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Abstract: Our goal in this paper is to investigate the global stability character and the periodicity of the

solutions of the difference equation
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Where the initial conditions x_,x ..., are arbitrary positive real numbers, » = max {I, k} is nonnegative integer

and a, b, ¢, d are positive constants.
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INTRODUCTION

Our goal in this paper is to investigate the global
stability character and the periodicity of the solutions of
the difference equation.
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Where the initial conditions x,x.,....x, are arbitrary
positive real numbers, » = max {I, k} is nonnegative
integer and a, b, ¢, d are positive constants.

Recently there has been a lot of interest in studying
the global attractivity, the boundedness character and the
periodicity nature of nonlinear difference equations see
for example [1-20].

The study of the nonlinear rational difference
equations of a ligher order 15 quite challenging and
rewarding and the results about these equations offer
prototypes towards the development of the basic theory
of the global behavior of nonlinear difference equations
of a big order, recently, many researchers have
investigated the behavior of the solution of difference
equations for example: In [7]. Elabbasy et al. investigated
the global stability character, boundedness and the

periodicity of solutions of the difference equation.
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Elabbasy et al. [8] investigated the global stability,
boundedness, periodicity character and gave the solution
of some special cases of the difference equation
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Elabbasy et al. [9] investigated the global stability,

periodicity character and gave the solution of some
special cases of the difference equation.
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El-Metwally et al. [15] dealed with the following
difference equation
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Saleh et al. [31] investigated the difference equation
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Yalgmkaya [41] has studied the following difference
equation
xﬂ—m

i

an:aJr

For some related work see [21-43].

Here, we recall some basic definitions and some
theorems that we need in the sequel.
Let I be some interval of real numbers and let

F I -

be a continuously differentiable function. Then for every
set of mitial conditions x;, x_,,.....x; € [, the difference
equation

(2

Kpr1 = F(xw xml:---:xmk): = 0:1:---:

has a unique solution T
nS =

Definition 1: (Equilibrium Point)
A pomt - . s 1s called an equilibrium point of Eq.(2) if

¥=F(%,%,..

7).

That is, x, =% for n>0, is a solution of Eq.(2), or

3 18 a fixed point of /.

equivalently,

Definition 2: (Periodicity)

A sequence x5, is said to be periodic with period p
nAIR=

ifx,, =x,forall n=—k

Definition 3: (Stability)

¢ The equilibrium peint 3 of Eq.(2) is locally stable if

for every £ 0, there exists 8> 0 such that for all x ,
X_yuin Xy € T with

|x =X |+|x p—X|+.+]xy—X|<8,

We have
|x,—x|<eforalln= -k

* The equilibrium pomt 7 of Eq.(2) 1s locally

asymptotically stable if 3 is locally stable solution of

Eq.(2) and there exists ¥ > 0, such that for all x,
X pips Xy € Twith

40

| X —X|+ | gy —X [+ | xg—X <7y,

We have
lim x, = x.
R

»  The equilibrium point 3 of Eq.(2) is global attractor

ifforallx,, x ..., € I, we have

lim x, = x.
R—

» The equilibrium point 3 of Eq.(2) is globally

asymptotically stable if - is locally stable and £ is

also a global attractor of Eq.(2).
»  The equilibrium pomnt 3 of Eq.(2) is unstable if 3 1s

not locally stable.
The linearized equation of FEq.(2) about the
equilibrium

7 is the linear difference equation

Zk: OF(%,%,...K)
yﬂ+l = - L4 n—=r-
P

Theorem A [26]: Assume that p, g e Rand k€ {0,1,2,...}.
Then

ol +lgl <1,

is a sufficient condition for the asymptotic stability of the
difference equation

X T pX, T gx,, =0, n=01,.,

Remark 1: Theorem A can be easily extended to a general
linear equations of the form

X T P Xpiey Tt i, = 0, n=0,1,..,

Where pl p2,...pk e Rand k ¢ {1,2,..}. Then Eq.(4) is
asymptotically stable provided that

&

AR

=0

Consider the following equation
Xy = 8(X Xy

The following theorem will be useful for the proof of
our results in this paper.
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Theorem B [27]: Let [a, B] be an interval of real numbers
and assume that

g:la. T - [a, Bl

15
properties:

a contimuous function satisfymg the following

*  g(x, ) is non-decreasing in x in [a, B] for each y €
[a,B], and is non-increasing in y € [a,B] for each x €

[a.f].
o If(m M) e [a B] % [a, B]is asolution of the system

m = glm, M) and M = g(M, m),
then
m =M.

