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Abstract: In the present investigation, we are described modeling of an RC circuit (resistor-capacitor
circuit) using a Stochastic Differential Equation (SDE) with different noises. The main purpose is to 
analyze the effect in the white, color and mixture noise perturbations on the parameter of the RC electrical 
circuit included potential source. The deterministic model of the circuit is replaced by a stochastic model by 
adding a noise term in both the potential source. Owing to the application of multiple Ito's formula the 
analytical solutions of resulted SDEs have been obtained. Furthermore, based on a numerical method 
involving Euler-Maruyama scheme, the solution of the problem at the point of interest as a continuous time 
stochastic process has been obtained. Also we show that the confidence interval for mean of solutions with 
colored and mixture noises is better than white noise. Numerical simulations in Matlab are obtained using 
the Euler-Maruyama method. 
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INTRODUCTION

The effects of intrinsic noise with in physical
phenomena are ignored when mathematical models of 
their behavior are constructed using deterministic
differential equations.

By adding random elements in to the differential 
equations a Stochastic Differential Equation (SDE)
arises. Every unwanted signal that adds to the
information called noise. Two types of noises can exist 
in an electrical circuit external noise and internal noise. 
Noise in dynamical system is usually considered as a 
nuisance. SDEs include a random term which describes 
the intrinsic noise, or randomness, with in dynamical
systems.

The noise behavior of the devices disturbs the 
desired electric behavior of integrated circuits. Also the 
electronic noise in a circuit is a lower limit for the
device dimensions.

Such as potential source and resistance we mainly 
can distinguish among white, color and mixture noise. 
These stochastic processes describe different randomly 
disturbing phenomena in the RC circuit. Based on the 
theory of SDEs, randomly disturbed electric circuits can 
be modeled in the time domain.

The theory of SDEs has proven to be the proper 
approach for modeling and solving ordinary differential 
equations distributed by white, color and mixture noise 
processes (see sections 2).

The effects of white noise in electrical circuits have 
been studied by many researchers [1-4]. Modeling of an 
RC circuit using a SDE had showed by Rawat et al. [5].
Kampowsky et al. [6] described classification and
numerical simulation of electrical circuits with white 
noise. Penski [7] was presented a new numerical
method for SDEs with white noise and its application in 
circuit simulation. Up to now, very little work has been 
done on filed models with nonwhite noises.

Since the path of a Wiener process are nowhere 
differentiable, a white noise cannot be considered a 
stochastic process in the usual way but it can be
approximate by conventional stochastic processes with 
wide spectral bands which are commonly known as 
color noise processes. The most famous example of this 
sort of noise is the Ornestein-Uhlenbeck process which 
explained in section 2. 

In the present work we consider a specific
numerical method for obtaining the solution of an
ordinary SDE that arises in mathematical modeling
of electrical circuits. This numerical method uses
Euler-Maruyama scheme to represent the solution of 
the problem at the point of interest as a continuous 
time stochastic process. Furthermore we are interested 
to have the analytical solution of voltage and 
resistance in the stochastic model of electrical
circuit. For RC circuit that described by an SDE 
such solutions are delivered by the so-called Ito 
formula [8].
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We describe the deterministic and stochastic
model of an RC circuit in the section 2. Numerical
experiments are then carried out to simulate the
confidence interval for the expectation of solutions for 
resulting SDEs in section 3. Section 4 of this paper 
offers conclusions and future directions. Some
references are introduced at the end of this paper.

MATHEMATICAL MODELING OF 
AN RC ELECTRICAL CIRCUIT

The deterministic model: When a capacitor is  placed 
with a battery and a resistor, the capacitor charges up to 
the voltage of the battery. This kind of circuit is called a 
RC circuit because the only two components besides a 
power supply are a resistor and a capacitor.

Let Q(t) be the charge on the capacitor and V(t) be 
the potential source applied to the input of a RC circuit 
using Kirchhoff's second low,

V(t) = RI(t)+ 1
C

Q(t) (1)

and since

I(t) = dQ(t)
dt

the following equation holds:

RQ'(t) + 1
C

Q(t) = V(t) (2)

or

dQ(t) = 1
RC
− Q(t) dt+ 1

R
V(t)dt (3)

If V(t) is a piecewise continuous function, the 
solution of the first order linear differential
equation (3) is:

tt 1
(t s)

RC RC

0

1
Q(t) Q(0)e e V(s)ds

R

− −
−

== + ∫ (4)

where Q(0) is the initial charge stored in the capacitor.

The stochastic model with white noise: Now let us 
allow some randomness in the potential source V(t). 
Then:

V*(t) = V(t)+noise = V(t)+aξ(t) (5)

where ξ(t) is a white noise process of mean zero and 
variance one and a is nonnegative constant, known as 
the intensity of noise.

To be able to substitute this into the equation of the 
circuit we have to describe mathematically the noise.

