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Abstract: The aim of this paper is to obtain approximate solutions of a fractional population growth model 
in a closed system by using HPM-Padé technique. The time-fractional derivative is considered in the 
Caputo sense. The solution procedure is based on Homotopy Perturbation Method (HPM) and the solutions 
are calculated in the form of a convergent series with easily computable components. Then the Padé 
technique is effectively used in the analysis to capture the essential behavior of the population u(t) of 
identical individuals.
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INTRODUCTION

In  recent  years,  it  has  been  found  that 
derivatives of non-integer order are very effective for 
the description of many physical phenomena such as 
rheology, damping laws, diffusion process. These
findings invoked the growing interest of studies of the 
fractal calculus in various fields such as physics,
chemistry and engineering [1-4]. For example, the
nonlinear oscillation of earthquake can be modeled with
fractional derivatives [1] and the fluid-dynamic traffic 
model with fractional derivatives [2] can eliminate the 
deficiency arising from the assumption of continuum
traffic flow. A review of some applications of fractional 
derivatives in continuum and statistical mechanics is 
given by Mainardi [5]. 

The solution of a fractional differential equation is 
much involved. In general, there exists no method that 
yields an exact solution for a fractional differential
equation. Only approximate solutions can be derived
using the linearization or perturbation methods. No 
analytical method was available before 1998 for such 
equations even for linear fractional differential
equations. In 1998, the variational iteration method was 
first proposed to solve fractional differential equations 
with greatest success [3]. Many authors found VIM as 
an effective way to solving fractional equations, both 
linear and nonlinear [6, 7]. Momani [8] Ganji [9] and 
Yildirim [10, 11] applied the homotopy perturbation 
method (HPM) to fractional differential equations and 
revealed that HPM is an alternative analytical method 
for solving fractional differential equations. Momani
[12] and Odibat [13] compared solution procedure
between VIM and HPM.

This paper outlines reliable numerical strategies for 
solving the fractional population growth model of a 
species within a closed system. The model is
characterized by the nonlinear fractional Volterra
integro-differential equation
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where u = u(t) is  the  population  of  identical 
individuals at time t which exhibits crowding and
sensitivity to the amount of toxins produced [14], α is a 
parameter describing the order of the time-fractional
derivative, a > 0 is the birth rate coefficient, b > 0 is 
the crowding coefficient and c > 0 is the toxicity 
coefficient. The coefficient c indicates the essential
behavior of the population evolution before its level 
falls  to  zero  in  the  long  run. If c = 0,we have the 
well-know logistic equation [14, 15]. The last term
contains the integral that indicates the ‘‘total
metabolism’’ or total amount of toxins produced since 
time zero. The individual death rate is proportional to 
this integral and so the population death rate due to 
toxicity must include a factor u. Since the system is 
closed, the presence of the toxic term always causes the 
population level to fall to zero in the long run, as will 
be seen later. The relative size of the sensitivity to 
toxins, c, determines the manner in which the
population evolves before its extinction. The time-
fractional derivative in Eq. (1) is considered in the
Caputo sense. The general response expression contains 
a parameter describing the order of the fractional
derivative that can be varied to obtain various
responses.
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In the case of α = 1, the fractional equation reduces 
to a classical logistic growth model. Several analytical 
and numerical methods [14-16] have been proposed to 
solve the classical population growth model (1), when 
α = 1. Recently, Momani and Qaralleh [17] used
Adomian decomposition method for solving system (1) 
when α is non-integer. In this paper, we will combine 
HPM and Padé technique for solving the governing 
problem. The homotopy perturbation method (HPM)
was  first  proposed  by  the  Chinese  mathematician
Ji-Huan He [18-20]. The essential idea of this method is 
to introduce a homotopy parameter, say p, which takes 
values from 0 to 1. When p = 0, the system of equations 
usually reduces to a sufficiently simplified form, which 
normally admits a rather simple solution. As p is 
gradually increased to 1, the system goes through a 
sequence of ‘‘deformations’’, the solution for each of 
which is ‘‘close’’ to that at the previous stage of
‘‘deformation’’. Eventually at p  =1, the system takes 
the original form of the equation and the final stage of 
‘‘deformation’’ gives the desired solution. One of the 
most remarkable features of the HPM is that usually 
just a few perturbation terms are sufficient for obtaining 
a reasonably accurate solution. This technique has been 
employed to solve a large variety of linear and
nonlinear problems [21-31]. The interested reader can 
see the Refs. [32-35, 45-50] for last development of 
HPM and other semi-analytical methods.