Then Eq.(5) has a unique equilibrium 3 € [a, 3] and

every solution of Eq.(5) converges to 5 .

The paper proceeds as follows. In Section 2 we show
that when |ac — d| + |ad — d| < |c — d|, then the equilibrium
point of Eq.(1) is locally asymptotically stable. Tn Section
3 we prove that the there exists a period two solution of
Eq.(1). In Section 4 we prove that the equilibrium point of
Eq.(1) 1s global attractor. Finally we give numerical
examples of some special cases of Eq. (1) and draw it by
using Matlab.

Local Stability of the Equilibrium Point of Eq (1): In this
section we study the local stability character of the
solutions of Eq.(1).
The equilibrium points of Eq.(1) are given by the
relation
bx
X —dx

X =ax

Ife# d a# 1, then the only equilibrium point of Eq.(1) 1s
given by

_ b
X=— —+—.
(e—da—-1)
Letf: (0, «)* = (0, <) be a function defined by
Fla,v)=au bu .
cu —dv
Therefore
Qf(u,v):a+ bdu -
Ou (cu —dv)
f (u,v) B bdv
dv (cu — a,’v)2 .

41

Then we see that

oFED_
ou

dla—-1)
(c—d)

s

df(x.x) :7d(a71) _
v (c—d)

1>

Then the linearized equation of Eq.(1) about x is
Yot TCPy T e = 0. (6)
Theorem 2.1. Assume that

lac—d| + |ad — d| < |c —d).

Then the positive equilibrium point of Eq.(1) is locally
asymptotically stable.

Proof: It 15 follows by Theorem A that, Eq.(6) 1s
asymptotically stable if || +|Cy < 1.

‘a+d@—n%ad@—l)<L
(e d) (c—d)|
and so
latc—d)+ dla—1)|+|-d(a—1)| <|c—d|
or

lae—d| + |ad — d <|c—d|.
This completes the proof.

Periodic Solutions of Eq.(1): Tn this section we study the
existence of periodic solutions of Eq.(1). The following
theorem states the necessary and sufficient conditions
that this equation has periodic solutions.

Theorem 3.1: Eq.(1) has positive prime period two
solutions if and only 1if

(CH+da+1)>4d, ac# dandk—odd, I —even. (7)

Proof: First suppose that there exists a prime period two
solution

P

of Eq.(1). We will prove that Condition (7) holds.
We see from Eq.(1) ( when k — odd, I— even) that
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_ bgq
pP=aq cq—dp >
and
I =g
Then
cpg—dv’ = acq’ — adpg— by, ()
and
cpg—dv’ = acp’ — adpg— by. (9
Subtracting (8) from (9) gives
d(¢* —p*) = aclg’ —p*) — big—b).
Since p # g, it follows that
+g= )
L A (10)

Again, adding (8) and (9) yields
2epq —dp’ + ¢ = ac(p’ + ) — 2adpg — b(p + ¢) (11).
Tt follows by (10), (11) and the relation

prFrg={p+tqr-2pgforall pgcR,

that
_ bd
P (ac—dV(c+dYa+1))

(12)

Now it 1s clear from Eq.(10) and Eq.(12) that p and ¢
are the two positive distinct roots of the quadratic

and so
b2 o 46%d
(c+da+1)

(ct+tdia+t1)=4d

Therefore Tnequality (7) holds.
Second suppose that Tnequality (7) is true. We will
show that Eq.(1) has a prime period two solution.
Assume that
b+
pe—t
2(ac—d)
and
b—
g=——1_
2ac—d)

Where y= b7 - Ab%d _
(e+dda+1)

We see from Inequality (7) that

4d

(c+d)(a+l)>4d - l>m,

then after multiplying by &* we see that
5 4624
.
{e+d)a+1)

Therefore p and ¢ are distinct real numbers.
Set

X =X = P X = DX = G, ald Xy = ¢

We wish to show that

equation.

