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Abstract: The hub location problem is concerned with locating hub facilities and allocating demand nodes 
to hubs in order to route the traffic between origin-destination pairs efficiently. In this paper, we propose a 
bi-objective mathematical model by introducing the objective of minimizing the maximum waiting time on 
the hubs along with the traditional cost minimizing objective function. Both the waiting time and cost 
functions are treated in a fuzzy environment considering the fuzzy flows and service rates. Two different 
fuzzy programming models are provided for this problem according to different criteria. For solving the 
proposed fuzzy models, some hybrid intelligent algorithms are designed by embedding fuzzy simulations 
into a simulated annealing algorithm. Finally, the numerical results are reported.
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INTRODUCTION

Hub location problems have important applications 
in transportation and telecommunication systems. The 
phenomenal growth of the air express package delivery 
business has been linked to the use of hub-and-spoke
networks.  Hub  location  in  telecommunication
systems  has  also  received  a  lot  of  interest, for 
example, in designing backbone networks and locating 
concentrators [1]. This problem also arises in many 
different applications, such as, postal delivery services, 
airline  services  (air  passenger  travel, air freight 
travel), communication networks (telephone networks, 
video teleconferences and computer communications), 
emergency services and logistic systems [2]. The
problem of locating hub facilities arises when some 
traffic flows must be transported from a set of origins to 
a set of destinations either when it is impossible to 
establish a direct link between each pair of nodes or 
when it is too expensive to create such links. In this 
situation, at first a group of nodes is chosen to locate 
hubs, which will serve as consolidation, switching and 
distribution centers. Then, the origins and destinations 
will be allocated to this  set of hubs [3]. A common form 
of this problem is that in which the number of hubs is 
fixed a priori [6]. These are referred to as the p-hub
median problems for which there are four common 
variations. The maim characteristics of these problems 
are (a) the capacity constraints may or may not be

placed on the hubs and (b) non-hub nodes may or may 
not be allocated to multiple hubs [7]. The latter involves 
a  further  problem  of  determining the flow splitting 
from  a  multiple  assigned  nodes  among  the  hubs.
These four problems are known as the USApHMP 
(Uncapacitated Single Allocation p-Hub Median
Problem), UMApHMP (Uncapacitated Multiple
Allocation p-Hub Median Problem), CSApHMP
(Capacitated Single Allocation p-Hub Median Problem) 
and   CMApHMP   (Capacitated  Multiple  Allocation 
p-Hub Median Problem). However, the scheme chosen 
for the hub location problem should depend and reflect 
the reality of the distribution system considered. For 
more details on the classification of hub location
problems, the reader is referred to [8]. 

In this paper we concentrate on USApHLP, where 
hubs have no capacity constraint, each non-hub node is 
allocated to a single hub and all origin-destination flows 
rout via the hub nodes. Many researchers have worked 
on these issues . The first formulation of the USApHLP 
proposed by [9] as a quadratic integer problem. It 
showed that when the number of hub nodes (p) is given 
a priori these problems are NP-hard, because of two 
heuristics to solve it was developed. There are many 
studies in the literature which USApHLP is known to 
be NP-hard, even when the hub locations are fixed [10].

Three variants of a simple and efficient multi-start
tabu search heuristic as well as a two-stage integrated 
tabu  search   heuristic   was   proposed   to   solve   this 
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problem [11]. J. Puerto and et al. [12] developed a new 
formulation of the hub median problems with new
distribution patterns induced by the different users’ 
roles within the supply chain network.

Two models have been proposed for solving the 
one-median problem in which the problem can be seen 
as a M/G/1 queuing system [13]. With respect to the 
location of hubs, when the capacity of hubs are limited, 
at certain moments they may become congested and 
therefore the time interval that the cargo spends in the 
hub may negatively affect the level of service offered. 
A possible approach to deal with this problem is to 
consider the hub as a M/M/1 queuing system [14]. 
Instead of limiting sharply the amount of flow that the 
hubs can process or limiting the capacity of the hubs a
priori, we believe that applying a bi-criteria approach to 
the problem that considers the objective of minimizing 
the maximum waiting time on the hubs along with the 
traditional cost minimizing objective function
simultaneously, would be more helpful in reaching to a 
reasonable solution.

