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Analytical Study on Nonlinear Fifth Order Korteweg-De Vries Equation
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Abstract: In this paper, He’s homotopy perturbation method 1s applied to nonlinear fifth order KdV equation.
The procedure of the method 1s systematically illustrated. The results reveal that the proposed method 1s very
effective and simple for obtaining approximate solutions of nonlinear partial differential equations.
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INTRODUCTION

During the past decades, both mathematicians and
physicists have devoted considerable effort to the study
of exact and numerical solutions of the nonlinear ordinary
or partial differential equations corresponding to the
nonlinear problems. Many powerful methods have been
presented. The homotopy perturbation method, proposed
first by He in 1998 and was further developed and
improved by He [1-5]. The application of the homotopy
perturbation method (HPM) in nonlinear problems has
been devoted by scientists and engineers, because this
method 1s to continuously deform a simple problem which
15 easy to solve mto the under study problem which 1s
difficult to solve. It can be said that He's homotopy
perturbation method 1s a umiversal one, 1s able to solve
various kinds of nonlinear functional equations. In this
method the solution is considered as the summation of an
mfinite series which usually converges rapidly to the
exact solutions.

For the purpose of applications illustration of the
methodology of the proposed method, using homotopy
perturbation method, we consider the following nonlinear
differential equation,

A(w)-fir) =0, (1)
By, Su/dn)=0, (2

Where A4 is a general differential operator, fl7) is a known
analytic function, B is a boundary condition and I" is the
boundary of the domain Q.

The operator 4 can be generally divided into two
operators, I. and N where L is a linear, while N is a
nonlinear operator. Equation (1) can be, therefore, written
as follows:

L(u) + M) - fir) =0, (3)

Using the homotopy techmque, we construct a
homotopy Uir,p)Qx[1,0]~R which satisfies:

H(U, P)=(1-P)|L{U) ~ L{uy)]
+plA) - ] =0, pel0.1], reQ (4

H(U, p) = L(U) — L) + pLiag) + pIN(U) - fr)] = 045)
Where p € [0, 1], 15 called homotopy parameter and #, 1s
an imtial approximation for the solution of Eq.(1), which
satisfies the boundary conditions. Obviously from Esq.
(4) and (5) we will have.

H(U, 0) = L(U) - L) = 0, (6)
H(U, 1) =AU) - fir) =0, (7

We can assume that the solution of (4) or (5) can be
expressed as a series in p, as follows:

U=U+ plU+p' U+ (8)
Setting p = 1, results in the approximate solution of Eq. (1)
u:lin%U:Uu+U1+U2+... (N

il

HPM for Fifth Order KdV Equation: The Korteweg-de
Vries (KdV) equation, given here in canonical form, [6]
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With mitial condition,
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w(z,0) = ag - 2¢y sec A’ (Y57). (1n
and the exact solution

u = 6y — 26 sec BA{JG (7 — (45ad
— 60age; +16¢3)t)), ¢ > 0.

Where ¢, ¢, are arbitrary constants.
To solve Eq. (10) by homotopy perturbation method,
we construct the following homotopy.
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e —— + 45U
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or
5‘U a’L’;D aﬂo 9 aU
—_— = 450
ot  ar P t En (12)
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_158U8U 8(£+89;):0,
Oz dux? dx du
Suppose the solution of Eq. (12) has the following
form

U=U,+pU, + pU, (13)

Substituting (13) into (12) and equating the
coefficients of the terms with the identical powers of p

leads to

o 00U, Bug
YN B
P> %U“’ + 901, BBUO + 45U02% — %%2;0 —
We take
Uy = uy = g - 26 sec b2 J55m). (14

We have the following recurrent equations for j =
1,2,3

[Ane I

3 i—liad anfk—q}—l -1 3Uk aQUj—l—k
- U, L g OV O ik
ko Eo kgo TR A ;Eo Ar 82
i
—15y U, — 1 F = 0.
:gZ::o T (15)

With the aid of the initial approximation given by Eq.
(14) and the iteration formula (15) we get the other of

component as follows

U = 720ta0\/c§ sec b (Jem) tanh® (Jfezm) - 480ta,0\/§ sec h” (Jfezz) tanh( fey ) - 2160t‘/c2_7 sech* (Ve o) tanh? (Jem)
+ 1200t\/cg_7 sec h* (JfGz#) tanh{ fez) - 180\/0? sec b’ (Jez ) tanh(@m)mg + 720@ sec h* (Je @) tanh( fe;z)ta,
- 720‘/@ sec h® (JE2z) tanh({ fey =)t - 1440\/3 sec b (Jez) tanh® (Jerz)t + 1920\/3 sec h? (V&) tanh? (Jeaz )t

