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Abstract: In this paper, we consider exponential Runge-Kutta methods for the numerical pricing of 
options. The methods are shown to be an alternative to other existing procedures for the numerical 
valuation of jump -diffusion models. We show that exponential Runge-Kutta methods give unconditional 
second order accuracy for European call options under Merton's jump -diffusion model with constant 
coefficients. Exponential integrators have good stability properties. These integrators are fully explicit and 
do not require the numerical solution of linear systems as in contrast to standard integrators. On the other 
hand, exponential integrators require the evolution of the exponential and related functions of the Jacobian 
matrix. Finally, the performance of the proposed methods is illustrated through some numerical
experiments.
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INTRODUCTION

The inspiration at the back of exponential
integrators is an old one and first exponential integra tor
was proposed in 1960s [8]. Exponential integrators are 
constructed by making use of the variation-of-constants
formula for the solution of (1).

0 0u'(t) Au(t) F(t,u(t)), u(t ) u= + = (1)

These integrators have not been regarded as
practical for many years. This observation has
revolutionize in recent times as innovative methods for 
computing or approximating the product of a matrix
exponential function with a vector have been built up 
[27]. For a more detailed discussion about exponential 
integrators, we refer to [4, 11, 12, 14-16, 28, 33]. 

Exponential integrators are basically a substitute to 
implicit methods for the numerical solution of stiff
differential equations. Exponential integrators solve the 
linear part of the problem exactly, which is  assumed to 
contain the extensive part of the dynamics of the
problem and then numerically solve the remaining part. 
For a comprehensive treatment of ϕ-functions we refer 
to [3, 27], which also give a detail overview of the 
historical development of this subject.

A review of exponential integrators for first-order
semi-linear problems is described in [26]. In [29],
authors showed that the considered class of exponential 
integrators allows the construction of methods with 

high stage order and excellent convergence properties 
for stiff problems. In addition, the combination of
exponential Runge-Kutta and exponential Adams -
Bashforth methods results in schemes with favorable 
stability properties. Unconditional stability properties of 
explicit exponential Runge-Kutta methods when they 
are applied to semi-linear systems of ordinary
differential equations characterized by a stiff linear part 
and a non-stiff non-linear part are defined in [23].

Jump-diffusion models are striking since they
elaborate the jump patterns exhibited by some stocks. 
Nevertheless, it is more difficult to handle them
numerically and contrasting the fundamental Black-
Scholes model, it does not become clear directly that 
hedging   strategy   leads   to  an  instantaneous  risk
free portfolio. Jump-diffusion models are described in 
[20, 21, 24].

In this article we select the jump -diffusion model 
suggested by Merton [24] and we discover numerically 
the value of European call option under Black-Scholes
and Merton models. More specifically, we decipher the 
PIDE for classical Mertons model [24]. For this model 
analytical formulas for the solution exist, either as an 
infinite sum or pertaining to an integral; the latter is 
gained as a function of Fourier analysis [7, 22]. 

Many papers can be found dealing with the
numerical valuation of jump -diffusion processes. In 
[25], the matter of American options with Poisson
jumps is dealt with numerically by a method of lines. 
Most of the general models created on the basis of Levy 
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processes are also solved numerically in [2] by the ADI 
finite difference method combined with the fast Fourier 
transform. An explicit method was used in [6] to solve 
Mertons model and a convergence theory for explicit 
schemes for a broad variety of integro-differential
Cauchy problems. In [13], the value of American
options using Mertons model is found implicitly by the 
penalty method. In [1], the authors used a matrix
splitting technique for pricing European options under 
jump diffusion processes. Implicit-explicit finite
difference methods are used successfully for European 
and barrier options in jump diffusion and exponential 
Levy models in [9]. Lately, we found [30], in which 
European, Barrier and Butterfly spread options under 
Black-Scholes geometric Brownian motion model and 
Merton's jump diffusion model with constant
coefficients is treated numerically by exponential time 
integration and Chebychev discretisation schemes. This 
paper focuses on implementation of a new class of 
numerical methods to European call option under pure
and jump -diffusion models, called exponential Runge-
Kutta methods.

The major point of the paper is to illustrate that 
exponential Runge-Kutta methods can be implemented 
effectively for financial problems and that the
consequent programs are competitive with current
methods for solving certain financial problems. 