Moreover, in the real world, it is usually very hard 
to determine the flow between nodes precisely and thus 
they are often estimated from the historical data. This 
issue usually introduces the uncertainty in the form of 
fuzziness (vagueness or ambiguousness) to the
problem. There are different approaches for modeling 
under uncertainty, mostly using the probability theory 
and fuzzy theory. The selected approach affects the way 
of estimation of the model’s parameters and ultimately 
the structure of the model. In location problems, several 
parameters such as demand rate at each node, the rate 
of service and travel time between each pair of nodes, 
are fuzzy in nature due to the insufficiency and inherent
imprecision in the available data [15, 16]. In this case, 
fuzzy set theory would be very helpful to formulate the 
model by incorporating the verbal variables which are 
rooted in the people’s feelings and perceptions.

The contributions of this paper can be summarized 
as follow. (a) proposing a bi-criteria mathematical
model to the problem considering the objective of
minimizing the maximum waiting time on the hubs
along with the traditional cost minimizing objective 
function simultaneously, (b) introducing the inherent 
fuzziness into the model's parameters and developing 
two fuzzy programming models for the fuzzy p-hub
median problem, (c) proposing a hybrid intelligent 
solution algorithm embedding the fuzzy simulation into 
a simulated annealing algorithm.

The paper is organized as follows. Section 2
elaborates  the  proposed  bi-objective  models  for the 
p-hub  median  problem.  A  p-hub median problem 
with  fuzzy  flows  and  service  rates  is  formulated as 
two  different  types  of  fuzzy  programming  models in 

Section 3, involving fuzzy expected waiting time and 
expected cost minimization model and fuzzy a-waiting
time and a-cost minimization model. For solving these 
fuzzy models more efficiently, some fuzzy simulations 
are designed in Section 4 and then these fuzzy
simulations are embedded into a simulated annealing 
algorithm to produce satisfactorily compromised
solutions in Section 5. Section 6 gives some numerical 
results. Finally, in Section 7 some conclusions are
drawn.

A BI-OBJECTIVE P-HUB MEDIAN MODEL

The notations used in the models formulation are 
as follows:

n The number of nodes,
p The number of nodes to be selected as hubs,
Cij The cost per unit of flow from node i to j,
Wij The amount of flow from node i to j,
α Economic of scale coefficient,
Xijkm The fraction of total flow from node i to j routed 

via hubs k and l,
Xik Is 1, if node i is allocated to hub k; otherwise 0,
Xkk Is 1, if node k is a hub; otherwise 0.

The first linear integer programming formulation
for the single allocation p-hub median problem is
developed by Campbell [7] stated that the LP relaxation 
of formulation resulted in highly fractional solutions. 
They proposed a new mixed integer formulation for the 
single allocation p-hub median problem. This
formulation is stated as follow:

Let

ijkm ik mj kmC C C C= + + α

ij ijkm ijkm
i j k m

min W X C∑∑∑∑ (1)

ik
k

s.t. X 1 for all i=∑ (2)

kk
k

X p for all k=∑ (3)

ij jjX X for all i , j≤ (4)

ijkm ik
m

X X=∑ (5)

ijkm im
k

X X=∑ (6)
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ijkmX 0 for all i,j ,k,m≥ (7)

{ }ikX 0,1 for all i,k∈ (8)

This resulting formulation has (n4 + n2) variables 
of which n2 are binary and it has (2n3 + n2 + n + 1)
linear constraints. The author showed that the linear 
relaxation of this formulation is tight as it almost 
always yields integral solutions with the CAB data set. 
The objective function, (1), calculates the cost of flow. 
a in the third term is the economies of scale factor; the 
cost of flow between the hub facilities must be smaller 
than the original costs since hub facilities concentrate 
flow, so 0<a<1. Note that this objective function is 
quadratic due to the fact that the hub-to-hub discount is 
a product of the allocation decisions. Constraint (2) and 
(3) ensure that each node is assigned to exactly one hub 
and constraint (3) states that the number of hubs to be 
located is p. Constraint (4) ensures that no node is 
assigned to a location unless a hub is opened at that site.

