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Abstract: Reactive power optimization in distribution systems is investigated in this paper. The objective 
of this paper is to determine the proper setting values and placing of capacitor banks. A novel Fuzzy 
Iterative Learning Control (FILC) approach is proposed in this paper. The reactive power is controlled by 
shunt capacitor banks. The problem formulation considers two distinct objectives related to total cost of 
power loss and total cost of capacitors including the purchase and installation costs. The formulation is a 
multi-objective and non-differentiable optimization problem. The proposed method of this article uses 
FILC for sizing and sitting of capacitor banks in radial distribution feeders. This algorithm is applied to 
several standard test case systems and its results are compared to those generated by other methods.
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INTRODUCTION

The installation of shunt capacitors on radial
distribution systems is essential for many reasons.
Some of these reasons are power flow control,
improving system stability, power factor correction,
voltage profile management and losses minimization.
Therefore, it is important to find the optimal size and 
location of capacitors required to minimize feeder
losses (power and energy) and the suitable time to 
switch on and off the capacitors. The solution
techniques for the capacitor allocation problem can be 
classified into four categories: analytical, numerical
programming, heuristic and Artificial Intelligence based 
(AI based). AI-based methods are now the most
attractive methods. They include Genetic Algorithms 
(GAs), simulated annealing, expert systems, artificial
neural networks, fuzzy set theory and fuzzy logic. 

For instance [1] formulated the problem as a mixed 
integer programming problem that incorporated power 
flows and voltage constraints. The problem was
decomposed into a master problem and a slave problem 
to determine the sitting of the capacitors and the types 
as well as size of the capacitors placed on the system. 
[2, 3] proposed heuristic approaches to identify the 
sensitive nodes by the levels of effect on the system 
losses. [4] adopted an equivalent circuit of a lateral 
branch  to  simplify  the  distribution  loss  analysis, 
which obtained the capacitor operational strategies
according to  the  reactive  load  duration curve and 
sensitivity index. Moreover, optimal capacitor planning 
based on the fuzzy algorithm was implemented to
present the imprecise nature of its parameters or

solutions in practical distribution systems [5-7]. Several 
investigations have recently applied AI techniques to 
resolve the optimal capacitor planning problem due to 
the growing popularity of AI. [8, 9] presented a solution 
methodology based on a Simulated Annealing (SA)
technique. [10] applied the tabu search technique to 
determine  the  optimal  capacitor  planning  in  Chiang 
et al. [8] distribution system and compared the results 
of the TS with the SA. In [11, 12], Genetic Algorithms 
(GA) were implemented to obtain the optimal selection 
of capacitors, but the objective function only considered 
the capacitor cost and power losses without involving 
operation constraints.

The capacitor planning problem is formulated as a 
multiple objective problem. The formulation proposed 
here in considers two distinct objectives related to total 
cost of power loss and total cost of capacitors including 
the purchase and installation costs and also considers 
load flow restrictions security and operational
constraints like loading of feeders and voltage profile 
maximum reactive compensation. In this paper we use 
Fuzzy Iterative Learning Control (FILC) method to
solve the capacitor planning problem.

Iterative Learning Control (ILC) has become the 
active  research  area  for  the  past  two  decades  and 
great efforts have been put in the development of
different  learning  controllers. ILC can be considered 
for improving the transient response and tracking
performance of processes, machines, equipment's or
systems that execute the same trajectory, motion or 
operation in a repetitive manner (Arimoto, 1996).
Industrial robotic operations, chemical processes are 
such  situations  where  ILC  can be used to improve the 
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performance. The approach is motivated by the
observation that if the system controller is fixed and if
the system’s operating conditions are the same each 
time it executes, then any errors in the output response 
will be repeated during each operation. These errors can 
be recorded during system operation and can be used to 
compute modifications to the input signal that will be 
applied to the system during the next operation, or trial. 
In ILC, refinements are made to the input signal after 
each trial until the desired performance level is reached. 

