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Abstract: Tn this manuscript, we construct the travelling wave solutions involving parameters of (3+1)-

dimensional Burgers system, by using the (g
G

y -expansion method. When the parameters are taken special

values, the solitary waves are derived from the traveling waves. The travelling wave solutions are expressed

by the hyperbolic functions, the trigonometric functions and the rational functions.
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INTRODUCTION

Searching for explicit solutions of nonlinear evolution
equations by using various methods has become the
main goal for many authors and many powerful methods
to construct exact solutions of nonlinear evolution
equations have been established and developed such
as the tanh-function expansion and its various
extension, the Jacobi elliptic fimction expansion, recently,
Wang et al. [1-6] introduced a
the (g) -expansion method to look for travelling wave

new method called

solutions of nonlinear evolution equations. The (g)—
G

expansion method is based on the assumptions that the

travellmg wave solutions can be expressed by a

polynomial n (E) and that G = G(£) satisfies a second
G

order linear ordmary differential equation(ODE).

Description of the (%) -Expansion Method: Considening

the nonlinear partial differential equation in the form
Py v i, ) =0 4]

Where u = u(x, t) is an unknown function, P is a

polynomial m uw = ulx t} and
partial which the
derivatives and  nonlinear

its  various
highest order
terms are

derivatives, 1n
mvolved.

In the following we give the main steps of the (g) -
G

expansion method.

Step 1: Combimng the mdependent variables x and t into
one variable £ = x — vt, we suppose that

u(x,0) = u(f) E=x—vt (2)

The travelling wave variable (2) permits us to reduce
Eq. (1) to an ODE for G = G(£), namely

Loy I AT

I
Plu—~vu u' v'u"—vu"u”, .

=0 (3)

Step 2: Suppose that the Solutlon of ODE (3) can be
expressed by a polynomial in (7) as follows

u(g):am(%)+...., (4

Where G = G(£) satisfies the second order LODE in the
form

G+ AG +uG=0 (5)

&y,.-.,4 and g are constants to be determined later ty # 0,
the unwritten part in 4is also a polynomial in ( ), but

the degree of which 1s generally equal to or less than
m — 1, the positive mteger m can be determined by
considering the homogeneous balance between the
highest order derivatives and nonlinear terms appearing
i ODE (3).
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Step 3: By substituting (4) into Eq. (3) and using the
second order linear ODE (5), collecting all terms with
the same order (g) together, the left-hand side of Eq. (3)
15 G

converted into another polynomial in (%) . Equating each

coefficient of this polynomial to zero yields a set of
algebraic equations for «,,,...,A and u.

Step 4: Assuming that the constants «,,,...,4 and p can be
obtamed by solving the algebraic equations m Step 3,
since the general solutions of the second order LODE (5)
have been well known for us, then substituting e,,...,v and
the general solutions of Eq. (5) mto (4) we have more
travelling wave solutions of the nonlinear evolution
equation (1).

(3+1)- Dimensional Burgers System: In this section
we consider the (3+1)-dumensional Burgers system in
the form

up-2uny -2viy -ZWU, -Ugg - Uyy -Ug; =0
uy -vy =0
u, -wy =0 (6)

The travelling wave variable below

ul,y.z,0)=u(g)
vix,y,z,0)=v(&) & =hx+sy+ 1z -5t
w(x, y,z,8)=w(&)
g 7

Permits us converting Eq. (7) into an ODE for G = G(£)
—8u' — 2su' — 2k’ — 2w’ — k" — st - P =0

fu'—sv'=0

hi'—sw' =0

(8)

Integrating it with respect to £ once of equation (8)
and substituting equations two and three of equation (8)
into equation one of equation (8) we have

S S
AL LW S ST S S W ©)
5
Where « is an integration constant that is to be

determined later. Suppose that the solutlon of ODE (8)
can be expressed by a polynomial 1 111( y as follows:

i

G
u(§):txm(6)+...., 10)

Where G = G(£) satisfies the second order LODE in the
form

G+ G +uG=0 (11)
¢, 0, v and g are to be determined later.

By using (9) and (10} and considering the homogeneous
balance between u” and #’ in Eq. (8) we required that
2m=m+ 1 thenm=1. So we can write (9) as

i

G
u(é):%(g)“xo (12)

Therefore

i

u’ = oc12 (g)2 + 204 cxo(g) + 0y (13)

By substituting (12) - (13) into Eq (9) and collecting
all terms with the same power of (_) together, the left-

hand side of Eq. (9) is converted into another polynomial
in (_) Equating each coefficient of this polynomial to

zero, yields a set of simultaneous algebraic equations for
&, v, 4, 4 and ¢ as follows

2.2 52
(u)%z (st K+ 12)(11 =0
5
2. .2
Z(M)aﬁao — (P + P+ PYogA+ B0 = 0
5

2.2 42
s+ ke +1
(————e’

5

B lz)ocl,u+3cxo =u

By solving the expressions above we have

o =5

2, .2 2
5:(w)(15_2a0)

2, .2 2
cx:(S LAk )((xozfsz,u+1372(x0)

1,400, are arbitrary .

By using expressions above, (12) can be written as

u(®) = s<%>+ o
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Substituting the general solutions of Eq. (10) as follows

g: l\ﬁtz — 4=

G 2

Clsmh%\/lz 4u§+Czcosh%\[lz 4;1L’g' A
Clcosh%\flz 4)1L§+C231I1hf\“,2 4;1L’g'

Into (18) we have three types of travelling wave
solutions of the (3+1)-dimensional Burgers system (6) as
follows:

When A* — 4p~0

u(§)= A 4y
(Cl sinh%\}lz —ApE+C, cosh%\f;tz - 4,u<§)
*®
G cosh%\/lz —ApE+C, sinh%\flz —4ué

+otg — —
0
2

P Ly L

Where ¢ _pv i sya ¢ YAs— 201y Crand

C, are arbitrary constants.

In particular, if C\# 0, C, =0, 4 = 0, 4 = 0, u, become

s 1 A
=" Atgh—A —-=
u(£) S S+ 5

When A* — 4 < 0

u<§>:iJ12—4u
—Clsm%\]él,u 12’§+Czcos—\}4,u A% é

x(
CICOS%-\/ﬁl,LL A ’§+C231n—\/4u /126
A
+a0—5

When A* —4u < 0

1121

5Cy

e

P

E=lx+sy+Iz—( WAs— 2oy )z

Where C, and C; are arbitrary constants.
CONCLUSIONS

The (g) -expansion method has its own
advantages: direct, concise, elementary that the general
solutions of the second order LODE have been well
known for many researchers and effective that 1t can be

used for many other nonlinear evolution equations.
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