To determine second objective, minimizing the
maximum waiting time in hubs, one has to resort to the 
queuing theory. For this purpose we assume that the 
service rate of hub j follows a negative exponential 
model with service rate µj. Pay attention to the Wij as 
flow between i,j, Xik that will be equal to 1, if node i is 
allocated to hub k and Xijkm that is the fraction of total 
flow from node i to j routed via hubs k  and l, the arrival 
rate to service center j is calculated as:

ij ijkm ik
i j m

W X Xλ =∑∑∑ (9)

Thus, there exits an M/M/1 model at each hub (M
stands for a Markovian). The Little equations, including 

k
k k

1
ω =

µ − λ

are proved in [17]. Thus using this result, one can 
calculate ωk as:

k
k ij ijkm ik

i j m

1
W X X

ω =
µ −∑∑∑

(10)

Under these circumstances, our second objective 
will be expressed as:

k
k ij ijkm ik

i j m

1Z min max
W X X

 
 =  µ −  

∑∑∑
(11)

To simplify this equation, we convert this equation 
to following equation:

k k ij ijkm ik
i j m

Z max min W X X
 

= µ − 
 

∑∑∑ (12)

PROPOSED FUZZY PROGRAMMING MODELS

Much work has been done on fuzzy programming 
models in the literature [18]. In this section fuzzy 
programming models will be initiated for p-hub median 
problem with fuzzy parameters.

Before modeling the fuzzy p-hub median problem,
let us give some definitions and notations. Let Θ be a 
nonempty set and ρ the power set ofΘ. Each element in 
ρ is called an event. In order to present an axiomatic 
definition  of  credibility, it is necessary to assign to 
each event A, a number Cr {A} which indicates the
credibility that A will occur. Then the triplet (Θ,ρ,Cr) is 
called a credibility space. A fuzzy variable is defined as 
a (measurable) function from a credibility space
(Θ,ρ,Cr) to the set of real numbers. 

Definition 1: Expected Value Criterion: We say ξ>µ if 
and only if E[ξ]>E[µ], where E is the expected value 
operator of fuzzy variable defined as follow:

[ ] { } { }
0 0

E Cr r dr Cr r dr
∞ ∞

ξ = ξ ≥ − ξ <∫ ∫ (13)

Suppose that kµ  and ijW  are defined on a

credibility  space  (Θ,ρ,Cr) and denote realizations of
kµ  and ijW  as ( )kµ θ , ( )ijW θ , for i, j = 1,2,..,n

respectively. It is clear that the total cost and the
maximum waiting time in hubs can be estimated after 
the fuzzy flows and service rate are realized. That is, for 
each θ∈Θ, there is a relative total cost and maximum 
waiting time

max ijkm ikX ,Xω θ =

( ) ( )k ij ijkm ikk Hub i j m
min W X X
∈

 
µ θ − θ 
 

∑∑∑  (14)

( )ijkm ij ijkm ijkm
i j k m

Cost X W X Cθ = θ∑∑∑∑  (15)

It is easy to see that max ijkm ikX ,Xω θ and

ijkmCost X θ  are also a fuzzy variable on the credibility 

space (Θ,ρ,Cr). Therefore, the objective of our problem 
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is to minimize the fuzzy waiting time max ijkm ikX ,Xω θ

and fuzzy cost ijkmC X θ using the fuzzy programming 

theory.
According to above definitions, now we formulate 

this model as follow:

max ijkm ikmax X ,Xω θ (16)

ijkmmin C X θ (17)

s.t. A (18)

where A is set of all constrains. The objective function, 
(1), is expressed maximization instead of minimization. 
This difference due to that we want to optimize the

( ) ( )k ij ijkm ikk Hub
i j m

min W X X
∈

  
µ θ − θ     

∑∑∑ 

instead of 

( ) ( )k Hub
k ij ijkm ik

i j m

1max
W X X∈

  
  