- 544JCQ_7 sec h? (Jexz) tanh( feyz)t,

U, = 35379275 sec h*((J&2) + 162000¢%aj el sec B ((Je3z) tanh® (\f&;7) + 238080t%ayeh sec h?(\J632)
- 43480800t%¢5 sec h°((Joyx) tanh®( ey %) - 74606400¢%cS sec h*((Je37) tanh® ((fe )
- 130394880¢°cS sec 1 (Je ) tanh® (e w) + B5680¢%a3¢) sec A2 (\fG3%) + 156470400675 sec h*(\fer ) tanh®(fe37)
+ 57024008%cS sec k¥ (Je77) tanh? (&5 ) - 9504000£°S sec k°(fepz) tanh* (\f&52)
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+119750400£°¢5 sec h”(,fe; ) tanh®(\fe; ) - 17540640¢°cs sec k(| feyz) tanh®((fe55) - 129600¢°c; sec h®(feyz )ag
- 10830336¢°c§ sec h”(\fe3) tanh® (\f&;7) + 61036800t7c5 sec k™ ((feyz) tanh* ((foyz) + 97200¢7c; sec h(\fegm)ag
-172800¢°c; sec h*((fGoz)ag - 544320t°c) sec h*(\JGz)ay + 216008°ajcs sec h((ferz) + 4050t agcs sec k(& z)

+ 4320008°c] sec B° (o2 )ay + 233260807 ¢S sec h* (\Jim) tanh®(f&3 ) - 32400¢°c5 sec b (\fepz)ad
- 39916800¢°ch sec B ((Jez#) tanh'* ((J&57) - 712800¢°cS sec h'( Je5 @) tanh’( fez )

+ 55663200t sec h°(J&#) tanh*((fez) - 104843520475 sec h*(\f57) tanh*((f&2)

- 5068800t agcs sec b (&, tanh’(\f&;z) + 19353600t agch sec h* ((Joz) tanh* (&)

- 25401600 a,c; sec h(\fe; tanh®(\J&z) - 1587600¢°c; sec h*( feyz) tanh®( feyz)ag

+ 10886400t agc5 sec h{,Jo; tanh®(\fe3z) + 18273600t ] sec h* (G z) tanh®( JGz)a,

- 26481600° a4 sec h* (%) tanh* ((f&52) + 97200008 agc5 sec h*(\few) tanh®(fe;2)

- 2268000tgc§1 secht (V) tanh* (J@x)ag + 183600079651 sec h* (Jer) tanh® (J@x)aé

+ 8553600t%¢; sec h° (WJeam) tanh* (JJeam)ay - 5875200¢%¢h sec h® (e m) tanh® (Jfesz)ag

- 162000%a3¢cs sec h? (Jez) tanhg(\/aw) - 12150t%atc? sec h® (Ve ) tanhg(@aﬁ)

- 1164240%a3¢; sec h® (JfE27) tanh? (JfE27) + 2646000¢% 03¢ sec b’ (Jez) tanh* (JfE27)

+ 162000t%c5 sec h* (J@x)aé’ tanhg(ﬁx) - 6R0400t%¢5 sec hG(ng)ag tanh? (e )
+1166400t”c5 sec h® (\fezz)ay tanh” ((JG7) - 868800¢°cS sec h* (o5 7) + 64800¢7¢5 sec b (fe; 7)

+ 7963201 cS sec h®(fE5) - 345600178 sec h (G r),

Approximate solution of (10) can be obtamed by setting
’MZHH%U: UO JFUI +U2 =+ ... (16)
B

In the same manner, the rest of components of the
iteration were obtained using Maple Package. Using
Taylor series into (16), we find the closed form solution

u = ay — 2cysech’(YS(x — (45a] — 60agc, + 16¢3)t)),
Which is exactly same as obtained by Fan[6].
CONCLUSION

In this article, the homotopy perturbation method
has been successfully used for finding the solution
of the fifth-order KdV equations. The results show that
the homotopy perturbation method is a powerful
mathematical tool to solving a KdV equation, it is also a
promising method to solve other nonlinear equations.
In our work, we use the maple package to carry the
computations.
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