The paper is organized as follows. We begin by 
introducing some necessary definitions and
mathematical preliminaries of the fractional calculus
theory which are required for establishing our results. 
Applications and numerical results are introduced in 
Section 3.

FRACTIONAL CALCULUS

We give some basic definitions and properties of 
the fractional calculus theory which are used further in 
this paper.

Definition 2.1: A real function f (x), x>0, is said to be 
in the space Cµ,  µ∈R if there exists a real number 
p(>µ), such that ( ) ( )xfxxf 1

p=  where ( ) [ )∞∈ ,0Cxf1  and 

it is said to be in the space mCµ  if and only if
( ) .Nm,Cf m ∈∈ µ

Definition 2.2. The Riemann-Liouville fractional
integral operator of order α≥0, of a function

,1,Cf −≥µ∈ µ  is defined as 
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Properties of the operator Jα can be found in Refs. 
[4, 36-38], we mention only the following. For
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The Riemann-Liouville derivative has certain
disadvantages when trying to model realworld
phenomena with fractional differential equations.
Therefore, we shall introduce a modified fractional
differential operator Dα proposed by Caputo in his work 
on the theory of viscoelasticity [39].

Definition 2.3. The fractional derivative f(x) in the
Caputo sense is defined as 
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need here two of its basic properties. 
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The Caputo fractional derivatives are considered 
here because it allows traditional initial and boundary 
conditions to be included in the formulation of the
problem. In this paper, we consider a fractional
population growth model and the fractional derivatives 
are taken in Caputo sense as follows.

Definition 2.4: For m to be the smallest integer that
exceeds a, the Caputo time-fractional derivative
operator of order a > 0 is defined as
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For more information on the mathematical
properties of fractional derivatives and integrals one 
can consult the mentioned references.

APPLICATIONS AND NUMERICAL RESULTS

In this section, we use the HPM to find an
approximate solution of the fractional model Eq. (1)
together with the initial condition u(0) = 0.1, which 
represents the population growth in a closed system. 
The homotopy perturbation method requires that the 
fractional integro-differential equation (1) be expressed 
in terms of operator form as

( ) ( ) ( ) ( ) ( )dxxutuctbutautuD
t

0

2 ∫−−=α (4)

where the fractional differential operator Dα is defined 
as in Eq. (2) denoted by

α

α
α =

dt
dD

To solve Eq.(4) by the homotopy perturbation
method, we construct the following homotopy
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Assume the solution of Eq. (5) to be in the form:
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Substituting Eq.(6) into Eq.(5) and equating the
coefficients of like powers p, we get the following set 
of differential equations 
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The given initial value admits the use of u0(t) = 0.1,
If we solve the above equation system, we successively 
obtain
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and so on, in the same manner the rest of components 
can be obtained using Maple 12 Software Package.
Then the series solutions expression by HPM can be 
written in the form:

...210 +++= uuuu

The general form of the approximation of u(t) is 
given by

( ) ( ) ( )
( ) ( )( )

( ) ( )

( ) ( )

( ) ( )