  µ θ − θ    

∑∑∑ 

Fuzzy expected waiting time minimization and
expected cost minimization model: In order to make 
unambiguous fuzzy programming models, Liu and Liu 
[19] presented a series of fuzzy expected value model 
(EVM), in which the underlying philosophy is based on 
selecting the decision with minimum expected cost.
Here, fuzzy EVM will be provided for proposed fuzzy 
model. As described research, we need only replace the 
fuzzy waiting time max ijkm ikX ,Xω θ  and fuzzy cost

ijkmCost X θ by its expected value. In this way, we 
may have the following fuzzy expected waiting time 
minimization and expected cost minimization model for 
p-hub median problem as follows,

max ijkm ik

ijkm

max E X ,X

min E C X

s.t. A

   ω θ  
   θ   







ik ijkm

ik ijkm

max ijkm ikX ,X
0

ijkmX , X
0

max Cr X ,X r dr

min Cr C X r dr

s.t. A

∞

∞

   θ ∈ Θω θ ≥  
   

    θ∈Θ θ ≤  
  





∫

∫





Where A is the set of all constrains, 

max ijkm ik
0

Cr X , X r dr
∞

θ ∈Θω θ ≥∫ 

and

ijkm
0

Cr C X r dr
∞

θ∈Θ θ ≤∫ 

are the expected waiting time and expected cost
respectively.

Fuzzy a-cost and a -waiting time minimization
model: Liu and Iwamura [20] suggested a spectrum of 
fuzzy chance-constrained programming (CCP). There 
are two type of chance-constrained programming. In 
first one, we want to maximize the optimistic return and 
in the second one, we want to maximize the pessimistic 
return. In this paper we use the second type. If we want 
to maximize the pessimistic return, then we have the 
following minimax CCP,

( )
( )

x C

x

max ijkm ik 1

ijkm 2

min max C

max max

s.t. Cr X ,X

Cr C X C ,

A

ω

  
   


 ω  

 ω θ ≥ ω ≥ β

 θ ≤ ≥β












 

 

(20)

where β1 and β2 are confidence levels and 
C

max C


  and 

max
ω

ω


 are the β-pessimistic values to the return

functions waiting time and cost, respectively.

PROPOSED HYBRID INTELLIGENT 
SOLUTION ALGORITHM

In order to solve fuzzy models defined in last 
section some Hybrid Intelligent Algorithms which
combine fuzzy simulation into some meta-heuristics.
For  example,  Liu  [18]  integrate  fuzzy  simulation, 
NN  and  GA  to  produce  a  hybrid  intelligent 
algorithm  for  solving  fuzzy  programming  models.
In  this  case, we introduce new procedure that
embedded  fuzzy  simulations  into  a  simulated 
annealing algorithm for solving fuzzy programming. 
Before  presenting  to  the  hybrid  intelligent
algorithm,  we  should  pay  to  the  fuzzy  simulations 
to estimate the uncertain functions in models of
pervious section due to the complexity in following 
sub-section.
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Fuzzy simulation for expected waiting time and
expected cost: The first type of uncertain function is

( )
i k ijkm

i k ijkm

max ijkm ikX ,X
0

1

ijkmX ,X
0

max Cr X ,X r dr

U x

min Cr C X r dr

∞

∞

   θ∈Θω θ ≥  
   = 
   θ∈Θ θ ≤    

∫

∫





(21)

which is actually the expected waiting time and
expected cost. According to the concept of expected 
value of fuzzy variable given in Section 3, the fuzzy 
simulation for U1(x) may be estimated by the following 
procedure.

1. Set e1=0.
2. Set e2=0.
3. Randomly generate θk from the credibility

space(Θ,ρ,Cr), write { }( )k km 2Cr 1= θ ∧  and 

produce µk(θ), Wij(θ) for k = 1, 2,…,N,
respectively. Equivalently, we randomly generate 
Wij(θk) and µk(θk) and write ( )( )k ij km Wν = θ  and 

( )( )k k kmν = µ θ for k = 1,2,…,N  where m is the 

membership function of W ij(θk) and µk(θk).
4. Set two numbers:

( ) ( )( )max1 ik ijkm ij 1 j 1a X ,X , W ,= ω θ µ θ ∨

( ) ( )( )max2 ik ijkm ij 2 j 2X ,X , W , ...ω θ µ θ ∨ ∨

( ) ( )( )maxk ik ijkm ij k j kX , X ,W ,ω θ µ θ .