For the purpose of clarity in the exposition, we 
shall restrict ourselves in the following to a simple one 
dimensional model problem, the European call option, 
even though the numerical methods meant for general 
application to more complex financial problems. In
Section 2 we purport the model problem. In Section 3 
we provide spatial discretization and evolution equation 
for the given problem. Exponential Euler and
exponential  Runge-Kutta  time  integrators  are  shown 
in Section 4. In Section 5, the performance of the
proposed methods are illustrated through some
numerical experiments. We conclude the paper with 
some observations and remarks.

STATEMENT OF THE PROBLEM

Suppose that at time t the asset price is S. Consider 
a financial market with the following price process [32]

(2)

Here  r  and σ  are  numbers  called  interest rate 
and volatility. The term dWt is known as Wiener
process  at  time  t  which  contains the randomness that 
is certainly a feature of asset prices. dWt is a random 
variable, drawn from a normal distribution with mean 
zero and variance dt.

We can find option value by using a formula such 
as Black-Scholes. Option price will reflect the
likelihood of the option finishing in-the-money. We 
denote by u the value of an option. The one
dimensional Black-Scholes equation for a lognormal
price process [31]

(3)

can be written under the transformation x = log (S/S0)

(4)

Here S0 is  a constant. We will take S0 = E, where E 
is a strike price. Now we can introduce the
transformation to backward time τ = T-1, which is the 
time from expiry and T is the expiry time and integrate 
forward in τ. Therefore We can write (4) as:

(5)

Now we want to determine the value u(x,τ) of an 
European option where the holder can exercise option 
only at maturity [5]. Equation (5) represents the
European pricing problem in the Black-Scholes model 
or the pure diffusion model. 

The pricing equations include convolution integrals 
when the underlying process includes jumps, for
example, the pricing equations become partial-integro-
differentiation equations [31]. Here jumps represent
rare events, crashes and large draw downs [10]. A 
specific example is Merton's jump diffusion model for 
the underlying process

(6)

where dNt is a Poisson process of intensity λ. That is

If (η-1) represents the impulse function causing S 
to jump to Sη then κ is the expectation of the impulse 
function, that is
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where γ is a variance of the normal density

with mean µ. Now the Black-Scholes pricing equation 
(5) becomes partial integro-differential equation

(7)

Above equation stands for the European option 
pricing problem in the Merton's model or the jump -
diffusion model. 

In all our calculations and equations we have taken 
the amount of dividend as zero. 

The European call option price satisfies the pure 
diffusion PDE (5) and jump -diffusion PDE (7) with the 
final condition

(8)

and boundary condition [30]

(9)

(10)

SPATIAL DISCRETIZATION 
AND EVOLUTION EQUATION

We will discretize European option pricing
problem in the Merton's model (7) by finite difference 
schemes. Let i iu ( ) u ( x , ),(1 i M)τ ≅ τ ≤ ≤ be the discrete 

solution to (7) at xi and time τ. For a finite difference 
discretization of the spatial derivatives, we need to 
truncate the infinite x-domain to finite x-domain, for 
example, xmin≤x≤xmax. Therefore

with grid points xi = iδx and 

xM
x

M 1
δ =

+

Here, we discretize (7) on an equidistant grid by 
means of the finite difference method, where we need a 
first-order and a second-order derivative.

(11)

(12)

Equation (7) can be written in abstract form as

(13)
or

(14)

Now equation (13) is a parabolic equation, where

with

More over

(15)

To discretize the integral term in (15), we split the 
infinite integral into two parts [1, 30].

(16)
where

min max(y , y )Ω =
and

min min max maxy x ;y x= =

By using the composite trapezoidal rule, we can 
write u(y, )f(y x)dy

Ω

τ −∫  as:

(17)
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For computing a European call option, the integrand u(x,τ) over R\Ω  must be replaced by the approximations [1]

Therefore the unbounded integral becomes

(18)

with

Time discretization by exponential Integrators
For the parabolic problem (14), consider the following class of exponential Runge-Kutta methods [14]

(19)

(20)
with

(21)

(22)

where li is the Lagrange interpolation polynomial and ci
are the nonconfluent collocation nodes. The coefficients 
aij and bi are constructed from exponential functions, or 
related functions evaluated at the matrix hA. Here, we 
are  interested  in  explicit  methods, i.e. methods where
aij = (hA) = 0, for i≤j. It is also notable that (19) reduce 
to a Runge-Kutta method with coefficients bi = bi(0)
and aij = aij(0)  if  we  consider  the  limit  A→0, where 
the real numbers aij and bi are the coefficients of the 
underlying Runge-Kutta scheme. We also suppose that 
the underlying Runge-Kutta method satisfies