Figure 1 illustrates the basic configuration of ILC, 
where uk(t) the input signal during the kth iteration 
applied to the system produces the output trajectory 
yk(t) and yd(t) denotes the desired trajectory, which the 
system should track. These signals are stored in the 
memory until the current (kth) iteration is  over, at 
which time they are processed offline by the ILC
algorithm. The learning controller compares yd(t) and 
yk(t) and adds an update term with uk(t) to produce 
uk+1(t), the refined input signal given to the system for 
the (k+1)th iteration. The above signals/trajectories are 
functions of time defined on a finite interval t [0,T]
and updates occur sequentially in time up to the
required error goal is reached. D-type ILC algorithm
was introduced by Arimoto et al. (1984), as a first work 
on ILC is of the form

k 1 ku (t) u (t) e(t)+ = + Γ

where the derivative of the tracking error is defined as 

d ke(t) y (t) y ( t )= −  

with a suitable learning gain G. Bondi et al. (1988) set 
the learning controller with a sufficient linear feedback, 
which is shown to ensure the tracking performance. 
Further research on ILC led to the development of new 
algorithms and their implementation issues with the
existing conventional feedback controllers (Atkeson
and McIntyre, 1986; Kuc et al., 1991; Jang et al.,
1995). The capability of ILC for varying environments 
and modeling errors has been explained in Moore
(1998). As an extension to the first-order systems,
higher-order ILC for a class of nonlinear dynamic
systems was reported in Bien and Huh (1989). It uses 
more historical data to get the better output tracking 
performance. Stability analysis of learning control
scheme with disturbances and uncertain initial
condition were discussed by Heinzinger et al. (1992). 
Some of the nonlinear robust, adaptive and model based 
ILC algorithms are also addressed by Xu and Tan 
(2003), Tayebi (2004) and Bukkems et al. (2005).
Applications of ILC algorithms are applied for the robot 
including   its  actuator  dynamics  and  for  direct  drive 

robots are explained in (Gopinath and Kar, 2004;
Bukkems et al., 2005). The detailed survey of research 
progress in ILC area can be found in (Bristow et al.,
2006). The advantage of ILC is that it does not require 
the  knowledge  about  the  system  dynamics and 
learning  starts  as  iteration  progress.  This  results  in 
large  initial  errors  in  the  early  stage  of  iterations 
and very slow convergence of tracking error as the 
iteration number k→8.

Interested  readers  can  refer  to  the book [13] and 
the articles [14, 15] to achieve more information about 
formation and improvement of this subject. 

In [16] an ILC algorithm for linear systems with 
linear constraints removing the requirement that the
optimum of the unconstrained problem lies in the
constraint set. Using the lifted system representation,
this paper formulates the ILC problem as a quadratic 
program. An important benefit of this framework is the 
availability of efficient computational tools as well as 
the possibility of using system theoretic interpretations 
of the underlying optimization problem to reduce its 
computational complexity.

As a model free design method, Fuzzy Logic
Control (FLC) has been successfully applied to control 
complex or ill-defined processes whose mathematical 
models are difficult to obtain. The ability of converting 
linguistic descriptions into an automatic control strategy 
makes it a practical and promising alternative to
classical control schemes.

Fuzzy rule-based systems could also be used as a 
tool for modeling nonlinear systems from the viewpoint 
of universal estimator of functions (Wang and Mendel, 
1992; Kreinovich et al., 1998). The key idea of the 
proposed approach is to generate a rule base of IF 
THEN fuzzy rules using the experience database of
desired system states and their corresponding optimal
control inputs. 

In this scheme, a fuzzy system is used to generate 
the corrective term. In general, the tracking error 

k d ke (t 1) y (t 1) y (t 1)+ = + − +

and its variation 

k k ke (t 1) y ( t ) y ( t 1)∆ + = − +

were used as input to fuzzy system giving uFILC as its
output.

The rest of this article is organized as follows:
Section 2 describes the formulation of the capacitor 
planning  problem.  A  solution  algorithm  based  on 
the  FILC  for  the multi-objective problems is
developed   in   section   3.  Section  4  demonstrates
the   effectiveness   of   the  solution  algorithm  on  two 

C
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distribution case study. Conclusions are finally made in 
section 5.

MATHEMATICAL MODEL OF THE PROBLEM

The objective function in the capacitor planning 
problem for radial distribution feeders is:
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Where:
Kp: Cost per power loss, $/kW/year
N: Total Number of buses in radial distribution 

network
k

loss(i,i1)P + : Active power loss of (i, i+1) branch 
NC: Total number of possible capacitor sizes

iQ
instC : The cost of installation of a capacitor bank of 

Q (Var) on bus i, $/KVAR/year 
iQ
purcC : The cost of purchasing of a capacitor bank of 

Q (Var) for bus i, $/KVAR/year
gi giP ,Q : Active and reactive power generations at bus i

di diP ,Q : Active and reactive power load at bus i

V’s, δ’s: System bus voltages magnitudes and phase 
angles.