( ) ( )( )max1 ik ijkm ij 1 j 1b X , X ,W ,= ω θ µ θ ∧

( ) ( )( )max2 ik ijkm ij 2 j 2X ,X , W , ...ω θ µ θ ∧ ∧

( ) ( )( )maxk ik ijkm ij k j kX , X ,W ,ω θ µ θ

5. Randomly generate r from [a, b].
6. ( ) ( )( ){ }1 1 max1 ik ijkm ij 1 j 1e e Cr X , X ,W , r← + ω θ µ θ ≤ .

7. Repeat the fifth to sixth steps for N times.
8. Set two numbers:

( )( )ik ijkm ij 1c C X , X ,W= θ ∨

( )( ) ( )( )ik ijkm ij 2 ik ijkm ij kC X ,X , W ... C X ,X , Wθ ∨ ∨ θ 

( )( )ik ijkm ij 1d C X ,X ,W= θ ∧

( )( ) ( )( )ik ijkm ij 2 ik ijkm ij kC X ,X , W ... C X ,X , Wθ ∧ ∧ θ 

9. Randomly generate R from [c, d].
10. ( )( ){ }2 2 ik ijkm ij 1e e Cr C X ,X ,W R← + θ ≥ .

11. Repeat the ninth to tenth steps for N times.

12. ( ) ( )
1

b a
U x a 0 b 0 e

Nω

 − 
= ∨ + ∧ + × 

 
.

13. ( ) ( )
C 2

d c
U x c 0 d 0 e

N
 − 

= ∨ + ∧ + × 
 

.

14. ( ) ( ) ( )( ) ( )( )1 CU x 1 q U x q U xω= − × − × .

Fuzzy simulation for fuzzy a-cost and a -waiting
time: The second type of uncertain function is

( )
( )
( )

max ijkm ik 1

2

ijkm 2

max Cr X ,X
U x

max C Cr C X C

 ω ω θ ≥ ω ≥ β= 
 θ ≤ ≥ β





(22)

In order to estimate it, we need to find the value ω
such that ( )max ijkm ik 1Cr X ,Xω θ ≥ ω ≥ β  and minimal

value C  such that ( )ijkm 2Cr C X Cθ ≤ ≥ β . The fuzzy 

simulation for calculating U2(x) can be summarized as 
follows,

1. Randomly generate θk from the credibility space 
(Θ,ρ,Cr) write { }( )k km 2Cr 1= θ ∧  and Wij(θk) and 

µk(θk) for k = 1, 2,…,N , respectively. Equivalently, 
we  randomly  generate Wij(θk) and µk(θk) and 
write ( )( )k ij km Wν = θ    and ( )( )k k kmν = µ θ   for
k = 1,2,…,N  where m is the membership function 
of Wij(θk) and µk(θk).

2. Find the maximal value r such that L(r)≥α holds. 
L(r) is obtained by following formula:

( )

( )( ) ( )( ){ }
( )( )( )
( )( )( )

k j k k ij k k kij1 k N

k j k

1 k N ij
k ij k k k

max min , W | r
1

L r 1 ,2 min min
1 W | r

≤ ≤

ω

≤ ≤

  ν µ θ ν θ ω ≥   
  = ×   −ν µ θ  +    −ν θ ω <     

3. ( )U x rω ←

4. Find the maximal value R such that L(R)≥α holds. 
L(R) is obtained by following formula:

( )
( )( ){ }

( )( )( ){ }
k ij k k Cij1 k N

C

k ij k k C1 k N ij

max min W | C R
1

L r
2 min min 1 W | C R

≤ ≤

≤ ≤

  ν θ ≤    = × 
 + − ν θ >   

5. ( )CU x R←

6. ( ) ( ) ( )( ) ( )( )2 CU x 1 q U x q U xω= − × − ×
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Efficient algorithm for solving the fuzzy
programming: In this section, we integrate fuzzy 
simulation and simulated annealing algorithm to
produce a hybrid intelligent algorithm for solving fuzzy 
programming models. As an illustration, we describe 
the solution process for model U1(x) as follows,

1. Start.
2. Initialize To, No
3. K = 0.
4. Generate feasible solution Xijkm,  Xik as a current 

solution.
5. Fuzzy simulation for calculating the expected

waiting time and expected cost designed in sub-
Section 4-1 is used to obtain the objective values 
UC(Xijkm, Xik) for current solution.