(23)

Exponential integrators integrate the linear part of 
the  system  (14)  exactly and  for the non-linear part, an 

appropriate approximation will be used. Here the non-
linear part mean Bu(t)+g(t) which is actually in our case 
linear but we treat it in general format by saying it non-
linear. The estimation of the non-linear term in (14) 
with a constant is very rough. In fact, it can be
considered as Taylor expansion of u truncated after the 
first term. The exact solution of (14) is represented by 
variation-of-constants formula

(24)

Exponential  time  differencing  schemes  now
arise   from   approximating  g(tn+τ)   and  u(tn+τ)  by  a 
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polynomial p(τ) and then integrating exactly. Approximation by a constant at τ = 0 is the simplest choice, i.e, 
g(tn+τ) = g(tn) and u(tn+τ) = u(tn) and above equation becomes

(25)

and further integration gives

(26)

This is called explicit exponential Euler method or exponential forward Euler method. It has stiff order one. The 
Butcher tableau for this method is

(27)

Therefore, we have c1 = 0, a11 = 0 and b1 = ϕ1(z).
Now for second-order method with two stages, exponential Runge-Kutta method (19) becomes

(28)

since we know that for second-order method with two 
stages it must satisfies the following three order
conditions [15]

(29)

(30)

(31)

(32)

We can take c1 = 0 and c2 = 0. Then we can find 
the values of b1 and b2. The Butcher tableau for this 
method is

(33)

NUMERICAL RESULTS

We confirm our execution with some numerical
experiments in Matlab, where we solve a parabolic
problem (14) by using exponential Euler method (26) 
and exponential Runge-Kutta method (28).

In all our experiments, we assume that the strike 
price is 100, the risk-free interest rate is 5 percent per 
annum, the asset price volatility is 20 percent per
annum, the intensity of the jump process is 2, the
variance of the normal density is 0.2 and the time to 
maturity is 1 years, with our usual notation, this means 
that

(34)

Figure 1-4 display numerical results for a European 
call option under parameters (34). In Fig. 1, the dashed 
curve is the present option value under the jump -
diffusion  process, the solid curve is results from setting 
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Fig. 1: European call option value under jump -
diffusion and pure diffusion model and call
payoff, grid with 150 nodes r = 0.05, E = 100, σ
= 0.2, λ = 2, T = 1

the jump intensity λ = 0 which is the pure diffusion 
process, while the dotted curve is the payoff condition

The difference between the jump -diffusion process 
and the pure diffusion process is shown in Fig. 2 and is 
quite substantial [31].

Option price will reflect the possibility of the
option finishing in-the-money. Option value will
certainly not be lower than its intrinsic value.
Mathematically speaking, the call option gives the
holder the right to buy the underlying for an agreed 
price E by the date T. As one can see from Fig. 1, for a 
set strike price, call option value increases with asset 
price increases. In the case of S > E, the option is called 
in-the-money. It is said to be out-of-the-money if S < E. 
If S = E, it is at-the-money. As one can observe from 
Fig. 1, 100 to 250, option is in-the-money and 50 to 
100, option is out-of-the-money. Option can be near-
the-money if the stock price is close to the exercise 
price. Further, a call is deep-in-the-money if the stock 
price is considerably above the exercise price [19].

The derivatives with respect to the different
quantities are represented by Greek letters and as a 
group known as the Greeks [18, 31]. Each Greek letter 
measures  a  diverse  dimension  to  the risk in an option 

Fig. 2: Difference between jump -diffusion and pure
diffusion  option  values, grid  with  150  nodes, 
r = 0.1, E = 100, σ = 0.2, λ = 2, T = 0.25

position and the aspire of a trader is to control the 
Greeks  so  that  all  risks  are  acceptable  [17]. One 
can compute Greeks in two different ways. The
straightforward way is to use a finite difference
discretization  to  approximate  the  partial  derivatives 
that comprise the Greeks. Other approach is to
formulate partial differential equations for the Greeks 
and solve those equations numerically [31]. Our
approach is the first one. 

