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Abstract: Process capability indices such as Cp, Cpk, Cpu and Cpl are common metrics to evaluate and 
predict the performance of a process. Although higher process capability indices indicate higher process 
“quality”, but a high quality process does not necessarily guarantee the fewer rates of rejects. Therefore, a 
process capability index based on rate of rejects or real losses is more reliable and proper. This paper 
defines a novel process capability index called asymmetric inverted normal loss-based process capability 
index (AIPCI) with the aid of asymmetric inverted normal loss function. The logical idea is to compare the 
standard loss for a capable process with other cases. AIPCI is a bounded asymmetric process capability 
index and can provide a more realistic metric to evaluate and predict the performance of a process.
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INTRODUCTION

Nowadays loss functions are employed in different 
fields to predict the different kinds of losses such as risk 
evaluation [1], decision-making [2], quality engineering 
[3-6], tolerances design [7-9]. There are different forms 
of loss functions such as squared error, absolute error, 
weighted and binary loss, which can be helpful to 
design process capability indices. Leung and Spiring 
[10] stated that more error in production specifications 
decreases the loss functions. Thus regarding to close 
relation between loss functions and value of losses and 
rate of rejects, these functions are more appropriate 
functions to design realistic loss-based Process
Capability Indices (PCIs). Since most of process
capability indices do not consider the real losses, the 
PCIs based on losses can help manufacturers to
understand the real capability of their processes to 
improve them [11]. In this paper, we intend to construct 
a bounded process capability to evaluate the process 
capability with the aid of asymmetric inverted normal 
loss function.

PROCESS CAPABILITY INDICES (PCIs)

PCIs are appropriate tools to measure the capability 
of process through the comparison of inherent
variability of a process with the specification
requirements of the product [12-14]. Kane [13]
developed Cp and Cpk indices as follows:

(1)

(2)

where USL and LSL represent the upper and lower
specification limits, respectively; µ represents the
process mean and s is the process standard deviation. 
Sometimes a customer will provide a one-sided
specification. The indices Cpu and Cpl were developed 
[13] for these situations as follows:

(3)

(4)

Since Cp and Cpk indices do not account for the 
difference between the process mean and its target 
value, Chan et al. [15] and Pearn et al. [16] considered 
this difference to develop Cpm and Cpmk indices as 
follows:

(5)

(6)
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Table 1: Comparison of process capability indices under different features
ID PCI Author/Authors Mean-based Variation-based Target -based Reject-based Loss-based Bounded Asymmetric
1 Cp [13] 

2 Ca [13]  

3 Cpk [13]  

4 Cpu [13]  

5 Cpl [13]  

6 Cpm [15]   

7 Cpmk [16]    

8 *
pC [13]  

9 *
pkC [13]   

10 '
pkC [24, 25]   

11 *
pmC [15]    

12 Le [20]   

13 Cpc [19] 

14 PCI? [21]    

15 *
eL [22]   

where T represents the target value of a quality
characteristic. The process parameters µ and σ2 are
estimated from the sample mean and variance by X and
S2, when µ and σ2 are unknown.

Most of PCIs are investing on determining the 
potential and capability of process regardless of any 
loss aspects and loss functions [17]. Ramakrishnan et
al. [18] illustrated that a higher Cp indicates a higher 
process “quality”, but a high quality process does not 
necessarily mean the fewer rate of rejects. Perakis and 
Xekalaki [19] argued that Cp, Cpk and Cpm do not have a 
direct relationship with the conformance proportion of 
the process. There are some researches about PCIs that 
are based on rate of rejects, for example Perakis and 
Xekalaki [19] proposed a process capability index
called Cpc index that is based on the proportion of 
conformance (in other words based on rate of rejects). 
However in order to calculate Cpc, minimum allowable 
proportion of conformance must be defined by
customers or buyers. 