6. Repeat following procedure for Nk time:
7. Generate neighborhood solution from current

solution
8. Fuzzy simulation for calculating the expected

waiting time and expected cost designed in sub-
Section 4-1 is used to obtain the objective values 
Un(Xijkm, Xik) for neighborhood solution.

9. If ( ) ( )n ijkm ik c ijkm ikU X ,X U X ,X≤  then replace the

neighborhood solution as a current solution.
Otherwise, go to step 10.

10. If
( ) ( )

[ ]
n ijkm i k C ijkm ik

k

U X ,X U X ,X

T
e random 0 , 1 ,

 −
 − 
  > then replace

the   neighborhood   solution   as   a   current 
solution.

11. Select the solution and go to line 7.
12. K = k+1.
13. Select the best solution from Nk solutions and set it 

as a current solution.
14. Determine control parameter Tk and go to line 5.
15. Stopping criteria.
16. Select the optimum solution from k solutions.
17. End.

Describing the solution process for model U2(x),
just we substitute the fuzzy simulation in fifth and 
eighth step for calculating U2(x) which is presented in 
sub-section 4-2.

NUMERICAL EXAMPLE

In order to illustrate its effectiveness, a set of
numerical examples has been done and the results are 
successful.

All of the experimental tests were carried out on a 
DEL INSPIRON 6400 (2 GHz Intel). The algorithms 
have been coded in MATLAB. 

Table 1: Fuzzy service rate generated randomly
1 2 3 4 5 6 7 8 9 10

µa 7100 7395 7300 7407 7428 6948 7197 6906 7012 7302
µb 7106 7444 7329 7424 7485 7046 7282 7002 7353 7066
µc 7112 7493 7358 7441 7541 7143 7368 7099 7120 7404

Table 2: Fuzzy number of flow rate between nodes
Wij a b c a b c a b c a b c a b c
1 0 0 0 129 134 139 98 113 128 132 143 154 140 146 152
2 129 134 139 0 0 0 98 116 134 125 141 157 123 141 159
3 98 113 128 98 116 134 0 0 0 140 149 158 130 137 144
4 132 143 154 125 141 157 140 149 158 0 0 0 98 118 138
5 140 146 152 123 141 159 130 137 144 98 118 138 0 0 0
6 119 122 125 126 143 160 90 109 128 106 108 110 102 120 138
7 107 124 141 127 145 163 122 139 156 128 130 132 105 115 125
8 98 104 110 118 122 126 106 112 118 111 118 125 107 116 125
9 128 136 144 114 123 132 103 120 137 120 133 146 104 117 130
10 98 101 104 127 146 165 146 148 150 100 110 120 121 137 153
1 119 122 125 107 124 141 98 104 110 128 136 144 98 101 104
2 126 143 160 127 145 163 118 122 126 114 123 132 127 146 165
3 90 109 128 122 139 156 106 112 118 103 120 137 146 148 150
4 106 108 110 128 130 132 111 118 125 120 133 146 100 110 120
5 102 120 138 105 115 125 107 116 125 104 117 130 121 137 153
6 0 0 0 119 126 133 106 124 142 107 121 135 112 125 138
7 119 126 133 0 0 0 102 116 130 131 142 153 98 115 132
8 106 124 142 102 116 130 0 0 0 109 122 135 87 106 125
9 107 121 135 131 142 153 109 122 135 0 0 0 116 128 140
10 112 125 138 98 115 132 87 106 125 116 128 140 0 0 0
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Table 3: Results obtained on 10-nodes from the algorithm that use fuzzy simulation for expected waiting time and expected cost
Hub: (2, 9, 3)
X102 = 1 X13 = 1 X43 = 1 X53 = 1 X63 = 1 X73 = 1 X83 = 1
Maximum waiting time = 1440/3280 min per day a Total cost = 1103800