Delta is among four major risk measures used by 
options traders. The delta is the ratio comparing the 
change in the price of the underlying asset to the
corresponding change in the price of a option. Delta call 
is always positive, Fig. 3, while delta put is always 
negative. Therefore, the value of a call increases with a 
asset price increase, Fig. 1, whereas the value of a put 
decreases with a asset price increase. Therefore if a call 
option with a delta= 0.75. It means if the asset price 
rises by €1, the price of the call will rise by
approximately €0.75. Delta call tends to approach 1.0 
when the call option is deep-in-the-money and delta call 
approaches zero when the call option is deep-out-of-
the-money. When the asset price is near the exercis e
price, delta call is most sensitive to a change in the asset 
price [19]. One can easily verify above analysis about 
delta by looking at the Fig. 3.

Figure 3 shows the jump -diffusion delta (dashed 
curve) and pure diffusion delta (solid curve). As we can 
see substantial difference in option prices in Fig. 1. This 
difference also reflects in Fig. 3.

Gamma  measures  how  delta  changes  with 
changes  in the asset price. Gamma is the second partial
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Fig. 3: Variation of delta under jump -diffusion and 
pure diffusion model with asset price for a
European   call   option,   grid   with  150  node, 
r = 0.05, E = 100, σ = 0.2, λ = 2, T = 1

Fig. 4: Variation of Gamma under jump -diffusion and 
pure diffusion model with asset price for
European  call   option,  grid  with  150  nodes 
r = 0.05, E = 100, σ = 0.2, λ = 2, T = 1

derivative of the portfolio with respect to asset price. 
Gamma becomes zero when it is away from the strike, 
but  at  the  strike  it  becomes  more and more peaked, 
Fig. 4 for illustrations of the Gamma. Gamma is small, 
when the option being measured is deep-in or out-of-
the- money. When option is near-the-money, Gamma is 
largest. Gamma call is always positive and increases to 
a maximum with a asset price close to the exercis e
price, as one can note from Fig. 4.

Figure 4 shows the jump -diffusion gamma (dashed 
curve) and the pure diffusion gamma (solid curve).
Again  there  are  substantial  differences  between 
jump-diffusion and pure diffusion models.

Table 1: 

M Exponentail Euler method Exponentail runge -Kutta method

50 1.1334 2.0158
100 1.1332 2.0151
200 1.1332 2.0145

Table 2: 

M Exponentail Euler method Exponentail runge -Kutta method

50 1.1350 2.0159
100 1.1348 2.0149
200 1.1347 2.0141

Table 3: 

M Exponentail Euler method Exponentail runge -Kutta method

50 1.1379 2.0158
100 1.1376 2.0140
200 1.1372 2.0123

Table 1-3  show  the  numerically  observed 
temporal  orders  of  convergence  in  the  L1,  L2 and 
L∞  norms   respectively   with M grid   points   and
h = 1/128, for the PDE (7) in case of exponential Euler 
method of order one and exponential Runge-Kutta
method of order two.

Table 1 show numerically observer temporal order 
of convegence in the L1 norm with 50, 100 and 200 grid 
points and h = 1/128

Table 2 show numerically observer temporal order 
of  convegence  in  the  L2 norm with M grid points and 
h = 1/128

Table 3 show numerically observer temporal order 
of convegence in the L∞ norm with 50, 100 and 200 
grid points and h = 1/128

DISCUSSION

Our results provide strong support for the
application of exponential integrators to financial
problems. We can use these results to show that
exponential integrators can be implemented efficiently 
to exotic options. Our results are consistent with what is 
known about European call option. These results agree 
with previously published work [30, 31]. Our integrator 
is capable of providing an answer to American options 
pricing problem. Exponential integrators schemes are 
very promising for solving certain financial problems
because it is simple to implement and it solve the linear 
part of the PDE exactly.

As the Fig. 1, 3, 4 indicate, option prices are
enormously  reliant  upon  asset  prices  and the price of 
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the underlying asset is the key determinant of an option 
price. As a result, delta and gamma is the most
important of all of the sensitivity measures. We have 
succeeded in actually showing that the computed
Greeks delta and gamma are independent of the fake 
oscillations that are there in the absence of any strong 
stable integrators like Crank-Nicolson method [30],
which are used while the efficiency natural to high 
order methods is retained.

We have given a second-order constant step size 
exponential Runge-Kutta method which is presented as 
an effective substitute for other methods for the
numerical valuation of European call options under
jump-diffusion model.

The author would like to acknowledge the tutelage 
help, valuable instructions, intellectual suggestions,
beneficial remarks and constructive criticism from his 
sincere, kind-hearted Professor Dr. Alexander
Ostermann.
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