Yij,θij: Bus admittance matrix elements
Total
CQ : Total connected VAR by capacitor banks for 

radial distribution network
Total
LQ : Total VAR of connected loads in radial

distribution network

This objective function considered here in equation 
(1), consists two terms. The first term denotes the cost 
of power loss and the second term includes the total 
cost of capacitors that consist of the purchase and 
installation costs. 

Regarding the constraints, equation (2) and (3)
point to well-known load flow restrictions while
security  and  operational  constraints  like  voltage 
profile  and  loading  of  feeders  have  been  formulated 
in inequality of (4) and (5).

As a general rule, for reactive-power
compensation,  the  maximum  capacitor  size  should 
not exceed the connected reactive load. This results  in a 
limited number of available capacitor sizes for
installing on the radial distribution network. This
concept has been formulated by equation (6) in the set 
of constraints of introduced objective function.

ITERATIVE LEARNING CONTROL METHOD

The repeatable control environment implies an
identical target trajectory and the same initialization 
condition for all repeatable control trials. Many existing 
control methods are not able to fulfill such a task,
because they only warrant an asymptotic convergence
and being more essential, they are unable to learn from 
previous control trials, whether succeeded or failed,
without learning, a control system can only produce the 
same performance without improvement, even if the
task repeats consecutively, ILC was proposed to best 
meet this kind of control tasks. The idea of ILC is 
straightforward: use the control information of the
preceding  trial  to  improve  the  control  performance 
of the present trial. This is realized through memory 
based learning. Figure 1 shows one such schematic 
diagram,  where  the  subscript  k  denotes the kth

control trial. Assume that the target trajectory, yd(t) is 
repeated over a fixed time interval and the plant is 
deterministic with exactly the same initialization
condition.  Suppose  that  the  perfect  output  tracking 
is achieved at the kth trial. The feedback loop is
equivalently broken up. uk(t) who did the perfect job 
will be preserved in the memory for the next trial. In the 
sequel uk+1(t) = uk(t), which warrants a perfect tracking
with a pure feed forward.
The simplest ILC problem:
For a given process 

Fig. 1: A typical ILC
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y(t) g(t)u(t)= (7)

where g(t)≠0 is defined over a period [0,T], find the 
control input, u(t), such that the target trajectory

dy ( t ) t [0,T]∀ ∈ (8)

can be perfectly tracked. Without loss of generality we 
assume that yd(t) and g(t) are bounded functions.

We can directly acquire the desired control signal 
without any parametric or function identification. This 
will make the control system more efficient and avoid 
extra error incurred by any intermediate computation, 
e.g. a large numerical error may occur if g(t) takes a 
very small value at some instant t and is inverted. If the 
control task runs once only and ends, we are not able to 
directly achieve the desired control signal. When the 
same control task is repeated many times, we can 
acquire the control signal iteratively by the following 
iterative learning control scheme

k 1 k ku (t) u ( t ) q y (t) t [0,T]+ = + ∆ ∀ ∈ (9)

where the subscript k∈Z+ is the iteration index,
Z+=0,1,… is the set of non-negative integers. u0(t) can 
be either generated by any control method or simply set 
to be zero. q is a constant gain and 

k d ky ( t ) y ( t ) y (t)∆ = −

is the output tracking error sequence. 
There are two ways we can prove the convergence, 

either ∆yk(t)→0, or

k d ku (t) u (t) u (t) 0∆ = − →

when i→∞.
For simplicity we will omit the time t for all

variables from 0 to T if not otherwise mentioned.
We now consider the ILC problem for the closed 

loop system with input saturation, as shown in Fig. 2. 
The saturation function sat: R→R

max max

max max max

max max

u , if u u
sat(u,u ) u, if u u u

u if u u

≤
= − ≤ ≤
− ≤ −

(10)

This function can be rewritten as follows:

max maxsat(u,u ) sign(u)min{u,u }=

The following learning algorithms have been used 
for producing control law 

                       uk+1(t) = uk(t) + qek+1(t) (11)

               uk+1(t) = sat(uk(t), umax) + qek+1(t) (12)

Equation (11) can ensure a perfect tracking
performance when there is no input constraint while 
equation (12) ensures the perfect tracking performance 
with input saturation under the standing assumption. 

As it was mentioned previously, there is limited 
number of available capacitor sizes for installing on the 
radial distribution network. Consequently, the problem 
of locating capacitors can consider in the same manner.