U1(x) = 0.9*(inverse maximum waiting time) + 0.1*(Total cost) = 0.9*(3280***) + 0.1*1103800=107430 Run time= 00,02',26"
a: This value is inversed Uω(x) that used in twelfth stage of fuzzy simulation in section 4-1.

Table 4: Computational result for U1(x) when n = 10, 15 and 25
n p Hubs Run time Maximum waiting time Total cost U1(x)

10 3 (9,3,2) 00,02',26" 1440/3280 min per day 1103800 107430
15 3 (9,3,7) 00,05',24" 1440/5138 min per day 2860900 281460
25 3 (2,9,3) 00,18',15" 1440/7722 min per day 9083800 901430

Table 5: Results obtained on 10-nodes from the algorithm that use fuzzy simulation for a-cost and a-waiting time
Hub: (9, 3, 7)
X107 = 1 X69 = 1 X13 = 1 X23 = 1 X43 = 1 X53 = 1 X83 = 1

Maximum waiting time=1440/5446 min per day b Total cost=1097900
U2(x)**= 0.9*(inverse maximum waiting time) + 0.1*(Total cost) = 0.9*(5446***) + 0.1*1097900=104890 Run time=00,03',29"
b: This value is inversed Uω(x) that used in third stage of fuzzy simulation in section 4-2

Table 6: Computational result for U2(x) when n = 10, 15 and 25
n p Hubs Run time Maximum waiting time Total cost U2(x)

10 3 (9,7,3) 00,03',29" 1440/5446 min per day 1097900 104890
15 3 (9,3,7) 00,07',01" 1440/3406 min per day 2836400 280580
25 3 (9,7,3) 00,19',25" 1440/7240 min per day 9145700 908060

Since the fuzzy p-hub median problem is a new 
and original model, no standard test problems can be 
found for it, either in the literature or in the OR sites. 
Thus we wrote a random generator program that
randomly generates the fuzzy variables for problems. 
We present the parameter values for a 10-node problem 
in Table 1 and 2 and results of each algorithm (i: fuzzy 
expected  waiting  time  and  expected  cost,  ii: fuzzy
a-cost and a-waiting time) for different cases are
displayed in Table 3 and 4, respectively. Table 3 and 4 
are results of algorithm that uses the fuzzy expected 
waiting  time  and  expected  cost  programming  and 
Table 5 and 6 are results of algorithm that uses the 
fuzzy a -cost and a-waiting time programming.
Numerical examples are all performed with the
following parameters: number of hub is 3, a -cut of 
fuzzy numbers for simulation is 0.5, number of iteration 
in simulation, (N), is 25, weight percent of objective, 
(q), is 0.9, rate of temperature decrease is 0.85 and 
maximum iteration in each stage is 20.

CONCLUSION

This work presented a new and original
mathematical  model  for  p-hub median problem due 
the first mathematical formulation. We use the queuing 

theory  and  fuzzy  theory  to  construct  this  model. 
Two  types  of  fuzzy  programming  models are 
suggested,  including   the   fuzzy  expected  waiting 
time  and  expected  cost  minimization  model  and 
fuzzy a-waiting time  and a-cost minimization model. 
This is among the first attempts at extracting a fuzzy 
model in this field. Since the proposed model
computationally belongs to the class of NP-Hard
problems, a hybrid intelligent algorithm which
combines simulated annealing  algorithm  and  fuzzy
simulation  developed to solve the model. Some
numerical examples are presented to investigate
efficiency of this algorithm.

Our model is a bi-objective model and considers 
just single allocation. As such, a natura l extension will 
be the relaxation of this assumption by considering 
multiple allocations. Also, this model considers the p-
hub median problem; one can focus on the other
courses in hub location problems by considering the 
fuzzy theory.
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