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Abstract: Chaotic phenomena can be controlled in nonlinear chaotic dynamical systems by controlling the 
maximum Lyapunov exponent. In the case of time varying chaotic systems, the Lyapunov exponents may 
vary during the system operation. In this paper, an effective adaptive strategy is proposed for on-line
identification and assignment of the maximum Lyapunov exponent. In addition, a nonlinear observer for 
estimation of the states is proposed. Simulation results are provided to show the effectiveness of the 
proposed methodology.

Key words: State feedback • nonlinear observer • lyapunov exponents • adaptive control

INTRODUCTION

The analysis and control of chaotic behavior in 
dynamical systems have been widely investigated in 
recent years [2-4, 7] and [5]. Also, Lyapunov exponents 
have been used to characterize and quantify the
chaoticity of complex dynamical systems [1] and the 
computation of the Lyapunov exponents for nonlinear 
dynamical systems is an effective tool in this respect 
[10]. However, in the case of time varying chaotic
systems, the characterization and control issues will be 
far more complex. In [13-15], an adaptive strategy is 
proposed for on-line identification of Lyapunov
exponents in the case of such chaotic systems. In this 
paper, following the proposed strategies in [6, 11, 12],
an adaptive Lyapunov exponents assignment control is 
presented. This is provided by on-line Lyapunov
exponents identification and a positive state feedback 
controller with a uniformly bounded control gain
sequence to arbitrarily assign the identified Lyapunov 
exponents. This, together with a bounding mechanism 
such as mod-operation or sawtooth or sine function on
the controlled system, can adaptively control chaotic 
behavior [9]. In addition, a nonlinear observer is
proposed when the states of the nonlinear chaotic
system are not accessible for feedback [14]. This work 
is built on the previous work by the authors [14, 15] but 
incorporates a significant improvement. In [15], it was 
shown that the time delayed state feedback method is
more efficient for chaos control compared to gradient 
based method used in [14]. In gradient method, the
amplitude of control signal depends on the parameters 
of the system, which can be changed during the system 

operation. This also leads to saturation of control signal. 
These problems of gradient method are covered by time 
delayed state feedback method [15]. However, the
problem with time delayed state feedback is that it is 
not applicable to all kinds of nonlinear systems [15]. 
This short come of time delayed state feedback is
solved by the method developed in this paper. Finally,
simulation results for Henon map with time varying 
parameters are provided to show the effectiveness of 
the proposed methodology.

CONTROLLER DESIGN METHODOLOGY

Consider a discrete time nonlinear dynamical
system in the general form:

x(k 1) f[x(k)]+ = (1)

Where, k = 0,1,… is the number of the sampling 
instants, ƒ is assumed to be continuously differ entiable,
at least locally in a region of interest and x(k)∈Rn. In 
this paper, we consider a class of nonlinear discrete 
systems which are not originally chaotic or unbounded
but can show chaotic behavior when the parameters of 
the system change during the system operation. This 
chaotic behavior occurs when at least one of the
Lyapunov exponents of the system becomes positive. 
Also, the dynamical equation of the nonlinear system
must be known exactly. 

We study an automatic control problem for
dynamical system (1): designing a control input
sequence{ }k 0u(k) ∞

=  such that the output (state vectors) 
of the controlled system [11]:
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x(k 1) f[x(k)] u(k)
x given

+ = +


−
(2)

behaves periodically, in the sense that the Lyapunov 
exponents of this controlled system become negative in 
an appropriate order of arrangement according to the 
desire of the user. Throughout this brief, we only 
discuss state-feedback controls of the form:

u(k) B(k)x(k)= (3)

where, B(k) are  n×n state feedback matrices to be
determined. To describe the problem more precisely, 
we first need some new notations. Let ƒ′ j(z) be the 
Jacobian of system (1) and let

j j jJ (z) f (z) B′= + (4)

be the Jacobian of the controlled system (2), both
evaluated at z, for all j = 0,1,…
Let also:

j 0 j j j 1 j 1 1 1 0 0T ( x ) : J ( x ) J (x )...J ( x ) J ( x )− −= (5)

Moreover, let µi[Tj(x0)] be the ith singular value of 
the jth matrix Tj(x0), where i = 1,..,n and j = 0,1,….