FUZZY ITERATIVE LEARNING CONTROL

In this scheme, a fuzzy system is used to generate 
the corrective term. In general, the tracking error 

k d ke (t 1) y (t 1) y (t 1)+ = + − +

and its variation 

k k ke (t 1) y ( t ) y ( t 1)∆ + = − +

were used as input to fuzzy system giving uFILC as its 
output.

The fuzzy system uses zero order Tackagi-Sugeno
rules. Seven fuzzy sets were used to partition each input 
using triangular fuzzy sets expressed as Negative Big 
(NB), Negative Medium (NM), Negative Small (NS),
Zero (ZE), Positive Small (PS), Positive Medium (PM) 
and Positive Big (PB). Similarly, seven singleton fuzzy 

Fig. 2: The block diagram of the closed-loop system 
with input saturation

Table 1: The rule-base of FILC
E
----------------------------------------------------------------

uFILC NB NM NS ZE PS PM PB
PB NB NB NB NB NM NS ZE
PM NB NB NB NM NS ZE PS

∆e PS NB NB NM NS ZE PS PM
ZE NB NM NS ZE PS PM PB
NS NM NS ZE PS PM PB PB
NM NS ZE PS PM PB PB PB
NB ZE PS PM PB PB PB PB
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(a) uFILC

(b) e, ∆e

Fig. 3: Membership functions of (a) output fuzzy sets, 
(b) input fuzzy sets

sets were assigned to output. The fuzzy rule table was 
designed as in Table 1. The membership functions of 
input and output fuzzy sets are shown in Fig. 2. The 
Fuzzy Iterative Learning Controller (FILC) can be
represented as:

FILC FILCu (t) K FILC(e(t), e(t))∆ = ∆ (13)

PROBLEM FORMULATION AND 
IMPLEMENTATION

For the purpose of our analysis, the fuzzy iterative 
learning control method is used to minimize the
objective term; the inputs of the fuzzy system are the 
variations of cost function (1) from its optimum value 
and the variation of cost from an optimal value. The 
algorithm proceeds as follows:

In the every iteration, the variation from desired 
value and its variation calculate and input to the fuzzy 
system and it generates a capacitor value so in this way 
the reactive power changed and input to the next 
iteration, by executing the load flow again the new 
values for the next iteration provided. Also there are 
two limitations for this work, firstly the number of
available capacitor sizes and secondly the limitation 
which we have for the voltage of buses (4). 

The yearly loss cost is selected to be U.S. $
168/kW [17]  in the test cases one and two. The voltage

Table 2: Available three-phase capacitor sizes and cost

Size (KVAR) 150 300 450 600 900 1200

Cost ($) 750 975 1140 1320 1650 2040

Fig. 4: Diagram of 9-bus distribution system, case
study 1

Fig. 5: The surface of the rules of FILC method in 9-
bus test feeder

limit  range  is  between  0.9p.u  and  1.1p.u. The sizes 
and  cost  of  available  capacitors are listed in Table 2 
and 3 [17].

CASE STUDY ONE, 9-BUS SYSTEM

The 9-bus radial distribution feeder of [17] is taken 
as the test feeder. The rated voltage is 23 kV. The 
system is shown in Fig. 4.

The total reactive load of the system is 4186
KVAR that leads to 27 practical combinations of
mentioned  standard  capacitor  banks  available  in 
Table 3. 

Applying the load flow program on this feeder
before compensation, the cost function and the total 
power losses are U.S. $ 131675 and 783.8 kW,
respectively. The maximum and minimum bus voltage 
magnitudes were 0.9929p.u and 0.8375p.u respectively, 
where the voltage of the substation (bus number 0) is 
assumed to be 1p.u.

Table 4 shows the results of capacitor planning in 
[17]. The methods 1-5 and the exact solution are
described in [17] and method 6 is our purposed FILC 
method compared with them. The surface of the rules of 
FILC method in 9 bus feeder is shown in Fig. 5. 
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Table 3: Possible choses of capacitor sizes and cost/KVAR

k Qc Size (KVAR) Cost ($/KVAR) k Qc Size (KVAR) Cost ($/KVAR) k Qc Size (KVAR) Cost ($/KVAR)

1 150 0.500 10 1500 0.198 19 2850 0.183
2 300 0.325 11 1650 0.193 20 3000 0.178
3 450 0.253 12 1800 0.183 21 3150 0.193
4 600 0.220 13 1950 0.207 22 3300 0.174
5 750 0.276 14 2100 0.176 23 3450 0.188
6 900 0.183 15 2250 0.197 24 3600 0.170
7 1050 0.228 16 2400 0.170 25 3750 0.183
8 1200 0.170 17 2550 0.189 26 3900 0.179
9 1350 0.207 18 2700 0.183 27 4050 0.179

