a two-scroll chaotic attractor. In 2002, 
Richter [9] investigated the stability and chaos control 
of the Newton-Leipnik system with a static non-linear
feedback law based on the Lyapunov function. In 2005, 
Wang and Tian [2] also studied bifurcation of the 
Newton-Leipnik system and controlled the system
using a simple linear controller. In 2007, Yuan et al.
[10] investigate Parametric analysis of a fractional-
order Newton-Leipnik system. Finally, the dynamics of 
the Newton-Leipnik system with fractional order is 
studied numerically [11].

FRACTIONAL DIFFERENTIAL 
TRANSFORM METHOD

Consider a general system of fractional differential 
equations:

(1)

where  is the derivative of xi of order αi in the sense 

of Caputo and 0<αi≤1, subject to the initial conditions

(2)

In this paper, we introduce the multi-step fractional 
differential transform method used in this paper to 
obtain approximate analytical solutions for the system 
of fractional differential equations (1). This method has 
been developed in [5] as follows:

(3)

for

Let us expand the analytical and continuous
function ƒ(x) in terms of fractional power series as 
follows:

(4)

where α is the order of fraction and F(x) is the
fractional differential transform of ƒ(x).

In  order  to  avoid  fractional  initial  and
boundary  conditions, we define the fractional
derivative  in  the  Caputo  sense. The relation between 
the  Riemann-Liouville  operator  and  Caputo  operator 
is given by 

(5)

Setting

in Eq. (4) and using Eq. (6), we obtain fractional
derivative in the Caputo sense [11] as follows:

(6)

since the initial conditions are implemented are implemented to the integer order derivatives, the transformation of 
the initial conditions are defined as follows:

(7)

where, q is the order of fractional differential equation considered. The following theorems that can be deduced from 
Eqs. (4) and (5) are given below, for proofs and detailed [2].
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Theorem 1: If z(t) = x(t)±y(t), then Z(k) = X(k)±Y(k).

Theorem 2: If z(t) = cy(t), then Z(k) = cY(k).

Theorem 3: If z(t) = x(t)y(t), then

.

Theorem 4: If z(t) = x(t-t0)n, then Z(k) = δ(k-ap) where,

Theorem 5: If  then 

According to fractional DTM, by taking
differential transformed both sides of the systems of 
equations given Eq. (1) and (2) is transformed as
follows:

(8)

(9)

Therefore, according to DTM the N-term
approximations for (1) can be expressed as

(10)

MULTI-STEP FRACTIONAL 
DIFFERENTIAL TRANSFORM METHOD

The approximate solutions (1)-(2) are generally, as 
will be shown in the numerical experiments of this 
paper, not valid for large t. A simple way of ensuring 
validity of the approximations for large t is to treat (8)-
(9) as an algorithm for approximating the solutions of 
(1)-(2) in a sequence of intervals choosing the initial 
approximations as

(11)

In order to carry out the iterations in every
subinterval [0,t1), [t1,t2), [t2,,t3),…., [tj-1,t) of equal
length h, we would need to know the values of the 
following [40],

(12)

But, in general, we do not have these information 
at our clearance except at the initial point t* = t0. A 
simple way for obtaining the necessary values could be 
by means of the previous n-term approximations ϕ1,n,
ϕ2,n, …, ϕm,n of the preceding subinterval, i.e.,

(13)

NUMERICAL RESULTS

We will apply classic DTM and the MsDTM to 
nonlinear chaotic fractional order ordinary differential 
Equation systems as Newton-Leipnik.

The Newton-Leipnik system is described by the 
following non-linear differential equations:

(14)

where  x,  y  and  z  are the state variables and a and b 
are  positive  parameters.  It  is  very interesting that the 
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Fig. 1: Plots of approximations obtained 5 term-MsDTM with dt = 0.001 (a1)-(b1)-(c1) for q1 = q2 = q3 = 1, (a2)-
(b2)-(c2) for q1 = q2 = q3 = 0.9, (a3)-(b3)-(c3) for q1 = q2 = q3 = 0.8 and (a4)-(b4)-(c4) for q1 = q2 = q3 = 0.7 
with time span [0, 500]

Newton-Leipnik system is a chaotic system with two 
strange attractors [1]. When (a,b) = (0.4, 0.175), with 
initial states (0.349, 0, 0.16) and (0.349, 0, 0.18),
system (4) displays two strange attractors. An in-depth
discussion of the system can be found elsewhere [1].