It is well known that the ith Lyapunov exponent of 
the orbit { }k 0x(k) ∞

=  of the controlled system (2), starting 
from the given x0, is defined by

{ }

{ }

i 0 i k 0k

i k k 0 0k

1(x ) lim ln [T (x )]
k
1

lim ln [J (x )...J (x )] , i 1,...,n
k

→∞

→∞

λ = µ

= µ =
(6)

In the controlled system (2), we want to design the 
constant matrices { }k 0B(k) ∞

=  given in (3) such that the 

Lyapunov exponents of the system orbit { }k 0x(k) ∞
=  can 

be arbitrarily assigned:
λi(x0) = σi (arbitrarily chosen by the user), i = 1,..,n
where, {σi} are negative (but all finite). We first 
observe that if (k) n

i 1i{ } =θ  are the singular values of the 

matrix Tk(x0), then we have (k)
i{ 0}θ ≥  for all i = 1,..,n 

and k = 0,1,… with the relationship

(k) (k)
i i ik

1
lim ln ,[for 0],i 1,...,n

k→∞
σ = θ θ ≠ = (7)

Clearly, in designing the controller we may
require (k)

iθ to be

i(k) (k 1)
i e , i 1,...,n k 0,1,...+ σθ = = = (8)

Hence, we will design a control-gain sequence
{ }k 0B(k) ∞

=
such that the singular values of the product 

matrix Tk(x0 ) are exactly equal to ik n
i 1{e }σ
=  using the 

preassigned values n
i i 1{ } =σ for all k = 0,1,….

To be practical in achieving this goal, namely, for 
implementation purpose, we will require that the
sequence { }k 0B(k) ∞

=  of control-gain matrices be
uniformly bounded:

0 k
sup B(k) M
≤ <∞

≤ < ∞ (9)

for some constant M. Where ||⋅|| denotes the spectral 
norm of a finite-dimensional matrix. It is shown in [11] 
that the uniformly boundedness of the control gain 
matrices is possible under a natural condition that all 
the Jacobians kf [x(k)]′ are uniformly bounded, i.e.,
there is a constant N such that:

k
0 k

sup f [x(k)] N
≤ <∞

′ ≤ < ∞ (10)

At the kth step, k = 0,1,…, we use the desired 
Lyapunov exponents n

i i 1{ } =σ  to design the control gain 
matrix by:

1

2

n

k k

e 0 ... 0

0 e ... 0B f [x(k)]
... ... ... ...

0 0 ... e

σ

σ

σ

 
 
 

′= − + 
 
 
 

(11)

The control-gain sequence so designed yields the 
expected controller.

NONLINEAR OBSERVER
DESIGN METHODOLOGY

Consider the controlled nonlinear chaotic system as 
follows:

x(k 1) f[x(k),u(k)]
y(k) h[x(k)]
+ =

=
(12)

Where, ƒ: ℜn→ℜn  and h: ℜn→ℜp are assumed to be 
differentiable and smooth functions and p≤n and
x(k)∈Rn is the state variable, y(k)∈Rp is the output, k = 
0,1,… is the discrete-time index.
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Figure 1 sketches the block diagram of the
proposed nonlinear observer which is seen to have the 
structure of a state observer. The main feature of it is 
the gain L(k), a formula for which is proposed in this 
section. Note that the inputs to the nonlinear observer 
are the nonlinear system input and output vectors, y(k)
and u(k) and that its output is the state estimate vector 
x̂(k) .

Observer is a dynamical system, driven by the 
observations, as :

ˆ ˆ ˆx(k 1) f[x(k),u(k)] L(k)[h(x) h(x)]+ = + − (13)

where, L(k): ℜp→ℜn and nx̂(k) R∈ is the estimation of 
the state variables. In the case of state estimation, we 
have

k
ˆlim[x(k) x(k)] 0

→∞
− →

An approach to observer design for system (12) is: 

ˆQ[x(k 1),x(k 1)] when k k+ + ≤ ∆ > ∗ (14)

With some nonnegative function Q and a threshold 
value ∆>0. Substituting x(k+1) and x̂(k 1)+ from (12)
and (13) into (14) and using the gradient method for 
computing the gain of the observer, we have:

L(k) ˆL(k 1) L(k) Q[x(k 1),x(k 1)]+ = −α∇ + + (15)

Where, α>0. Algorithm (15) makes the current observer 
gain correction ∆L(k) = L(k+1)-L(k) in the descent 
direction of the current goal function Q.

