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Abstract: An impulsive Cohen-Grossberg neural network with time-varying and S-type distributed delays
and reaction-diffusion terms is considered. By using Hardy-Sobolev inequality, under suitable conditions in
terms of M-matrices which involve the reaction-diffusion coefficients and the dimension of the spatial
domain, it is proved that for the system with zero Dirichlet boundary conditions the equilibrium point is
globally exponentially stable. Examples are given.
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INTRODUCTION

Since Cohen-Grossberg neural networks [7] were proposed in 1983, extensive work has been done on this
subject due to their extensive applications in classification of patterns, associative memories, image processing,
quadratic optimization and other areas. In implementation of neural networks, however, time delays inevitably occur
due to the finite switching speed of neurons and amplifiers.

Most widely studied and used neural networks can be classified as either continuous or discrete. Recently, there
has been a somewhat new category of neural networks which are neither purely continuous-time nor purely discrete-
time. This third category of neural networks called impulsive neural networks displays a combination of
characteristics of both the continuous and discrete systems [9].

It is well known that diffusion effect cannot be avoided in the neural networks when electrons are moving in
asymmetric electromagnetic fields [15], so the activations must be considered to vary in space as well as in time.
The papers [13, 14] are devoted to the exponential stability of impulsive Cohen-Grossberg neural networks with,
respectively, time-varying and distributed delays and reaction-diffusion terms. In the above cited papers and many
others as well as in our recent paper [4] the stability conditions were independent of the diffusion. On the other
hand, in [17, 21, 22] the estimate of the exponential convergence rate depends on the reaction-diffusion.

In the present paper we consider an impulsive Cohen-Grossberg neural network with both time-varying and
S-type distributed delays [5, 10, 12, 20] and reaction-diffusion terms as in [18, 21, 22] which are of a form more
general than in [13, 14] and zero Dirichlet boundary conditions. By using Hardy-Sobolev inequality as in [21], under
suitable conditions in terms of M-matrices which involve the reaction-diffusion coefficients and the dimension of
the spatial domain, it is proved that for the system with zero Dirichlet boundary conditions the equilibrium point is
globally exponentially stable. More precise results can be obtained by using Hardy-Poincaré inequality as in [22].
Examples are given.

MODEL DESCRIPTION AND PRELIMINARIES

We consider the impulsive Cohen-Grossberg neural network with time-varying and S-type distributed delays
and reaction-diffusion terms and zero Dirichlet boundary conditions:
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du(tx) " 0 Oui(t, %) N
= D (Dw (t,%,0) %) +a(w(0) | At 0) + ) aif; (1(0)
v=1 j=1
+Zb”g1 (u](t—’[”(t),x))+26”f hj (u](t+9,x)) dnlj(g)-l_jl ) t>0, t:pttk, (1)
j=1 j=1 -

0
Aui(tk, x) = —Bikui(tk,x) + f ui(tk + 0) d(ik(g)' k € N,

tg—1—tk
Uilgn =0, wi(s,x) =¢;(s,x), s<0, x€Q, i=1m,

where m > 2 is the number of neurons in the network; Q € R" is a bounded open set containing the origin, with
smooth boundary dQ and mes Q>0; D;,(t,x,u) > 0 are smooth functions corresponding to the transmission
diffusion operator along the i-th neuron; @;(u;) represent amplification functions; S8;(u;) are appropriately behaving
functions which support the stabilizing feedback term —a;(u;)f;(u;) of the i-th neuron; a;j, b;j, c;; denote the

connection weights (or strengths) of the synaptic connections between the j-the neuron and the i-th neuron; fj(u]-),

gj (u]-), h]- (u]-) denote the activation functions of the j-th neuron; J; denotes external input to the i-th neuron; t; j )
correspond to the transmission delays; the past effect of the j-the neuron on the i-th neuron is given by the Lebesgue-
Stieltjes integral f_ow h; (uj(t +6, x)) dn;;j(8); Au;(ty,x) = u;(tx +0,x) —u;(t, — 0,x) denote impulsive state
displacements at fixed moments (instants) of time t,, k € N, involving Lebesgue-Stieltjes integrals. Here it is
assumed that u;(t;, —0,x) and u;(t; + 0,x) denote respectively the left-hand and right-hand limit at t; and the
sequence of times {t,}p; satisfies 0 =1ty <t; <t, <<t > © as k—oo. The initial data ¢(s,x) =

(15, %), B, %)) s such that supseo I, [, $2(s, %) dx < oo,

As usual in the theory of impulsive differential equations [13, 14], at the points of discontinuity t, of the

. . . o duy
solution t — u(t, x) we assume that u;(t;, x) = u;(t, — 0,x). It is clear that, in general, the derivatives % (ty, x)
. . ) . . o dup ., —
do not exist. On the other hand, according to the first equality of Eq. 1, there do exist the limits %(tk +0,x).