1

2 2 2

1 2

2 2 2 2

0.1a 1 0.01b1 t1
u t 0.1

1 0.01ct
1

0.1a 0.03ab 0002b t
1 2

1
0.03ac 0.004bc 0.01ac t

2 2
1

0.03c 0.001c t ...
3 2

α

+α

α

+ α

+ α

 + α − + α
 = +  α +α Γ α − 

+ − +
Γ + α

− − + α
Γ + α

+ + α +
Γ + α

(7)

which agrees Momani’s [17] results.
Our aim is to study the mathematical behavior of 

the solution of a fractional population growth model as 
the order of the fractional derivative changes. In
particular, we seek to study the rapid growth along the 
logistic curve that will reach a peak, then slow
exponential decayed for different values of α. It was 
formally shown by [16] that this goal can be achieved 
by forming Padé technique [40] which has the
advantage of manipulating the polynomial
approximation into a rational function to gain more
information about u(t). It is wellknown that Padé
technique will converge on the entire real axis [41] if 
u(t) is free of singularities on the real axis. It is of 
interest to be noted that Padé technique gives results 
with no greater error bound [42] than approximation by 
polynomials.  To  consider  the  behavior  of solution of 



World Appl. Sci. J., 11 (12): 1567-1572, 2010

1570

Fig. 1: [4/4] Padé approximants of u (t) for α = 1: 
(line) κ = 0.1, (--) κ = 0.2, (…) κ = 0.5

different values of α, we will take advantage of the 
explicit formula (7) available for 0<α≤1 and consider
the following two special cases:

Case I: We will examine the classical population
growth model for small κ and large κ, where κ = c/ab. 
Setting α = 1 and κ = 0.1 in (7), we reproduce the 
approximate solution obtained in [16, 43] given by

( )

( )

2 3 4

5 6

7 8 9

u t 0.1 0.9t 3.55t 6.31666667t 5.5375t

63.70916667t 156.0804167t

18.47323411t 1056.288569t t

= + + + −

− −

− + + Ο

The [4/4] Padé technique gives

[ ]
2 3 4

2 3 4
0.1 0.468793t 0.924957t 0.923129t 0.400423t4 4

1 4.31207t 12.5582t 13.8806t 10.8683t
+ + + +=
− + − +

(8)

It can be seen from the Fig. 1 that as κ increases, 
the amplitude of u (t) decreases, whereas the
exponential decay increases. These results are in full 
agreement with the results obtained in [16, 43, 44]
using a phase-plane analysis.

Case II: In this case we will examine the fractional 
population growth model (1) when α = 1/2.Setting α = 
1/2 and κ = 0.1 in (4) gives
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4 4.5

u t 0.1 1.01554t 7.2t 35.4964t 90.422t
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= + + + +

− − −

− + Ο

Calculating the [6/6] Padé approximants and
recalling that x = t1/2, we get

Fig. 2: [6/6] Padé approximants of u (t) for α = 1/2: 
(line) κ = 0.1, (--) κ = 0.5

Fig. 3: Approximations of u (t) for κ = 0.1: (line) α = 
1.0, (--) α = 3/4, (…) α = 1/2

[ ]

3 2

2 5 2 3

3 2

2 5 2 3

0.1 0.755966 t 7.72967t 34.2007t
409.984t 570.184t 2479.12t

6 6
1 2.59575 t 31.6576t 147.559t

3336.19t 23232.9t 89404.6t

+ + +
+ + +
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− + −

+ − +

The results in the Fig. 2 show a rapid rise along the 
logistic curve and then a fast exponential decay to zero 
for small κ.

The key finding of the Fig. 3 is that when the order 
of the fractional derivative decreases, the amplitude of 
u (t) decreases, whereas the exponential decay
increases.

CONCLUSION

In this study, the approximate solution of nonlinear 
fractional integro-differential equation (1) is obtained 
by the Homotopy perturbation method and Padé
technique.   Analysis   of  the   behavior   of   the  model 
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showed that it increases rapidly along the logistic curve 
followed by a slow exponential decay after reaching a 
maximum point, can be formally determined by using 
the Padé approximants. Numerical results shows that 
when the order of the fractional derivative α decreases, 
the amplitude of u(t) decreases, whereas the exponential 
decay increases. The mathematical technique employed 
in this paper is significant in studying some other
problems of physics and engineering.
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