It is reasonable to look at it as a stochastic process
ξ(t)dt by a term dW(t), where W(t) is the Wiener
process. We obtain a SDE is given by 

dQ (t) = 1
RC
− Q(t)dt +

R
α dW(t), Q(0) = Q0 (6)

First, we solve this problem for the circuit without 
any measurement any solving the equation by using of 
the Ito formula. To solve this equation we compute, 
with using of the Ito formula [1], the derivative of the 
function

h(t, Q(t)) =
t

RCe Q(t) (7)

is as follows

t
RCdh(t,Q(t)) d(e Q(t))= (8)

t t t
RC RC RC1

e Q(t)dt e dQ(t) e dW(t)
RC R

α
= + = (9)

So
t t s

RC

0 0

dh(t,Q(t))dt e dW(s)
R
α

=∫ ∫ (10)

or,
t s

RC

0

h(t,Q(t)) h(0,Q(0)) e dW(s)
R
α

− = ∫ (11)

In spite of trajectories of Wiener process are not 
differentiable, a generalized derivative exists.

For any smooth and compactly supported function 
g = g(t), the generalized derivative ω′(t) of W(t) is 
defined symbolically

0 0

g(t) (t)dt g(t) (t)dt
∞ ∞

′ ′ω = − ω∫ ∫ (12)

Definition 1: The generalized derivative W'(t) of
Wiener process, defined similarly to integration by
parts with a smooth g(t) is given by

t t

0 0

g(t)W(t) g(s)W(s)ds g(s)W(s)ds′ ′= +∫ ∫ (13)

is called Gaussian noise. Main properties of Gaussian 
white noise is

E(W(t)) 0′ = (14)



World Appl. Sci. J., 13 (10): 2198-2202, 2011

2200

t

0

E( g(s)W(s)ds) 0′ =∫ (15)

t
2 2

0 0

E(( g(s)W(s)ds) ) g (s)ds′ =∫ ∫ (16)

(Ito isometry properties).
Therefore the solution of (6) is

tt s
RC RC

0

Q(t)e Q(0) e dW(s)
R
α

= + ∫ (17)

or equivalent that

tt 1
(t s)

RC RC

0

Q(t) e Q(0) e dW(s)
R

− −
−α

= + ∫ (18)

Note that Q(t) is a random process and it's
expectation is as follows

m(t) = E(Q(t)) =
t

RCe E(Q(0)),
−

t>0 (19)

However, with using of the Ito isometry property, we 
have:

tt 1
( t s)2 2RC RC

0
2t 2t2

2RC RC

E(Q (t)) E[(e Q(0) e dW(s)) ]
R

Ce E(Q (0) [1 e ]
2R

− −
−

− −

α
= +

α= + −

∫

So,
2 2

2t 2t2
RC RC

0

Var(Q(t)) E(Q (t)) E (Q(t))

Ce Var(Q ) [1 e ]
2R

− −

= −

α= + −
(20)

Then,

E(Q(t))→0 and Var(Q(t))→
2C

2R
α as t→8 .

Furthermore Q(t) is a Gaussian process with
distribution N(m(t), σ2(t)) where

2 2 2(t) E(Q (t)) E (Q(t))σ = −

So based on the properties of the Normal
distribution, we obtain

P(Q(t ) m(t) 1.96 (t)) 2 (1.96) 1 0.95− ≤ σ = φ − = (21)

while
2x s

21
(x) e ds

2

−

−∞

φ =
π ∫

The stochastic model with color noise: A white noise 
process can be consider as derivative of a Wiener
process [3]. Since the paths of a Wiener process are 
nowhere differentiable, a white noise can not be
considered as stochastic process in the usual way, 
so it must be interpreted in the sense of generalized 
functions. a white noise process can not be physically 
realized but can be approximate by conventional
stochastic processes with white wide spectral bands 
which are commonly known as color noise
processes [2].

Definition 2: The Stochastic Process X(t) called color
noise if it is an Orstein-Uhlenbeck process that satisfies 
the linear additive SDE [2, 3].

dX(t) = µX(t)dt+ σdW(t) (22)

where µ and s are constants. The explicit solution of 
SDE (22) is given by

t
t

0

X(t)=e (X(0) dW(s))µ + σ∫ (23)

With suppose

V*(t) = V(t)+ color noise,

and substituting dX(t) from equation (22) into equation 
(6) instead dW(t), we have

dQ(t) = 1
RC
− Q(t)dt+

R
α dX(t), Q(0) = Q0 (24)

Note that equation (22) is an ordinary SDE
with color noise. By using the Ito formula it can be 
shown as:

tt 1 (t s)
RC RC

0

Q(t) e Q(0) e dX(s)
R

− − −α
= + ∫ (25)

and
tt 1 (t s)

RC RC

0

m(t) E(Q(t)) e Q(0) e E(dX(s)),fort 0
− − −

= = +∫ 

or
tt 1 ( t s) s

RC RC

0

m(t) e Q(0) E(X(0)) e ds
R

− − − +µαµ= + ∫ (26)