. . du; ou;
According to the above convention, we assume a—t‘ (ty,x) = a—t‘ (tx — 0,x).

Throughout the paper we assume that:
Al: n >3 and the constant @> 0 is such that for x = (x4, ..., x,)T € Q € R™ we have |x|? = ¥, x2 < w?.
A2: There exist constants D; > 0 (i = 1,m) such that D, (t,x,u) = D; forv = 1,n t=>0, x€Qandu € R™.

A3: The amplification functions @;: R — (0, 4+) are continuous and bounded in the sense that 0 < a; < a;(u) <

a,forueR, i=1m.

Ad: The stabilizing functions f5;: R = R are continuous and monotone increasing, namely, 0 < ; < W for

wrvEeER u+v i=1m.

AS: For the activation functions f;(u), g;(u), h;(u) there exist positive constants F;, G;, H; such that
fitw) — fi(v) g9i(w) — g:(v) h;(w) — hy(v)

u—v u—v u-—v

foralu,veR, u+v, i =1m.

, H; =sup
U#v

, G; =sup

Uu#v

F; = sup

Uu#v

A6: Tij(t) satisfy 0< Tl'j(t) < Tl']" 0< TU(t) < HU <1 (l,] = l,m)
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A7:1;;(6) (i,j = l,m), (i (6) (i =1,m, k € N) are nondecreasing bounded variation functions on (-,0] and
[tr—1 — tx, 0], respectively and f_om e 9 dn; ;(8) = k;;(1) are continuous functions on [0,Ao) for some Ay>0
and k;;(0) = 1 (without loss of generality).

Due to the zero Dirichlet boundary conditions Eq. 1 can have just one equilibrium point 0 = (0,0,...,0)". It is
really an equilibrium point of Eq. 1 if and only if

j=1

For the sake of simplicity of notation, without loss of generality we assume that

A8: B;(0) = f,(0) = g;(0) = h(0) = J; = 0, i =T1,m.

Now conditions A4, AS imply
piwu = pu?, 1fi)] < Filul, 1giI < Gilul, Th;@)| < Hilul

forallu € R™andi =1, m.

Denote
1/2

llu; (eI = (f u?(t, x) dx)
a

Definition 1: The equilibrium point u = 0 of Eq. 1 is said to be globally exponentially stable (with Lyapunov

exponent A) if there exist constants A > 0 and M > 1 such that for any solution u(t, x) = (u1 (t, %), ., Uy (t, x))T of
Eq. 1 we have

Znu @ < Msup ) ||¢> (s)lle™

forallt = 0, x € 2.

Definition 2: [6] A real matrix 4 = (a”)mxm is said to be an M-matrix if a;; <0 for i,j =1,m, i # j and all

successive principal minors of A are positive.

Lemma 1: [6]. Let A = (ai j)mxm be a real matrix with non-positive off-diagonal elements. Then A is an M-matrix

if and only if one of the following conditions holds:

o There exists a vector & = (&1,&5, ..., &En)T with & > 0 such that every component of ETA is positive—that is,
Xit1§iai;; >0, j=1m.

®  There exists a vector & = (&,&,, ..., &E)T with & > 0 such that every component of A€ is positive—that is,
Z;'n:]_ al]g(] > 0, i= 1,m.

For more details about M-matrices the reader is referred to [8, 11].
Further on we will need the following lemma.

Lemma 2: (Hardy-Sobolev inequality [1]). Let O € R™ (n = 3) be a bounded open set containing the origin and
u € H}(Q). Then
17
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— 2 2
f |Vu)? dx > (u) f L dx .
Q 2 |x|?

Now we introduce the following matrices: D = diag(Ql, ...,Qm), a= diag(gl, ...,gm), a = diag(ay, ..., Am),
B = diag (ﬁl, . ﬂm), F = diag(Fy, .., Fp). G = diag(Gy, .., Gp). H = diag(Hy, ... Hp). 1Al = (|ay]) .