Another well-known loss-based PCI is Le proposed 
by Johnson [20]. This index was inspired from the
process losses similar to Cpm. This index has some weak 
points. It uses expected relative loss and considers the 
proximity of the target value, while users need to
specify the target and the distance from the target at 
which the product would have no worth to quantify the 
process loss. In addition, Le does not take account of 
asymmetric tolerances. In a research work Hsieh and 
Tong [21] constructed a measurable index (called PCI?)
incorporated the philosophy of PCIs and the concept of 
quality loss function to analyze the process capability. 

The weak point of this PCI is that it only considers the 
qualitative response data. In addition, PCI? can be used 
just for symmetric tolerances. Pearn et al. [22] defined 
L*

e, a new measuring process performance based on 
expected loss with asymmetric tolerances.

For the case of asymmetric tolerances, there are 
some studies, which extended original PCIs to
asymmetric PCIs. To account for the asymmetry, Kane 
[13] seems to be the first one to modify Cp, Cpk, Cpu and 
Cpl indices for the situations where USL-T=T-LSL [23].
These modifications are denoted by *

pC , *
pkC , *

puC  and 
*
plC . Another methodology for asymmetric tolerances is 

to shift one of two specification limits to the target in 
order to create symmetric specification limits [13, 15].
Another methodology to develop PCIs for asymmetric 
tolerances proposed by Franklin and Wasserman [24]
and Kushler and Hurley [25]. They supposed a
symmetric specification limits instead of an asymmetric 
specification limit and proposed the index C′pk.

In summary however there are some loss-based
PCIs, each of them has some weak points. Table 1 
compares PCIs with respect to different features such as 
being mean-based, variation-based, target-based,
asymmetric, etc. It is concluded from Table 1 that there 
is just one bounded PCI and there are a few PCIs, 
which are really loss-based. This paper intends to 
develop a new PCI, which is asymmetric, loss-based
and bounded. Moreover most of loss-based indices are 
based on Taguchi loss function [26], while Taguchi loss 
function is not an appropriate loss function, because it 
is not bounded and asymmetric.
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Proposed process capability index based on the
asymmetric inverted normal loss function:
Asymmetric Inverted Normal Loss Function (AINLF) 
is one of the well-known loss functions proposed by 
Spiring and Yueng [27]. AINLF was inspired from
normal probability density function and is useful for the 
“nominal the better” case. AINLF defines as follows:

( )

( )

( )

2

1 2
L1

2

2 2
L2

y T
K 1 exp if y T

2
L y

y T
K 1 exp if y T

2

   −   − − <   σ    = 
   −   − − ≥ 

  σ   

(7)

where K1 is the maximum loss if the characteristic is 
deviated from the target from left side and K2 is the 
maximum loss if the characteristic is deviated from the 
target from right side.

Since process capability indices measure the
capability of process through the comparison of
inherent variability and capability of a process with the 
specification  requirements  of  the product, so the place

of LSL and USL has a significant impact on PCIs. A 
typical process can be a super capable process when the 
tolerance is so wide, while this process can be a very 
poor process when the tolerance is narrow. For example 
in Fig. 1, if the specification limits are LSL (1) and 
USL (1) the typical process will not be capable, but if 
the specification limits are LSL (2) and USL (2) the 
process will be capable. 

Through analyzing Fig. 1 by asymmetric inverted
normal loss function, a standard rate of rejects or
standard loss can be predicted for a capable process. 
For example if LSL and USL adjust on Xmin and Xmax,
the Cp of process is 1 and then process is called a 
capable process. For such process, we expect losses, 
which are located in the area under the asymmetric
inverted normal loss function, but when the tolerance is 
narrower or wider than the expected asymmetric INLF
losses, this will be changed. Hence, in order to create 
asymmetric inverted normal loss-based process
capability index (AIPCI), we divided the area under
AINLF within the specification limits (the area within 
the region limited by x-axis  and LSL and USL) to the 
area under AINLF loss function within Xmin and Xmax as 
stated in Fig. 1.

Fig. 1: Narrow and wide tolerances for a typical process

Then since these areas are related to inverted normal loss function equation 7 is employed to calculate this area 
as follows: 
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                              AIPCI = (8)

where USL and LSL represent the upper and lower specification limits, respectively; µ represents the process mean, 
T is target and s is the process standard deviation.