The stochastic model with mixture noise: A mixture 
noise may be interpreted as any linear combination of 
Wiener processes:
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Definition 3: The Stochastic Process X(t) called
mixture noise if it satisfies the linear additive SDE is
given by

n n

k k k
k 1 k 1

dX(t) dW (t), 1
= =

= α α =∑ ∑ (27)

where W k (t) are independent Wiener processes and αk

are constants. With suppose

V*(t) = V(t)+mixture noise,

and substituting dX(t) from equation (27) into equation 
(6) instead dW(t), we have

dQ(t) = 1
RC
− Q(t)dt+

R
α dX(t), Q(0) = Q0 (28)

Equation (28) is an ordinary SDE with mixture noise.
Again by using Ito formula the analytical solution of 
(28) is

tt 1 (t s)
RC RC

0

Q(t) e Q(0) e dX(s)
R

− − −α
= + ∫ (29)

or
tt 1n (t s)

RC RCk k
k 1 0

Q(t) e Q(0) ( e dW (s))
R

− − −

=

α
= + α∑ ∫ (30)

It is obvious that Q(t) is a random process and its 
expectation is  given by

t
RCm(t) = E(Q(t)) = e E(Q(0))
−

(31)

NUMERICAL SIMULATION

A general scalar SDE is given by 

dX(t) f(t,X(t))dt g(t,X(t))dW(t)= + (32)

where
f(t,X(t)):[0,T] R R× →

and

g(t,X(t)):[0,T] R R× →

are drift and diffusion coefficient, respectively and
W(t) is a wiener process with the property W(t)-W(s)
~N(o, t-s), t≥0, s≥0.

Generally, SDEs cannot be solved using traditional 
mathematics for the steps of the transformation 
because the Wiener process is non-differentiable;
instead we need special techniques such as Ito and 
Stratonovich calculus [2]. However, there is not 
always a closed form solution for SDEs; hence
researchers have looked for solving them numerically 
the methods based on numerical analysis is  reported 
in [4]. Which involve discrete time approximation in
a finite time interval over the sample paths. Neglecting 
the errors due to numerical approximation, the 
simplest time discrimination approach is based on
Euler-Maruyama approximations [2] which we adopt in 
this paper.

There are similar relationships the numerical
methods for ordinary differential equations (ODEs) and 
those for SDEs.
Let

{ }0X X(t); t [t ,T]= ∈

satisfying the scalar SDE (32) on t0≤t≤T, with the initial 
value X(t0) = x0 and for a given partition 

0 0 1 n Nt T= τ ≤ τ ≤ ≤ τ ≤ ≤ τ =  ,

Of the time interval [t0, T].
Euler approximation is a continuous time

stochastic process 

{ }0Y Y(t);t t T= ≤ ≤

satisfying the iterative scheme equation [2],

n 1 n n n n 1 n

n n n 1 n

Y Y f ( , Y ) ( )
g( ,Y )(W( ) W( ))

+ +

+

= + τ τ − τ
+ τ τ − τ

(33)

for n = 0, 1, 2, …, N-1 with initial value Y0 = x0, where
we have 

0
n n n n 0

T t
Y Y( ), , t n

n
−

= τ ∆ = τ = + ∆

n n n n 1 n nmax , W W( ) W( )~N(0, )+∆ = ∆ ∆ = τ − τ ∆

The sequence

{ }nY Y ; n 0,1, , N 1= = −

is the value of the value of the EM approximation at the 
instants n (n 0,1, , N 1).τ = −
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DISCUSSION

We will focus our attention on Euler-Maruyama
scheme. Let us consider an RC electrical circuit, when 
R, C and V(t) are constants, Q0 = 0, X0 = 0 (the initial 
value of color noise). In the case the expectation of 
the stochastic solutions with white, color and mixture 
noises is equal to the deterministic solution of the 
circuit. Using the EM scheme and Matlab
programming, we simulate and plot the confidence
interval for the mean of solutions. As shown in Fig. 1
the confidence intervals for mean of solutions with 
color and mixture noises (red graphs) are better than 
white noise (black graph) in comparison with the
expectation of solutions (blue graph). We have been 
successfully applied different random terms involving 
white, colored and mixture noises as Gaussian
processes to derive a stochastic model for an RC
electrical circuit. Colored and mixture noises were
added in the parameters of model since in many of real 
world applications the behavior of noises are not

Fig. 1: Confidence intervals for mean with white, color 
and mixture noise with R = C = 100

Wiener process. Some applications of the Ito calculus 
in conjunction with EM method to find the analytical 
and numerical solutions of stochastic models of RC 
electrical circuit, are introduced. The effects of colored 
and mixture noise perturbations were analyzed in
comparison with white noise. In the future work we 
plan to find further statistical properties of the
stochastic solution with two parameters. Furthermore 
we will focus on the application of colored and mixture 
noises for other engineering problems including RLC 
circuit and slow-drift.
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