1B = ("’Zi'j) et = (ley])

MAIN RESULTS

Theorem 1: Let Eq. 1 satisfy assumptions A1—A8. If there exists a vector & = (&, ...,&m)T with & >0 and a
number Ae (0,\y) such that

- n—2 e’ij
Z {[,1 - ( — ) Lﬁl] 5, + 1, [|aU|F +|by|G, Tt |, |H; kU(A)]}El <0 )

forj =1,m,where §; =1, &;; = 0 for j # i, then there exists a constant M = 1 such that for any solution u(t, x)
= (ul (t, %), .., up (¢, x))T of Eq. 1 we have

i(o,t)

0
E llu; (£, < Me=*t | | (maxll— lk|)+maxf
-1 i=1mJ¢

k-1—tk

e dy (9)) sup (s, ®)
<0 &

fort =0, where i(0,t) = max {k € {0} UN: t;, <t} is the number of instants of impulse effect t;, in the interval

0,t).
Proof: First let us note that Eq. 2 holds if and only if

2

-2
A= (nza) ) D +apB —a(lAIF + [B@IG + [CIH)

is an M-matrix. In fact, if A is an M-matrix, from Lemma 1 there exists a vector £ > 0 such that every component
of —&TA is negative. By continuity, there exists Ae (0,A¢) such that Eq. 2 holds. Conversely, if Eq. 2 holds for some
A" € (0, 4), then it still holds for all A € [0, A*]. For A = 0, from Lemma 1 we deduce that A is an M-matrix.

We multiply the i-th differential equation in Eq. 1 by u; (¢, x) and integrate over the domain Q:

o f uA(t,x) dx = f Z — (w( ) 2) ’”)ui(t.x)dx— fﬂ 0t (14, 3)) By (1 (8, ) g (&, X) dx

+ L ai(ui(t, x))ui(t, x)z a;;f; (u]-(t, x)) dx + f ai(ui(t, x))ul-(t, x) Z bijg; (u]-(t —15(0), x)) dx
j=1
f a(u (t, x))u (¢, x)Zch uj(t+6 x)) dn;;(6) dx.

By using Green’s formula, the zero Dirichlet boundary conditions, Lemma 2 and assumptions A1, A2 we have
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n n 2
d ou;(t, x) ou;(t, x)
f Z— D;, (t, x, u) ——— | u; (t, x) dxz—f ZDiv(t,x,u) — ) dx
q Vzlaxv dx, o &t ox,
ou; (t, x) ) n—2\? u?(t, x)
< —‘f Z( ox, > dx Q,fn [Vu;(t, x)|* dx < ( 3 ) Q,fﬂ PE dx

2 2

< (“‘2 D, [ w2t dx = —"_Z)Du £
=7 Zw)—"fﬂui('x) x__(Za) Dyl (eI

Next we have

|| e ) e ) dx > aufy | ke ) dx = il eIl
QO - Ja -

f ai(ui(t,x))ui(t, x)z a;fj (u]-(t,x)) dx < Ei2|ai]-|f [u; (¢, )| Fj |uj(t, x)| dx
Q j=1 j=1 o

m
< Ei2|aij|Fj <f u?(t, x) dx>
=1 e

1/2 1/2 m
([ wena) =@ jalpuen luel)
0 =
Similarly,
m m
f ai(ui(t,x))ui(t,x)Zb”gj (uj(t—rij(t),x)) dx < ELZ|bU|G]”uL(t’)” ||u](t—’[”(t),)||
Q j=1 j=1
and

f (w8, ) )y, x)zc”f (it +6,%)) dnyy(6) dx <&, Z|cl/|H e )||f Iy + 6.9 i, (0).

Combining the above inequalities, we obtain

1d ) n 2 )
7 7 NI < = |(5=7) D+ asf e

2w

LU 0
@l @'Y {Jas 5 €l + Iyl e = @ + ety [ e +0.] any o)}
j=1 e

or

D* (el < - [(”Z—w) D+ gigi] [eR]

m 0
Y { el @ + 0316 e = @) + ety [ e + 0] any @} @
j=1 h

where D denotes the upper right Dini derivative.
If we denote y; (t) = e*t||u;(t,”)||, then from Eq. 4 we find

( )
2(1)
m

0

j=1

D+yi(t) <|[1-

D; - ﬁiﬁi] yi(t)

Consider a Lyapunov functional
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m t m 0 t
v =Y I +a Zlbul e [ @ s m Yeglty [ e e ds) dny (0 £,
i=1 ”U t-T1; (t) = —0 t+0
where A and §;, 1,m, are as in Eq. 2.