In order to estimate Equation 8, µ and s can be replaced by X  and S obtained by samples. If we have m 
samples of size n, X  and S are calculated as follows:

, (9)

, (10)

Where ix  and s i represent the sample mean and sample standard  deviation of ith sample and 

S and X  represent the overall sample mean and overall sample standard deviation. So Equation 8 can be 
rewrited as follows:

          AIPCI = (12)
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Equation 12 can lead us to the final new loss-based process capability index with the aid of asymmetric inverted 
loss function. Now the loss function was designed and it has specifications such as mean-based, target based, 
variation based, loss-based and bounded. The proposed index is bounded, because

 = (K1+K2)/2

Therefore, the maximum of AIPCI is (K1+K2)/2. The prove is as follows:

=

=

The new proposed index is a bounded index, but since this index is bounded to (K1+K2)/2, it cannot be useful to
compare different processes with this index. For instance suppose that (K1+K2)/2=3 for process A and (K1+K2)/2=10
for process B. Now suppose that the process capability of these processes based on the proposed index are 
PCIA=PCIB=2. Actually process B is a weak process, (because the maximum value of its capability is 10 and its 
capability is 2), while this value indicates good capability for process A. In order to overcome this problem, the 
proposed index is divided to (K1+K2)/2 and prepare the final index as follows: 

AIPsCI = (13)

Proposed index has more excellent specifications 
compared with other PCIs as follows:

• It is bounded to 1.
• It can be used for asymmetric tolerance such as 

symmetric one
• Since it is directly associated with losses, it can be 

readily understood by practitioners

In next part, a numerical example shows the
calculation of this index.

NUMERICAL EXAMPLE

Pakrizan Sanat Co. is a factory producing plastic 
containers in Semnan industries region of Iran. This 
product has 2 main parts. First is body and second is 
cap. Each part is produced by an injection process and 
admittedly in each process there is a specific rate of 
reject. Finally, in last process these two parts will be 
assembled. Now the company wants to estimate the 
process capability of the injection process. Thickness is 
the key quality characteristic of this process and the 
specifications of data are shown in Table 2. 
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Table 2: Specification of injection data (example 1)

Item (cm) Injection

USL 12.38
Target 12.25
LSL 12.12

X 12.26

S 0.0982

σL1 0.035

σL2 0.035

K1 3.000
K2 2.000

Fig. 2: Distribution of data and related AINLF

Fig. 3: Result for variation in specific limits on AIPCI regarding to Cp and Cpk

IPCI = 
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Table 3: Result for variation in specific limits on AIPCI regarding to 
Cp and Cpk