Here, the fractional order of the Newton-Leipnik
system is considered. The standard derivative is
replaced by a fractional derivative as follows: (15)
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Fig. 2: Chaotic attractors obtained 5 term-MsDTM with dt = 0.01 (a1)-(b1)-(c1) for q1 = q2 = q3 = 1, (a2)-(b2)-(c2)
for q1 = q2 = q3 = 0.9 (a3)-(b3)-(c3) for q1 = q2 = q3 = 0.8 and (a4)-(b4)-(c4) for q1 = q2 = q3 = 0.75 with time 
span [0, 200]

By applying DTM to Eq.(15) 

(16)



World Appl. Sci. J., 13 (Special Issue of Applied Math): 62-70, 2011

67

By  applying  the  multi-step  DTM  to  Eq.(16), Xi(n), Yi(n), Zi(n) satisfy the following recurrence relations for 
n = 1,2…N-1.

(17)

The solutions of Eq.(15) corresponding to obtained for the different values of q i, (i = 1,2,3) are shown in Fig. 1.

Fig. 3: Phase portrait of fractional order financial system for different q i(i = 1,2,3)′s with time span [0,20] 
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Fig. 4: Phase diagrams for system (15) at q1 = q2 = 1 and (a) q3 = 0.9, (b) q3 = 0.8, (c) q3 = 0.75 and q3 = 0.7 with 
time span [0,500] 

Fig. 5: Phase diagrams for system (15) at q1 = q3 = 1 and (a) q2 = 0.9, (b) q2 = 0.8, (c) q2 = 0.7 and q2 = 0.5 with 
time span [0,500] 
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Fig. 6: Phase diagrams for system (15) at q2 = q3 = 1 and (a) q1 = 0.9, (b) q1 = 0.8, (c) q1 = 0.7 and q1 = 0.66 with 
time span [0,500]

This system was calculated numerically against q1,
q2,  q3∈{0.75, 0.8, 0.9,1}. System (15) corresponds to 
the integer-order system with q = 1. The phase plot X-Y
is  depict  in  Fig.  (a1-a4). The  phase  plot  X-Z is 
depict in Fig. (b1-b4). The phase plot Y-Z is depict in 
Fig. (c1-c4). The chaotic attractors projected onto the 
three-dimensional phase space, X-Y-Z when q1 = q2 = 
q3 = 0.7, 0.8, 0.9 and 1.0, are shown in Fig. 3.

When we get q1 = q2 = 1 and let q3 reduce to values 
less than 1. The system was calculated numerically 
against q3 ∈[0.1, 1], while the incremental value of q3
was 0.01. In this case, the dynamic behaviors of system 
(15) were more complex than that of the previous cases. 
Figure 4a-d shows the phase diagram in the X-Y-plane
at q3 = 0.90, 0.80, 0.50 and 0.20, respectively. It can be 
seen that the system is chaotic at q3 = 0.9 and 0.8. As q3
decreases to 0.7, the system becomes periodic.

The system was calculated numerically against q2

∈[0.5,1], while the incremental value of q2 was 0.01. 
Figure 5a-d shows the phase diagram in the X-Y-plane
at q2 = 0.9, 0.8, 0.7 and 0.5, respectively. Results show 
that  chaotic  motions  exist in the range q2∈[0.8,1]. At 
q2 = 0.5, system (15) exhibits periodic motion. 

The system was calculated numerically against
q1∈[0.66,1], while the incremental value of q1 is 0.01. It 
was found that chaotic motions exist in the range
q1∈[0.7,1].  Figure  6a-d shows  the  phase  diagram  at 
q1 = 0.9, 0.8, 0.7 and, respectively. 

CONCLUSIONS

In   this  paper,  the  the  Multi-step  DTM  has 
been  successfully  applied  to  find the solution of 
chaotic nonlinear  Chuas  circuit  systems of fractional 
order. The  study  emphasized  our  belief  that  the
method   is  a  reliable  technique  to  chaotic  systems 
of   fractional   order.   Finally,   generally  speaking, 
the  proposed  approach  can  be  further  implemented 
to solve  other nonlinear  problems  in  fractional
calculus field. 
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