We note that V(t) = 0 for t = 0 and

V() <M supyi(s) (©)
=1 s<0

with

Jit,
M= max )6 +G, Z| | U, Z|c,1|a,f “9(-9) dn;(0); b

The above integral is convergent because of A<Aq.
Calculating the rate of change of V(t) along the solutions of Eq. 1, by virtue of Eq. 5, Eq. 2 and A6 we obtain

m m n— 2 A,T
IOEDETC)Y {[/1 - (5 ) ~aiBi] 8 + @llay|F +|by G, T ek kL](/l)]}fl
i=1 i=1
L 1—4;(8)
+25ifi2|b”|0j}/j (t - Tij(t)) (ehij(t) — ey —”) <0.
i=1 = 1= my

This implies that V (t) is nonincreasing on every interval (t;_q, t;], k € N, thus

V() SV(teey +0) for tp_q <t <ty (7
In particular,
V(t,) <V(ty_,+0), keN. (8)

Further on, for k € N we find successively
0

it +0,2) = (1 — Byuy(t 1) + f w(ty + 6,) A2y (6),

te—1—tk

0

llu; (e + 0,11 < |1 = Byl Ny (&)l + f [lw; (txe + 0,91 dixc (6)
te—1—tk
and
0

Vit +0) < |1 — By ly; (&) + f e My (t + 0) ddu (6).
tk-1—tk
Making use of Eq. 7 and Eq. 8, we obtain
0
Vit +0) < maxll — By |V (ty) + maxf e 0 Ay (O)V (ty_s + 0)
¢

ELm g —tk
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0
= (mﬂll — Byl + mﬂf e~ d(ik(9)> V(tk-1 +0).
¢

i=1,m =1mJy

Combining the last estimate with Eq. 7, Eq. 8 and Eq. 6, we derive Eq. 3. O
For three sets of additional assumptions we will show that Eq. 3 implies global exponential stability of the
equilibrium point O of the impulsive system Eq. 1.

Corollary 1: Let all conditions of Theorem 1 hold and

0
max|1— Byl + max [ e dgy(0) <1 ©)
t

i=1m i=1m r—1—tk

for all sufficiently large values of k € N. Then the equilibrium point 0 of the impulsive system Eq. 1 is globally
exponentially stable with Lyapunov exponent A.

In the above corollary the global exponential stability was ensured by the rather small magnitudes of the impulse

effects. Further we will show that we may have global exponential stability for quite large and even unbounded
magnitudes of the impulse effects provided that these do not occur too often.

Corollary 2: Let all conditions of Theorem 1 hold and

i(0,t)

lim sup

t—oo

=p < +oo.

Let there exist a positive constant B satisfying the inequalities
0
max|1 - Byl + max [ e dgu(0) < B
i=1,m i=1,m tre1—tk

and pIn B < A. Then for any A € (0,1 — pInB) the equilibrium point 0 of the impulsive system Eq. 1 is globally
exponentially stable with Lyapunov exponent 1.

Similar conditions were introduced in out previous paper [2].

Corollary 3: Let all conditions of Theorem 1 hold and there exists a constant k € (0, 1) satisfying the inequality

0
max |1 — By| + max f e d7y(0) < etk tk-1) (10)
i=1,m i=1m the1—tk

for all sufficiently large values of k € N. Then the equilibrium point 0 of the impulsive system Eq. 1 is globally
exponentially stable with Lyapunov exponent A — K.

A similar condition was introduced in the paper [16].
EXAMPLES

Denote ¢(t) = (|t + 1] — |t — 1])/2. Let Q be the unit ball in R®: Q = {x € R?||x| < 1} and let V* denote
the Laplacian in R3:
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a 2 Uu; d zui d zui

Viu; =
2 2 27
ox;  0x§  0x3

i=1,2.