ID Sigma USL LSL IPCI Cp Cpk Cpm

1 0.0982 12.38 12.12 0.25 0.44 0.41 0.439
2 0.0982 12.39 12.11 0.31 0.48 0.44 0.473
3 0.0982 12.40 12.10 0.37 0.51 0.48 0.507
4 0.0982 12.41 12.09 0.44 0.54 0.51 0.540
5 0.0982 12.42 12.08 0.50 0.58 0.54 0.574
6 0.0982 12.43 12.07 0.56 0.61 0.58 0.608
7 0.0982 12.44 12.06 0.62 0.64 0.61 0.642
8 0.0982 12.45 12.05 0.67 0.68 0.64 0.675
9 0.0982 12.46 12.04 0.72 0.71 0.68 0.709
10 0.0982 12.47 12.03 0.76 0.75 0.71 0.743
11 0.0982 12.48 12.02 0.80 0.78 0.75 0.777
12 0.0982 12.49 12.01 0.84 0.81 0.78 0.810
13 0.0982 12.50 12.00 0.87 0.85 0.81 0.844
14 0.0982 12.51 11.99 0.89 0.88 0.85 0.878
15 0.0982 12.52 11.98 0.91 0.92 0.88 0.912
16 0.0982 12.53 11.97 0.93 0.95 0.92 0.946
17 0.0982 12.54 11.96 0.95 0.98 0.95 0.979
18 0.0982 12.55 11.95 0.96 1.02 0.98 1.013
19 0.0982 12.56 11.94 0.97 1.05 1.02 1.047
20 0.0982 12.57 11.93 0.98 1.09 1.05 1.081
21 0.0982 12.58 11.92 0.98 1.12 1.09 1.114
22 0.0982 12.59 11.91 0.99 1.15 1.12 1.148
23 0.0982 12.60 11.90 0.99 1.19 1.15 1.182
24 0.0982 12.61 11.89 0.99 1.22 1.19 1.216
25 0.0982 12.62 11.88 0.99 1.26 1.22 1.249
26 0.0982 12.63 11.87 1.00 1.29 1.26 1.283
27 0.0982 12.64 11.86 1.00 1.32 1.29 1.317
28 0.0982 12.65 11.85 1.00 1.36 1.32 1.351
29 0.0982 12.66 11.84 1.00 1.39 1.36 1.385
30 0.0982 12.67 11.83 1.00 1.43 1.39 1.418
31 0.0982 12.68 11.82 1.00 1.46 1.43 1.452
32 0.0982 12.69 11.81 1.00 1.49 1.46 1.486
33 0.0982 12.70 11.80 1.00 1.53 1.49 1.520
34 0.0982 12.71 11.79 1.00 1.56 1.53 1.553
35 0.0982 12.72 11.78 1.00 1.60 1.56 1.587
36 0.0982 12.73 11.77 1.00 1.63 1.60 1.621

The distribution of data and related INLF loss 
function are showed in Fig. 2. Because of narrow
tolerance, we expect many rejects and losses and the 
AIPCI must be less than 1.

Now in order to compare AIPCI with other PCIs 
such as Cp and Cpk, we calculated these PCIs based on 
previous example with different specification limits
while S and X  are constant. So in this analysis the 
specification of a process (S, X ) is unchanged whereas 
the specification limits changes from (12.12, 12.38) to 
(11.77, 12.73). The results have been shown in Table 3 
and Fig. 3, which supported the excellent specification 
of AIPCI.

As shown in Fig. 3, AIPCI starts from a point 
under Cp, Cpk and Cpm and after crossing them, it limits 
to 1. Since AIPCI is based on the loss, it is more
sensitive in comparison with some PCIs such as Cp, Cpk
and Cpm. Moreover, AIPCI is a bounded PCI. Hence, 
manufacturers with the aid of AIPCI will have a unique 
bounded metric to measure and evaluate the capability 
of their processes. 

CONCLUSION

Most of loss-based PCIs are based on Taguchi loss 
function, while other loss functions such as asymmetric 
inverted normal loss function can determine a more
reasonable loss of processes than Taguchi loss function. 
In this paper a novel process capability index (AIPCI) 
was defined based on asymmetric inverted normal loss 
function. The logical idea is to compare standard loss 
for a capable process with other cases. When LSL and 
USL adjust on Xmin and Xmax, the Cp of the process is 1 
in which the process is capable. Hence we expect losses 
located in the area under the AINLF (standard losses), 
but  when  the  tolerance  is  narrower  or  wider  than 
the expected AINLF, the losses will be changed.
Therefore,  the  area  of  under  INLF  loss  function 
within  specification  limits  was  divided to  the  area 
under AINLF loss function within Xmin and Xmax. This 
new PCI is more realistic and sensitive to the real losses 
compared to other PCIs, because it is based on a proper 
loss function such as asymmetric inverted normal loss 
function. Moreover, this new index has more excellent 
specifications such as bounded, asymmetric, mean-
based, variation-based and loss-based.

FURTHER RESEARCH

Since AIPCI is defined based on normal distributional 
assumptions, there is a need to study on AIPCI under 
specific non-normal distributional assumptions. In
addition, AIPCI is defined for bilateral specifications, 
while it can be assessed under unilateral specifications 
in future works. 
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