Table 4: Results for all methods applied to the 9-bus feeders including original data in [16] and FILC method

No QC Qc (KVAR) Qc (KVAR) Qc (KVAR) Qc (KVAR) Qc (KVAR) Qc using
(KVAR) using using using using using Exact FILC

Bus No. placed method 1 method 2 method 3 method 4 method 5 solution method 6

1
2 3300 3600
3 1050 3900 3300 2850 3600
4 2100 1050 1800 2100 4050 2550
5 2500 1950 1200 1050 1050 1650 1650
6 1200
7
8 600
9 900 900 900 900 900 750
Real loss (KW) 783.8 707 705 689 692 691.6 686 679.93
$ Cost 131675 119736 119420 117330 117571 117479 117095 116050
Min V (p.u.) 0.8375 0.9000 0.9029 0.9006 0.90004 0.9000 0.9003 0.9012
Max V (p.u.) 0.9929 1.0000 1.0000 1.006 1.0012 1.001 1.007 1.0064

It is obvious that the results of method 6 are better 
than the other methods. The total time of simulation in 
Matlab 7 software is only 1.94 seconds in a pc with the 
speed of cpu 1600 Mhz. 

CASE STUDY TWO, 34-BUS SYSTEM

A radial distribution network with 34 load points is 
used to simulate the proposed FILC Method. The data 
of this test system has been taken from reference [17]. 
The system voltage is 11 kV. Before compensation, the 
cost is U.S. $ 37212, this is based on the previously 
defined cost function, the active and reactive losses are 
221.5 kW and 65.04 KVAR, respectively and the
voltage limits in per unit are 0.9417 and 1.0.
Considering total connected reactive load of 2873.5
KVAR of this system, 19 capacitor bank combination 
of Table 2 can be used.

The result of FILC method is illustrated in Table 5, 
while  the  comparison  between results of the methods 
1-5 of [17] and methods 6 are presented in Fig. 5 and 6.

Table 5: Result of FILC method in 34-bus test feeder

Bus No. 4 F

16 600
17 600
29 1200
Cost ($) 27783
Loss (KW) 162.59
Loss (KVAR) 47.4
Min V (p.u) 0.9507
Max V (p.u) 1

CASE STUDY THREE: 33-BUS
AND 66-BUS SYSTEMS

In order to compare the performance of our method
with the RSHDE method the second case study of [18] 
is used, which is an 11 kV, 4-lateral and 33-section
feeder in which used as a medium-size system and by 
doubling this system we have a large-size system with 
66 buses. The equivalents annual cost per unit of power
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Table 6: Results of [18] and FILC methods in 33-bus&66-bus test cases

After compensation

Test Before -----------------------------------------------------------------------------------------------------------------------------------

cases Items compensation SA GA DE HDE RSHDE FILC

33-bus Total Loss (kw) 883.240 714.037 709.653 718.504 705.585 704.557 635.673

system Cost ($) 132486 120606 120410 127576 119638 119634 96356

Net Saving ($) - 11880 (8.97%) 12076 (9.11%) 4910 (3.71%) 12848 (9.7 0%) 12852 (9.70%) 36130 (27.27%)

66-bus Total Loss (kw) 1123 879.712 863.642 - - 855.684 685.705

system Cost ($) 168450 134178 133947 - - 130645 111290

Net Saving ($) - 34270 (20.34%) 34501 (20.48%) - - 37803 (22.44%) 57160 (33.93%)

Fig. 6: Cost function for the 6 methods applied to 34-
bus test feeder

Fig. 7: Active power losses for the 6 methods applied 
to 34-bus test feeder

loss (Kp) is selected to be $ 150/ kW/year. Table 6 
illustrates the results of methods of [18] and our
proposed FILC method.

CONCLUSIONS

This article presents a new optimization method for 
optimum capacitor planning problem. The proposed 
method uses Fuzzy Iterative learning method for
reactive power compensation in distribution system. 

The method developed herein is tested on small, 
medium and large distribution systems and the results 
have been compared with similar research works. The 
comparison shows the effectiveness of proposed

method in case of investment and improving the
performance of the distribution network. 

It should be mention that the proposed FILC
method has a novel formulation of optimization that is 
so easy in formulation and suitable to use in new
approaches for future work in similar fields.
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