Consider the system

du, (t,x) ]
o = 16V2u, (t,x) + (2 + sinu, (¢, x)){—2u, (t, x) + 0.5 arctanu, (¢t,x) + 0.3<p(u2(t, x))
+0.1u,(t — 0.5arctant, x) + 0.12 arctan u,(t — 2¢(t)/3,x)
0 0
+0.1f u, (t +6,x) de? +0.15f u,(t+ 0,x) dee},
du, (¢, x) .
0 - 20V2u,(t,x) + (3 + sinu,(t, x)){—3u2 (t,x) — 0.6<p(u1 (¢, x)) + 0.5 arctan u, (t, x)

+0.16u,(t — 1 — @(t)/3,x) — 0.3 arctanu,(t — 2 — 0.75¢(t), x)

0 0
+0.1f u, (t +6,x) de® — 0.2_[ u,(t + 6,x) dee},

0
Au;(ty, x) = —Byou;(ty, x) + f u;(t, +60,x)d¢; (0), kEeEN,
tg—1—tk

Uilag =0, ui(s,x) =¢;(s,x), s<0, x€8, i=12 11D

For this system assumptions A1-A8 hold withn =3, =1,

22(106 200)'22((1) g),az(g 2)'E=(§ g)' Ty =1/4,T1, =2/3,75 = 4/3,75, = 11/4,

Hi =1/2, Mz =2/3,  pp =1/3, a2 = 3/4, ki) =1/1-2), Lj=12, Ao =1,
10 _ (05 0.3 (02 036 _ (01 0.15
F=G=H= (o 1)‘ Al = (0.6 0.5)' 1BGl = (0.24 1.2 ). lel= (0.1 0.2 )

—33.676 _3%'23) is an M-matrix. Further on, the vector & = (6,5)7 is such that £TcA = (2.8,2.42)

has positive components. Let us denote by @;(1), j = 1,2, the left-hand sides of inequalities Eq. 2 for the given

the matrix A = (

vector &. Then
3.8
o, (1) =61+ 3.6e™/4 4 4,.8e%4/3 4 11 15,

6.7
@,(1) = 51 + 6.48e24/3 4 24114/% 4 T3 39.6.

Since @,(0.02849) = —2.250318157 < 0 and &,(0.02849) = —0.00085427 < 0, we can take A = 0.02849.
Theorem 1 is valid for system Eq. 11.
Let us consider the impulsive conditions

0
Auy (g, x) = —0.5u, (g, x) + 0.25f u, (t + 6, x) de?,
-1

0
Auy (t, x) = —0.25u, (ty, ) + o.zsf uy(t,y +6,x)de, t,=k,  keN. (12)
-1

Now

0 3 1(° 3 1—et?
f e 9dg,(0) = Z+Zf e 9 de? =—+ A< 1
-1

max|1 — B, | + max
i=1,2 i=1,2
tr-1—Ctk

)
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Obviously, inequalities Eq. 9 are valid for all k € N and all Ae(0,1), in particular, for A = 0.02849. According to
Corollary 1, the equilibrium point (0,0)7 of system Eq. 11 with impulsive conditions Eq. 12 is globally
exponentially stable with Lyapunov exponent 0.02849.

Next consider the impulsive conditions

0
Auy (ty, x) = —100u, (£, x) + f uy (t + 0, x) de?,

-200
0
Auy (ty, x) = — 50Uy (ty, x) +f uy(t, + 6,x) de®, t, =200k, k €N. (13)
-200
Now
0 0 _ ,200(1-1)
-0 -6 6 l1-e
max|1 — By | + max e dg,(6) =99 + e ¥ de” =99 +
i=1,2 =12 )y g, —200 1-2

for Ae (0,1) and we can take B = 100.029325485 which is the value of the above expression for A = 0.02849. Further
on, p = 0.005, for A = 0.02849 we have

A—pInB = 0.02849 — 0.005 X 4.605170186 = 0.005462683

According to Corollary 2, the equilibrium point (0,0)7 of system Eq. 11 with impulsive conditions Eq. 13 is
globally exponentially stable with Lyapunov exponent any Ae (0, 0.005462683).

Finally, let us consider the impulsive conditions

0
Auq (t, x) = —(k + Duy (t, x) + kf u, (t, + 6,x) de?,

2k+1

0
Auy(ty, x) = — (k2 + Duy(ty, x) + sz uy(ty +6,x)de’, t,=k>% keN. (14)

—2k+1

Now for A = 0.02849 inequality Eq. 10 becomes 2.02932548k? < e*?*~D_ Obviously, for any x > 0 this
inequality is valid for all natural k large enough. For instance, for ¥ = 0.02 inequality Eq. 10 holds for k > 305,
while for k = 0.01 it holds for k = 690. Thus, according to Corollary 3, the equilibrium point (0,0)” of system Eq.
11 with impulsive conditions Eq. 14 is globally exponentially stable with Lyapunov exponent any A = (0.02849).

Impulsive conditions similar to Eq. 12-Eq. 14 were given in our previous paper [3].
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