{ At —bt + b%d 0 xXl=x,=pandx,=x,= ¢

ac— - =0, =x,= =x,= g.

(ac—dc+dNa+1) (13) ' B
Tt follows from Eq.(1) that
by
bi_ bq 2ac—d)
xq=ax | — =agq— = ag
cx_; —dx_p cq—dp

e el
2(ac—d) 2(ac—d)

Multiplying the denominator and numerator of the right side by 2(ac — o)

ag bOD)

Ceb-y)-dbry)

42
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Multiplying the denominator and numerator of the right side by {b[¢c — d|+ y[c + d]}

e BB e—dy+blet+ Ay —ble—dyy —(c+d)y)
1 8 c—dP —y e+ dT

2
b{bz(c— d)+ 2bdy—(c+ d){bz —Lﬂ

{c+dXa+1)
—T 424
Ir._ a2 2 2 Wwe
b e—d]-ve+4d] {b (c+d)(a+l)}
2
a{bz[(c d)—(c+d)]+ (ibj) + 25&@
S 46%d(c+ d)
2 2 2 ¢
b ([e—dP ~[e+d] )+W
2
b{zbzm 4b7d +2bdy}
(a+1)
:aq—
b (ded)+ 4prdic+d)
{a+1)

2b%d| —b + 26 +y
{a+1)
=ag+
4bzd(c—c+d]
a+l

Multiplying the denominator and numerator of the right side by (@ + 1) and dividing the dencominator and numerator
of the right side by {28d} gives

xl:aq+(—ba—b+2!;+y+ya)
2ac+ec—c—d)

_ ab—ay +7ba+b+'}’+’ya

C 2ac—d) 2Aac—d)

Thus

ab—ay—ba+b+vy+ya
n = =

b+y
2(ac—d)

T ae—d)
Similarly as before one can easily show that

X, =q.
Then it follows by induction that

Xy = qgand Xy, =pforallnz—1.
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Thus Eq.(1) has the positive prime period two solution

X .

Where p and ¢ are the distinct roots of the quadratic equation (13) and the proof is complete.

Global Attractor of the Equilibrium Point of Eq.(1): In this section we mvestigate the global attractivity character of

solutions of Eq.(1).

Theorem 4.1: The equilibrium point ¥ of Eq.(1) is global attractor.

Proof: Let a, 3 are areal numbers and assume that g:[a, #]* - [, ] be a function defined by

bu

cu — dv

glu,v)=au—

We can easily see that the function g(u, v) increasing in # and decreasing in v.
Suppose that (m, M) is a solution of the system

m=gm M) and M =gM, m).

Then from Eq.(1), we see that

b bA
m=am— . log=-
o — dA e — dm
That is
l-a=- b , l—a=- b N
om — dM e — dm
or,
B b o b
eni— dM eM —dm’
then
(c+di(m—M)=0.
Thus
M=m.

It follows by the Thecrem B that X is a global attracter of Eq.(1) and then the proof is complete.

Numerical Examples: For confirming the results of this paper, we consider numerical examples which represent different

types of solutions to Eq. (1).

Example 1: Weassume ! =3, k=2, x,=12,x,=7,x,=9,x=10,a=11,6=05¢=0.6,d = 0.8. SeeFig. 1.

Example 2: See Fig. 2, since

=4 k=3x,=12x,=7,x2,=9x2,=10,x,=5,a=09b=2c=7,d=3.

44
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Example 3: We consider " . Pt o X 11 e e k)
1=3k=2x,=12x,=-7.2,-9x=-10,a=03,56=1.5,
c=11,d=8.

See Fig. 3.

Example 4: See Fig. 4, since
1=3k=4x,=12x,=7,x,=9.x,=10,x,=5 a=06,
b=2,c=7,d=4

Example 5: Fig. 5. shows the solutions when
a=6,b=2,¢c=7,d=3,1=4 k=3 x,=px;=¢x,=
Px, =45 =P

plet of = (el <bain-f{cxfn - n-K]))
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