Theorem: Suppose that:

Fig. 1: Nonlinear observer

A1: There exist a number ε>0 and vector L*, such that 
the following inequalities are satisfied

L(k) LˆQ[x(k 1),x(k 1)] k 0,1,...
∗=+ + ≤ ε < ∆ =

A2: For all admissible observer gains L the inequality
Q, implies the fulfillment of the following condition:

T
L(k) ˆ(L L) Q[x(k 1),x(k 1)] 0∗ − ∇ + + ≤ ε − ∆ <

Then, for any initial value, L0, there exist a number 
k* and 

2
2( )

Q

∆ − ε
α <

∇
 such that the goal inequality (14) is 

fulfilled and L(k) = const for k>k*.

Proof: Consider,

2V(k) L(k) L∗= −

V(k) V(k 1) V(k)∆ = + −

With the above assumptions, we have

2 2

T

2T 2

22

V(k) L(k 1) L L(k) L

[L(k 1) L(k)] {2[L(k) L ]
[L(k 1) L(k)]}

2 ( Q) [L(k) L ] Q

2 ( ) Q

∗ ∗

∗

∗

∆ = + − − −

= + − −

+ + −

= − α ∇ − + α ∇

≤ − α ∆ − ε + α ∇

Thus, for 2
2( )

Q

∆ − ε
α <

∇
 and k = 0,1,2,…, we have

∆V(k)≤0 and 

2
0V(k) L(k) L V∗= − <

Hence, L(k) are bounded for all k.

SYSTEM PARAMETER VARIATION

In many practical examples, the parameters of the 
system change during its operation. To further
emphasize the effect of the parameters change on the 
behavior of the nonlinear systems, the following
example is considered.

Example 1: Consider the Henon map as [5]:

2x(k 1) y(k) 1 ax (k)
y(k 1) bx(k)

+ = + −
+ =

(16)

Chaotic
System

)(⋅hZ-1

)(⋅f

1ˆ +kx
kx̂

kŷ++

+

+

−
kL

kyku
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where, x(k) and y(k) are the scalar state variables, a and
b are the scalar parameters and k = 0,1,… is the number 
of the sampling instants. The dynamic of the Henon 
map behaves chaotically when a=1.4 and b=0.3 and 
periodically when a=1 and b=0.1. Figure 2 shows the 
Henon behavior when the parameters change occurs at 
k=1500. As one can see, the behavior of Henon map is 
completely changed after k=1500. This is due to the
fact that when the parameters of a system change, the 
behavior of the system cannot be predictable. In our 
case, this also leads to chaotic behavior (Fig. 2).

ADAPTIVE DESIGN METHODOLOGY

In the previous section, it is shown that the
variation of parameters can change the system
behaviour severely. In this section, the proposed
strategy in section (2) is extended in the face of known 
chaotic systems with parameters change during the
system operation. In the case of time varying chaotic 
systems, the Lyapunov exponents may vary during the 
system operation. By observing the Lyapunov
exponents of a systems the chaotic behavior of it can be 
identified [16, 17].The adaptive controller is performed 
by adaptive calculation of the maximum Lyapunov
exponent. For adaptive calculation of the maximum
Lyapunov exponent the following strategy is proposed. 
Each of the scalar state variables in the nonlinear
discrete-time dynamical system given by equation (1), 
can be rewritten in the following form

j 1j 1 2 j 2 ij i
T
j j

x (k 1) (k) (k) ... (k)

(k) k 0,1,... j 1,...,n

+ = ϕ θ + ϕ θ + + ϕ θ

= ϕ θ = =
(17)

where, xj are the scalar state variables, θij’s are
parameters to be determined and ϕij’s are known
functions that may depend on other known variables. 
The vectors

T
j 1 j 2 j ij

T
j 1j 2 j ij

(k) [ (k) (k)... (k)]

( ... )

ϕ = ϕ ϕ ϕ

θ = θ θ θ

have also been introduced. By invoking the recursive
least square (RLS) algorithm, the parameters of the 
model in (17) can be updated recursively [8]:

T
j j j j j

ˆ ˆ ˆ(k) (k 1) K(k)[x (k) (k) (k 1)]θ = θ − + −ϕ θ − (18)

Where,

T 1
j j jK(k) P(k 1) (k)[ I (k)P(k 1) (k)]−= − ϕ µ + ϕ − ϕ (19)

and

T
jP ( k ) [I K ( k ) (k)]P(k 1) /= − ϕ − µ (20)

and, µ is the forgetting factor (0<µ≤1) and I is an i×i
identity matrix. Let ƒ′k be the Jacobian matrix of (1) 
which is updated at each iteration by adaptive
calculation of the system parameters. It is shown
that the QR-factorization of the matrix product

m m 1 1f f ...f−′ ′ ′ gives the Lyapunov exponents of the system
in equation (1). This process is started with Q0 = I and 
is as follows [6]:

m m 1 1 m m 1 2 1 0

m m 1 3 2 1 1

m m 1 3 2 2 1

m m 1 k k 1 k 1 k 2 2 1

m m 2 1 m

qr[f f ...f ] qr[f f ...f ( f Q )]
qr[f f ...f (f Q )][R ]
qr[f f ...(f Q )][R R ] ...
qr[f f ...f Q ][R R ...R R ] ...
Q [R ...R R ] Q R

− −

−

−

− − − −

′ ′ ′ ′ ′ ′ ′= =
′ ′ ′ ′ =
′ ′ ′ =
′ ′ ′ =

=

(21)

where, qr[.] denotes the QR-factorization process.
Starting with 1f ′ , at each step, a pre-multiplication

k k k 1B f Q −′= followed by a QR-factorization of 

k k k 1 k kB f Q Q R ,k 1,2,...,m−′= = =

is performed. Matrix R is the product of the
matrices Rm…R2R1 obtained in this sequential
manner. Furthermore, each of the diagonal elements 
of R is simply the product of the corresponding

diagonal elements of all the ,
kR s . Hence, approximation 

to the n Lyapunov exponents are provided as [6]:

m

j km
k 1

1lim ln R ( j,j) j 1,2,...,n
m→∞

=

λ = =∑ (22)

Since the Jacobian matrix of the system expressed 
by equation (1) is updated at each iteration, the
Lyapunov exponents of the system are calculated
adaptively at each iteration. 

Therefore, based upon the above discussions, the 
following algorithm of the adaptive chaos control is 
presented.

Algorithm: Adaptive control of nonlinear chaotic
systems.

Step 1: Use RLS to identify the maximum Lyapunov 
exponent [Equations (17)-(22)].
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Fig. 2: Henon output with parameters change at k=1500

Step 2: If the maximum Lyapunov, λmax, is positive go 
to step 3 else go to step1.

Step 3: Determine the controller gain by using equation 
(11).

Step 4: Design the controller using equation (3).

Step 5: Design the nonlinear observer (if required) 
using equation (13).

Steps 1-5 are repeated at each iteration.

SIMULATION RESULTS

Consider the Henon map in example (1). By
employing the on-line Lyapunov exponents calculation 
strategy presented in section 5, Fig. 3 shows the
simulation results  to adaptively calculate the Lyapunov 
exponents  for the given parameters variations. 

Now, at each iteration the Lyapunov exponents are 
calculated with the RLS algorithm. Hence, if the
maximum Lyapunov exponent becomes positive,
controller

Tˆ ˆu(k) B(k)[x(k) y(k)]=

is applied to the system.
where, x̂ and ŷ are the estimated sates and the
Lyapunov exponents are assigned arbitrary to
σ2 =-1.99 and σ1 =-0.306, so that the output, x(k),
becomes periodic. As mentioned in Section 2, these
values should be selected before designing the
controller and can have any arbitrary value. To prevent 
the chaotic behavior these values should be negative. 
The simulation result in Fig. 4 show how the control 

Fig. 3: Calculated Lyapunov exponents of the Henon 
map

Fig. 4: Closed loop response with adaptive state
feedback control

Fig. 5: The estimation error for system states
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strategy suppresses the chaotic behavior after k = 1500
and the estimation error for states observation is shown 
in Fig. 5.

CONCLUSION

In this paper, an adaptive control of chaos via 
Lyapunov exponents is presented. The methodology is 
based on the fact that the chaotic phenomena can be 
generated and eliminated by controlling the maximum 
Lyapunov exponent. A generalized RLS algorithm for 
adaptive estimation of Lyapunov exponents in the case 
of abrupt parameters change and a state feedback
Lyapunov exponents assignment is employed. Also 
when the states of the system are not accessible for 
feedback, a nonlinear observer design methodology is 
proposed. Finally, simulation results are provided to 
show the effectiveness of the proposed methodology.
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